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Ir will doubtless be recalled by all here present that the 
st volume of the encyclopedia of mathematics, as originally 
ublished in German, was issued in hefts, or parts, each pre- 
pared by a special collaborator well qualified for his task. 
he completion of the volume occupied a period of about six 
ears and resulted in a finished work of no less than 1,128 
ages. This was followed some years later by the second 
lume, which was still larger, containing in all its parts 1,154 
ges. The two volumes taken together were intended to 
ver the entire range of pure mathematical analysis (as dis- 
guished from geometry, mechanics, and other applications), 
ch important branch being treated in its essentials and the 
ount of space allotted to any one topic being proportionate, 
least roughly, to its relative importance. Out of the grand 
tal of 2,282 pages thus presented it may now be remarked 
at a little less than 7 pages were devoted to that particular 
topic specified as “divergent series.” Thus we have a ratio 
of 7 to 2,282, or about three tenths of one per cent, which 
may fairly be taken as the measure of interest in this topic at 
the time when the encyclopedia began to appear; that is, in 
the neighborhood of twenty years ago. The 7 pages in ques- 
tion, as we come to examine them, seem directed mainly to 
showing by means of simple illustrations that the processes 
by which Euler arrived at certain noteworthy results while 
* Address of the retiring chairman of the Chicago Section of the Amen- 
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dealing with divergent series are in themselves altogether un- 
justified and unscientific, the correctness of his results being 
in the nature of a happy circumstance arising out of the in- 
herert character of the particular series he happened to be 
dealing with. On the whole, the short article conveys & 
rather gloomy outlook for this entire field of study, especially 
as rezards any attempts that may be made to put it upon a 
truly scientific basis. Without digressing further upon the 
attitude of the encyclopedia, I take for granted that to-day we 
are all quite willing to agree that, contrary to any predictions 
that may have been made in the past, divergent series have 
now come to occupy a prominent place in analysis and one 
that bids fair to be permanent. How, it may be asked, has 
this happened? What has been done during these twenty 
vente that really constitutes a. vital advance in this field of 
study? Can we say that divergent series are at last upon a 
scientific basis? ‘These are fair questions and it is to the 
that I would respectfully direct your attention for a fe 
moments this afternoon. ^ In answering, I shall attempt n 
more than an outline or conspectus of the situation as Imysel 
have come to regard it and in this I am conscious beforehan 
that my own feelings, at least at some points, may not 
universally acceptable; yet I shalt venture al with equ 
candor. I shall not attempt to detail a large body of more 
less intricate theorems and results, but I shall endeavor in 
general way to show what seems central to me both as to t 
logical position of the present day theory and its applicatio 
In the first place, if I may refer again to Euler, we should 


the ascillating divergent series 
1-1+1-1i1+1-1+ ..., 


but divergent series as a class had not been carefully defined. 
Not until the time of Cauchy and Abel did they take on an 
. exac: sense and it was then through a purely negative process. 
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In fact, they were then defined, as they still are to-day, as 
being all those series which do not satisfy the particular defini- 
tion for convergent series which was formulated by these two 
great mathematicians. On this plan, convergence means 
nothing more or less than that the sum of the first, n terms 

| approaches a limit as n increases indefinitely, while divergence 
means simply that this particular limit does not exist. How- 
ever natural this sort of a classification of series may seem to us, 
owing to our having been born and brought up with it, we 

. must recognize that it involves after all & large element of 
arbitrariness. In fact, the only reason why the fundamental 
istinction between series should be made to hinge upon the 
xistence of this particular limit lies in the fact that those 
eries for which it exists are an admittedly important class. 
course there is no adequate reason in this to account for 
he way in which the excluded or divergent class were so long 
eld in utter disrepute by the successors of Abel and Cauchy 
nd continue still to repel us, except it be the psychological 
ct that whatever is excluded from a certain good class we 
stinctively think of as forming a bad class. However, to 
anish a whole class of series from analysis simply because it 
es not bear the stamp of a certain branded variety may easily 
2 and is too hasty and rough a handling of their case. It 
akes no allowance for the different degrees of respectability 
ich, though divergent, they may still possess. ^ Thus it is, 
substance, that the modern studies on divergent series may 
said to have arisen. ‘They are a reaction against the under- 
ug arbitrariness of the Abel-Cauchy distinction and the 
ess and unjustified exclusions which this particular dis- 
faction has tended to produce. If we inquire just what the 
venue of approach has been to this subject, it may be said 
‘that the first tangible result was the creation of the so-called 
“sum formulas,” the essential feature of any such formula 
being that it shall not only serve, in case it can be evaluated, 
to give us the sum of any convergent series, but it shall con- 
tinue to preserve a meaning when applied in the same way to 
- certain divergent series, thus associating, or assigning, definite 
| numerical values or sums to them also. The. spirit of this 
procedure is, of course, nothing more or less than that com- 
moh to all extensions of idea in mathematics. Just as in the 

' theory of functions of a complex variable the sine of 2, or any 
other function such as there considered, comes to have a ' 
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meaning for complex values of x only by virtue of a certain 
definitional formula so constructed as to give results when g 
is real that are in accord with the known properties of the sine 
in the real domain, so in the modern studies on divergent series 
sums are assigned to such series only by virtue of sum for- 
mulas sc constructed as to yield results when applied to con- 
 vergent series that are in accord with the known facts regard- 
ing such series. I have purposely mentioned this particular 
illustration because by carrying it one step farther, as I shall 
now do, I shall be able to bring out another feature of the 
present day situation as regards divergent series, and tbi 
time we shall discover that the theory is by no means in 
: perfectly satisfactory logical state as yet, being in this respec 
quite different from any well established body of doctrin 
such as the theory oi functions of a complex variable. In fa 
it will be recalled that it is a vital feature of the complex var 
able theory that no two different definitions for any one give 
functior, as sin x, are possible. In other words, it is demo 
strable that if any two definitions for the function agr 
throughout the real domain, they will necessarily agree al 
throughout the complex domain. This property of uniqu 
ness, if we may so designate it, is brought about by imposi 
‘a fundemental limitation at the very outset of the theor 
namely. that only those functions shall be retained whi 
belong to the class known as monogenic, or analytic. Thy 
the logical coherence of the complex variable theory is bou 
at the price of a far reaching initial restriction, yet one whi 
as we know, is not 30 serious but what we are left with a cl 
of functions of great interest in themselves and in their ap 
cations. In the theory of divergent series, on the other han 
as it exists today we are in possession of a large number of 
sum formulas each applicable in the sense before described to 
a diverzent series and all agreeing with each other so far as 
convergent series are concerned, but not agreeing in general 
in the sums they prescribe to a given divergent series. Ina 
‚word, the situation is analogous to that which the theory of 
functions would present in case the fundamental limitation as 
to the character of the functions considered were to be removed. 
How, you will at once inquire, can there be any general theory 
worthy of the name on such a loose plan as this? Strictly 
speaking, there cannot. However, all that is lacking in order ı ' 
that we have a bona fide theory is that we come to some agree- | 


H 
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ment, as in the theory of functions of a complex variable, as to 
what is proper by way of initial limitations; either upon the 
kind of divergent series to be considered or upon the kind of 
sum formulas we shall employ in connection with them. Have 
we any good indications as to what such limitations may well 
be? Yes, but none that are universally accepted as yet. As 
to what the line of approach to this matter may properly be 
I shall have more to say eventually, but for the moment I deem 
it more proper that I attempt to answer another question 
which no doubt by this time has arisen in your own minds. 
How can it be that divergent series have come into prominence 
in the face of such conditions as I have just described, whereby 
there does not exist even to this day a strictly coherent and 
universally acceptable general theory of the subject? This 
is a very proper question, whose answer is twofold. 

First, the various sum formulas, regardless of their interre- 
lations and other such logical aspects, have been found to yield 
interesting information when applied to certain important 
special series, such as Fourier’s series, Dirichlet’s series, etc. 
For example, even though the Fourier series representing a 
given function f(x) may be divergent at a certain point, still 
the series may be summable there by one or more formulas and 
the sum thus obtained may and usually does continue to serve 
fully as useful a purpose from the standpoint of mathematical 
physics or other applications as does the sum when the same 
series is convergent; that is, the sum in the extended sense 
furnishes the answer .to the proposed physical problem. 
Extensive investigations have been carried out in this con- 
nection to determine sufficient conditions under which a 
Fourier series will be summable, analogous to the well- 
known conditions for its convergence, and similarly the prob- 
lem has been carefully worked over for some of the other re- 
lated developments such as those for an arbitrary function in 
terms of Bessel functions, or Legendre functions. In this 
connection it may be of interest to observe the central fact 
that whereas the Fourier series for f(x) converges in general to 


the value 
f(z — 0) + f(z + 0) 
2 





only in case f(x) is of limited total fluctuation in the neighbor- 
hood of the point x under consideration, the same series will 
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be summable by the simplest of the well known sum formulas 
of Cesaro to this same value provided only that the right and 
left limits, namely f(z-+ 0) and f(x — 0), exist. Here we 
incidentally meet with an illustration of the manner in which 
summability includes convergence as a special case, since the 
latter set of conditions is evidently much less restrictive than 
those just mentioned for convergence. And it may be added 
that, so far as the Bessel expansions are concerned, much the 
same situation prevails as with Fourier series, but the case of 
the Legendre expansions is essentially different and all the 
more interesting because of its novelty. Here no new results 
follow so long as one uses the simplest of the Cesäro formulas; 
that is, so long as one uses the formula of order 1 these develop- 
ments are summable under no less restrictive conditions than 
would insure convergence itself. But by using the same 
formula of order 2, or 1 higher, various new and interesting 
results follow. The manner in which the summable proper- 
ties of the Legendre developments thus lie intermediate be- 
tween the range of the formulas of orders 1 and 2 has led, it 
may be added, to a generalization of the whole conception 
of the formula to include fractional or even incommensurable 
orders of summation. Out of such a generalization there arise 
interesting special studies analogous to what we find in the 
ordinary elementary study of series. Thus, just as we know 
that in the case of the series 


n 1 
Dont ens 


convergence merges into divergence as p passes through the 
value 1 from above, so we are able to determine for divergent 
series just where the critical order, or orders, are at which new 
information begins to berealized. Furthermore, the extended 
study of sum formulas simply upon their own merits, that is, 
without stressing their logical interrelations, has led very 
naturally to the notion of uniform summability corresponding 
to that of the uniform convergence of a series. And again, 
alongside of the same studies, corresponding studies have . 
naturally arisen ior divergent integrals. Here as before the 
underlying idea is that of setting up a formula which shall give 
the value of all convergent improper integrals and at the same 
time preserve & meaning and thus assign a value to some inte- 
grals that are divergent. As the formulas pertaining to such 
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studies are not as familiar as those for series, it may be proper 
to note that if the type integral be taken as 


1- f oa, 


then the formula analogous to the Cesàro formula of order 1 
and giving the value of I even in some cases of divergence is 


me! N 
I= dimi f da f sede, 
this formula having been first obtained, I believe, by Professor 
C. N. Moore in his thesis. It is equivalent to the somewhat 


simpler form 
r= tim f (1 im 


I shall not attempt any further details concerning sum for- 
mulas and the facts derivable either directly or by suggestion 
from them. We can certainly say, however, that this class of 
studies, as carried out independently for the various formulas, 
has greatly increased the range of interest in series in general 
and has enabled us to see convergent series in particular from 
new and very instructive points of view. 

The second reason alluded to above for the prevalent in- 
terest in divergent series despite the lack as yet of any uni- 
versally accepted general theory about them brings us to a 
certain very important aspect of the whole which we have not 
as yet mentioned—an aspect, it may be added, which was 
entirely disposed of in 11 lines of the encyclopedia article 
mentioned at the beginning. We refer to what is known as 
“asymptotic series.” This is in reality the oldest aspect 
which our subject presents. It may be said to have originated 
in an isolated note by Cauchy in 1843 relating to the well- 
known series of Stirling 


log T(x) = $ log 2x + (æ — $) log z — z 


(1) B1 Bol, B1 
tT 22 834:75625 77 





(B4 = mth Bernoulli number). 
Cauchy pointed out that this series, though divergent for all 
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values of z, may be used in computing log T(x) when x is large 
(and positive). In fact, he showed that, having fixed the 
number n of terms taken, the absolute error committed by 
stopping the summation at the nth term is less than the abso- 
lute value of the next succeeding term, and hence becomes 
arbitrarily small (n > 3) as æ increases indefinitely. Cauchy’s 
work on divergent series was confined, however, to the single 
‚series (1) and, owing to the overemphasis placed upon con- 
vergent processes by the successors of Cauchy and Abel, as 
mentioned 2arlier, no further progress was made in this field, 
until the subject at last reappeared after more than forty 
years in conneetion with the researches of Poincaré upon the 
irregular solutions of linear differential equations. Poincaré 
considered those divergent series (normal series) of the form 


eet 2 + Arle + Aaf + ---); 
' f(x) =.a polynomial in z, p = aconstant, 


which for some time had been known to satisfy formally 
. homogeneous linear differential equations of certain types 
having the point z = © as a so-called “irregular point,” and 
he showed essentially that in general to every such formal 
solution there corresponds an actual solution which can be 
represented by (2) in much the same sense as (1) was described 
above as representing log I'(z). In view of the important 
significance of such results both from the standpoint of the 
possible use of divergent series and from that of the theory of 
differential equations, Poincaré set apart and discussed in 
some detail a broad class of divergent series of the special 
form (2), applying to them the name of “asymptotic series.” 
Poincaré’s results, however, in so far as' they concerned dif- 
ferential equations, were noticeably incomplete, being limited 
by certain unfortunate restrictions, and thus his original 
studies have given rise in later years to numerous researches 
in which no:eworthy advances have been made, though open 
questions in this connection stillremain. Corresponding inves- 
tigations, likewise begun by Poincaré, pertaining to linear dif- 
ference equations have also been undertaken in recent years and 
carried to an advanced stage. Meanwhile another important 
aspect of the theory of asymptotic series has come into view; 
namely, tha; of actually determining the asymptotic develop- 
ments of any given function—a problem, of decided interest 


(2) 
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for the study and classification of functions in general. I can 
perhaps employ the next few moments to no greater advantage 
than in sketching somewhat more completely these various 
fundamental problems relative to asymptotic series, pointing 
out incidentally certain unsolved special problems of note- 
worthy interest. 

Referring again to differential equations, the studies in 
question may be said to center about the linear homogeneous 
differential equation 


(3 y+ a; (z)y 0» + alay + ---+a(a)y = 0, 


wherein the coefficients aj(z), a(x), --:, @(x) are, in the 
simplest case, rational functions of x and, in the more extended 
case, are supposed to be developable in series of the form 


KI 
x 


Gre 


+ 22 + | (r=1,2, (180), 








NERIS SEES 


k being zero or & positive integer. In such a differential equa- 
tion the point z — « is in general an irregular point, so that 
the usual normal solutions are divergent series of the form (2). 
With reference to these solutions, we may now cite the follow- 
ing fundamenta] theorem: 

“If for the equation (3) the roots mi, ma, ma, :::, Mm of 
the so-called characteristic equation, i. e., of the algebraic 
equation 


(5) m^ + a, m" -+ as, ym" ? + -e F dno = 0, 


are distinct, equation (3) possesses n linearly independent 
solutions yi, ys, Ja - - - » Yn Which, for large values of x, are 
developable asymptotically in the form (2), wherein f(z) is of 
degree k + 1, and a, = 1; that is, we have 


( y~ oe)? SS fury Bry d | (r=1, 2,8, ---, 9, 
where f,(z) is a polynomial of degree k + 1 in x, while p, is a 
constant.” , 

If in this theorem the restriction be removed that the roots 
of the characteristic equation be distinct; that is, if multiple 
roots are present, the theorem fails and we at once encounter a 
problem for which no general solution has yet been obtained. 
Moreover, the theorem as just stated carries with it the assump- 
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tion that z is real. When x is regarded as complex, much the 
same results follow, the forms (6) holding now over certain 
sectors of the plane emanating from the origin, but here again 
much remains to be investigated, the existing theorems cover- 
ing only what may be described as the simplest cases. 

Contrasted with the same theorem for differential equations, 
is the corresponding fundamental theorem for linear difference 
equations: 

“Given & homogeneous linear difference equation of the 
nth order, which we may write in the form 


yle + h) + alejylz + h — 1) + aa(x)y(@ + h— 2) 
+ +--+ a,(z)y(x) = 0, 


and let it be assumed that the coefficients aj, a», ---, a4 are 
either rational functions of x or are developable in series of 
the form (4). Then, if the roots mı, me, +++, Ma of the 
characteristic equation (5) are distinct and no one of them 
equal to zero, equation (7) possesses n linearly independent 
solutions yi y», ***, Yn valid for large positive values of c 
and developable asymptotically in the forms 


(7) 


yr~ E(t + SE + fury foes ks | 


(8) 
(r= 1, 2, 3, ek n). 


In case the characteristic equation presents multiple roots, 
or a zero root, no corresponding results appear to have been 
obtained, at least in general, though this whole subject has 
been interestingly discussed from an altogether different point 
of view and in a considerably larger measure of completeness 
by the intrcduction throughout of the so-called faculty series 
instead of the usual power series forms. Here again much ' 
remains to be done for the case of a complex variable, though a 
beginning corresponding to that cited above for differential 
equations has been made. The importance of these studies, 
both as regards differential and difference equations, lies, of 
course, jn the fact that it is equations of these particular types 
that play & most fundamental róle in analysis, both from the 
function theoretic standpoint and from that of applications. 
We shall noz enter, however, into further details in this direc- 
tion more tkan to mention the fact that corresponding studies 
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for non-homogeneous differential and difference equations 
have been considered but, like the homogeneous cases, are in 
but a limited state of completion. 

As regards the problem of determining the asymptotic 
developments of a given function, which I also mentioned a 
moment ago, the meaning of this class of studies may perhaps 
be best understood from one or two simple illustrations. 
Let us take, for example, the following power series in which 
xæ is regarded as taking complex as well as real values: 


oo 


x” 
(9 fir) = 23 ; p= any non-integral constant. 


we — 1 





The radius of convergence of this series is easily seen to be 1, 
so that the series itself yields no information as to the nature 
of the function f(x) defined by it in the more distant portions 
of the plane. In order to secure such information and thus 
be able to follow the course of the function for values of x of 
large modulus it becomes necessary to develop f(x) in some 
manner about the point infinity, as for example in power series 
in 1/z, but the simple knowledge of the formula for the nth 
term of the given series (9) provides no immediate way of 
determining the coefficients of such a development. When 
once obtained, moreover, it may either converge or it may 
represent f(x) only asymptotically. How actually to deter- 
mine the development, whatever be its ultimate character, 
is the problem, and in the case before us it may be stated that 
it becomes 
m(— c)? 1 2 
fO "snap @ De (ima 7 


this form holding at least so long as we confine ourselves to any 
sector of the plane which does not contain the positive half of 
the real axis. More generally, it may be shown that if we have 
any power series 





È gne, 
wherein the coefficient g(n) may be regarded as a function of a 
complex variable n and as such is analytic throughout the 
entire n plane except for a finite number p of poles, and at the 
same time, when considered for values of n of sufficiently large 
modulus, remains less than a constant, then the function f(x) 
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defined by this series will be developable in general throughout 
the distant portions of the plane either asymptotically or in a 
convergent series of the specific form 


Hy 3 LH g—2 ot 3) 


aci z c a? 7 


vg(n)(— 2)" 
i sin Tn 

at the.rth pole of g(n). Corresponding results for various 
other type forms. of power series have likewise been obtained, 
and again, similar studies have been extensively carried out 
for functions defined not by power series, but by altogether 
different tFough very important forms, such as infinite prod- 
ucts, or faeulty:series. Sufficient has been said, I judge, on 
this aspect. of asymptotic series so that you will perceive its 
bearing not only upon the determination of the values of a 
function in distant regions but also upon the broader problem 
of the classification of functions in general, since functions may 
clearly be distinguished from one another in classes corre- 
spondirg to the different characters of their asymptotic de- 
velopments. Very much remains to be done in this entire 
field of investigation. 

What we have thus far said may be briefly summarized in 
the statement that the modern theory of divergent series 
contains essentially two branches, the first concérning the 
question as to how a sum may be assigned to a divergent 
series in general, and the second pertaining merely to the 
functional »roperties of that important special class of diver- 
gent power series known as asymptotic series. Of these two 
branches, the second, though characterized by theorems and 
results which usually bear a high degree of complexity, presents 
no logical inconsistencies and is thus in quite as satisfactory a 
state as convergent series themselves, while the first, or prob- 
lem of summation, when considered as a whole is still in an 
unsatisfactory logical state because, as pointed out earlier, 
we have a large variety of sum formulas which, though agree- 
ing with one another when applied to convergent series, fail 
to do so to a greater or less degree when applied to divergent. 
series. However, all that remains in order to bring about 
perfect agrsement everywhere is, as was also stated earlier, 
that we place proper limitations either upon the kind of diver- 


where 7, represents the residue of the function 
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gent series to be considered, or upon the kind of sum formulas 
to be retained, or both. In the time that remains to me I may 
therefore return for a few moments to the question as to how a 
logically consistent general theory of summation, if there is to 
be one, may well be constructed. It may be that the limita- 
tions which I am about to place may seem too restrictive to 
some, yet I take for granted that everyone shares with me the 
instinctive feeling that there should be a logically sound and 
fairly useful general theory of some sort and it is mainly in that 
spirit that my suggestions will be made. 

In approaching the question let us first cast a glance back 
over the historical genesis of all the various sum formulas, for 
this is at once suggestive. The earliest and simplest of them is 
the one growing out of certain studies of Frobenius in 1880 
relative to the behavior of the power series 


(10) Ya 


for values of x upon its circle of convergence. His theorem in 
substance was as follows: "Suppose that the radius of con- 
vergence of (10) is 1, and let sn = ao -+ ài + a + "+ Gn. 
"Then, we shall have 


"E - uo Sot states tn 
QD — lim 2:247 — lim ni 


g=l 
whenever the limit on the right exists.” This is a straight- 
forward result in the theory of functions having at first sight 
no relation to divergent series, nor indeed did it come to play 
any recognized part in the development of the latter for a 
considerable time. When it did it was because the left mem- 
ber of (11) is known to be identical with 





{12) Im 


whenever this series is convergent, so it seemed natural in case 
it was divergent to continue assigning sums s to it in accordance 


with the formula 
ano Eater ete 
(13) s = lim nd] 


so long as the limit on the right exists. This particular for- 
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mula for s found additional justiücation in the fact that the 
value it assigns to (12) when divergent is useful in the sense 
that it is the value of the function f(z) defined by (10) at the 
point z — 1; that is, formula (13) furnishes the analytic con- 
tinuation of the power series (10) at the point z — 1 upon its 
circle of convergence. It was, essentially in this same Spirit 
of useful as well as possible extension of idea that the sum 
formulas of Cesàro and Hólder, doth of which contain (13) 
as a special case, were set up, as likewise the later transcen- 
dental sum formula of Borel wherein a definite integral is 
involved. These considerations immediately suggest that a 

` logically coherent and at the same time useful theory of sum- 
mability may be established by limiting ourselves throughout 
to those series (12) for which the corresponding power series 
(10) has a non-vanishing radius of convergence and further- 
more limiting our use of sum formulas to those which, like 
the familiar ones of Cesäro and Borel, assign to a divergent 
series (12) a sum s which is equal to the value of the analytic 
continuation of this same power series (10) at the point x = 1. 
Such a value for s allows of no duplicity and is therefore unique, 
thus removing the primary logical defect heretofore mentioned 
in the present day aspect of the theory. Moreover, a theory 
thus limited in scope at once satisfies our desideratum of being 
useful, “or it attaches itself in a most fruitful way to the very 
important subject of analytic continuation in the theory of 
functions of a complex variable. For example, it may be 
shown that in general any divergent power series is summable 
by Ceséro’s formula at points upon its circle of convergence, 
‚thus furnishing the analytic continuation of the corresponding 
function at such points, but that it is not summable by this 
formula at points outside the same circle. On the other hand, 
if Borel's integral formula be used on the same series, it gives 
a sum and hence the analytic continuation not only for points 
upon tke circle of convergence, but in certain regions lying 
outside this circle; namely, within the so-called polygon of 
summaLility formed by tangents to the circle at those points 
which axe singular points of the function defined by the corre- 
sponding powerseries. Moreover, in a theory as thus restricted 
the usuel rules for the manipulation and combination of con- 
vergent series are in large measure preserved. In short, we 
have left, it seems to me, a sufficient body of doctrine to be 
worthy of the name "general theory of summation." 
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I trust that I have now made clear my own feelings regarding 
the three questions raised at the outset; first, as to why diver- 
gent series have come into such prominence since the appear- 
ance of the early volumes of the encyclopedia, second, what 
has been done that really constitutes a vital advance and third, 
as to whether such series are at last upon a truly scientific 
basis. My only fear is that in attempting to couch the whole 
in very simple form I may have gone too far in this direction 
and thus violated a principle which, I believe it is said, the 
poet Browning always carefully observed; namely, of never 
using so simple a style that the intelligence of one’s readers or 
hearers may be offended. But this is a rather treacherous 
principle, as most people discover in attempting to read 
Browning, so I may perhaps be pardoned if I have seemed to 
depart too far from it. 


SOLUTIONS OF DIFFERENTIAL EQUATIONS AS 
FUNCTIONS OF THE CONSTANTS OF 
INTEGRATION. 


BY PROFESSOR GILBERT AMES BLISS. 


(Read before the American Mathematical Society December 29, 1917.) 


THE purpose of this note is to prove the differentiability of 
the solutions of a system of differential equations with respect 
to the constants of integration by a method which seems more 
natural and simpler than those which have hitherto been pub- 
lished. Incidentally a restatement of the so-called “imbedding 
theorem" for differential equations is given, a theorem which is 
frequently applied in the calculus of variations, and which 
has been useful, and could be made still more so, in many other 
connections. It is analogous to the fundamental theorem for 
implicit functions in its statement that a solution of a system 
of differential equations given in advance is always a member 
of a continuous family of such solutions. 

Let C be an arc 


(C) C= u(r), Ti S T < T2, 


"the furction f is supposed 
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for which the function u is single-valued and has a continuous 
first derivative. The neighborhood C, of this arc is the totality 
of points (r, x) which satisfy the inequalities 


(C) "^ n$r$m |2-ur)|se 
In the differential equation 


dz 
Oo? SET 


(a) to be single-valued and continuous in C,;* 
(b) to satisfy the Lipschitz condition 


(2) Lt, ai — frs) | S «Iz ei 


N 


whenever ir, x) and (r, x’) are both in C,; 
(c) to be such that the equation (1) has the arc C as a solution. 
By s solution of equation (1) is always meant an arc of the 
type o? C having a continuous derivative and satisfying the 
equation. .The theorem to be proved is then the following: 
For every neighborhood C, of the arc C with the properties just 
described there exists a second neighborhood C, through every 
point (7o, zo) of which passes one and bul one solution of equation 
(1), dened and in C, on the whole interval 7, ra. The function ' 


x T vr, To Zo) 


representing these solutions 13 continuous and has a continuous 
derivative 60/dr in the region R of points (T, To, to) satisfying the 
conditions 

(R) JUST S, (ro, zo) interior to C;. 


If f(r, x) kas continuous partial derivatives of the n-th order in ` 
C., ther v and Ov/dr also have continuous partial derivatives up to 
and including those of order n when (T, To, o) lies in the region R. 
. The axistence and continuity of the function v(r, To, zo) have 
been established in various ways. For the sake of complete- 
ness a proof will be given here which is based upon the method 
of approximation of Picard, and which makes use of the se- 
quence of functions {tm} defined by the following equations: 
* If cnly the continuity of f with respect to r is presupposed, then with 


the help of (5) it'is provable that f is continuous in r and z together. The 
proof for boundary points of C, is less direct than for interior points. 
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Salz, To, zo) = xo + u(r) — u(ro), 
DLT, To, to) = zo + fte, vo)dr, 
(3) D D D D D D D Mo D D * D 


Uni (7, To, Lo) = £o + f fe. Um) dr. 


To justify the use of these formulas it must first be shown 
that every function a, defines points (7, am) in the region C, 
where the continuity properties of f are presupposed, provided 
that the region R in which the values (r, ro, zo) range is suffi- 
ciently restricted. For this purpose select 6 so small that in 
-R the relation 


(4) |v — u| = |x — u(r) | < €^ = p 


holds, where X is the length of the interval zu and p merely a 
notation for the constant ee”. Since on the arc C 


u(r) = ulr) + | fe ude 
it follows from (3), (4), and (2) that 





SEENEN 


«oli Ez], 


&nd hence by a simple induction that for every value of 7 on 
the interval rıra 


Kik 


Arne) 
ml 


(mul uua 


S pe"? =e. 
Hence every function 2, determines an arc in C, and can be 
used in the last of formulas (3) to define u... 

Furthermore the sequence (w(r, To, Zeil of functions con- 
tinuous in the region R converges uniformly, and its limit 
function v(r, To, %o) is therefore continuous. For from (3) 


and (2) 
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la =a) = fue. %) — f(r, vo)ldr |, 


CH ) 


= 1! 
since v) and p both define curves in C, and hence differ by at 
most 2s. An induction as before now gives 


7 KIT — Toj” Kram 
| 8mp — t»| € 2e E < 9e ar» 


showing that the series 
(5) a+ Ge — mt E On Bel fees 


converges uniformly. 
From the last of the equations (3) it follows as usual that 
the limit function v(r, ro, zo) satisfies the equation ' 





vr, ro, 20) = 20+ | fle, olr, ro, ee 


and hence also the differential equation (1). If there were & 
second solution w(t) of equation (1) through the point (ro, zo) 
it would satisfy &n equation similar to the last one, and con- 
sequently also the inequality 


[iones 
TO 


since 2e is greater than |w — v| on the interval Tij. But 
successive application of this relation gives 


«|r — ro] 
Sd ETT 








lu — o| S 


ju oleae? 
EE m! 


which can be true only if v and w are identical, since the second 
member has the limit zero as m increases. ; 

The prcofs of the preceding paragraphs establish the exis- 
tence, continuity, and uniqueness of the function »(r, To, Xo), 
and also of its derivative ðv/ðr since v satisfies (1). To prove 
that it has the further derivatives described in the theorem, 
suppoke first that f(r, x) has continuous first derivatives in Ce: 
‘Then each of the functions 2, has a derivative 


à 
LED 


OU. _ 
Oxy — 


(6) 


SÉ 
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and it is proposed to show that the sequence {dt/d2} con- 
verges uniformly for values (7, ro, £o) in the region R. A well- 
known theorem* concerning the differentiation of a series 
term by term, applied to the series (5), then establishes the fact 
that the limit v(r, To, zo) of the sequence {tm} has as its deriva- 
tive the limit of the sequence {0a/@z0}. 

Consider the two sums - 


(7) Bead fe [pe [harten 


(8) de rib fase so (aes f aa 


where fs = Liz, v) represents the first partial derivative of f 
^ with;respect to z, and An = f2(7, %). The first sum is an infi- 
nite series, while the second has a finite number of terms found 
by successive application of formula (6). A simple inductive 
proof shows that each term of (8) approaches uniformly the 
corresponding term of (7) as a limit when m increases indefi- 
nitely, since the elements of the sequence {tm} approach uni- 
formly the limit v. „Further each term of both sums has 
absolute value less than the corresponding term of the series 


«|r — Tol : eT — Tl" 
ME EE et 


or of the series 
KA wein ` ` 
(9) . Ce de cs dee | 


lee 


where xis now the maximum of the absolute value of f, in C.. 
It follows that an integer n can be taken so large that all the 
terras of the series (7) after the nth have a sum with absolute 
value less than e/3, and also so large that the same is true for 
the expression (8). Since the individual terms of (8) approach 
uniformly those of (7) it is also true that for sufficiently large 
values of m the sums of the first n terms of (8) and (7) differ 
by less than e/3. Hence for such values of m the difference 
between 0t,_/02) and the sum of the series (7) is less than e, and 
“the derivatives 02,/8x) approach the sum of the series (7) 
uniformly for all values (7, To, zo) in the region R. The func- . 
` tion v has therefore a derivative ðv/ðxo given by the series 





* Goursat-Hedrick, A Course in Mathematical Analysis, vol. 1, p. 365. 
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Io 


ja Ub [ees odd 
+ [9 - J f mim. 


which -onverges uniformly, since its terms are respectively 
less in absolute value than those of (9), and Ov/Ox, is therefore 
contintous in the region R. 

Similar reasoning shows the existence and continuity of 
the derivative ðofðri. For from equations (3) 


(10) 


Itn ) 
oro er Ir Zp) + [4 





Dee 3 
óry dr 
5 fant 

To 


; i: r 
— SR Amat: f Ai fodr™ = — f Am- f Aqu (ro)dr™, 


where fo = f(ro, £o). The comparison series analogous to (9) 
is v times that series, where y is the larger of the maxima of 
Lëtze, 29) | and | w’ (ro) | in R, and the value of the derivative 
sought is the continuous sum of the uniformly convergent 
series i À 
i ðv : 
Bry = fre ad — [£s fers mdr ... 
0 To r 


SCH Ike, v) uc Ike, 9)fo(To, zo)dr” — ; EM 
Finally the equation 


a2) | A = fen 


(11) 


shows that 3v/dr is continuous and has continuous first partial 
derivatives in the region R, since f and v have this property in 
C. and R, respectively. This completes the proof of the 
theorem for the case m — 1. The corresponding results for 
an arbitrary value of m are readily estabiished by induction 
when the theorem for n — 1 has been proved for a system of 
equations instead of a single one, as will be Shown below. In 
concluding the simpler case it is important to note the relation 
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(13) EEN 


which follows readily from (11) and (10). 

The proofs of the preceding theorems for a system of dif- 
ferential equations are of the same character as those above, 
but the equations used in the proofs will be much more com- 
plicated unless notations are used for matrices and multipar- 
tite numbers. Peano seems to have been the first to define 
and apply the moduli of multipartite numbers and matrices 
in proving existence theorems for differential equations, the 
case which he considered being that of a linear system.* Ifa 
denotes the set of numbers (z', «^, ---, x), and f the set 
(Pi, Tei, the single equation (1) will represent the 
system 

u 
(14) sap CP a; eg x) (= 1; UNS p). 


By replacing absolute values everywhere by moduli, the 
modulus. of x for example being 


(15) mod z = vx” Ho fg)? 


and using simple properties of multipartite numbers and 
matrices, t the proofs for the system (14) can be carried through 
' quite simply and the notations will be the same, equation for 
equation, as in the paragraphs above. To facilitate the re- 
interpretation of the equations the following table of the sym- 
bols used is given: 

Positive integers: 4, j, m, n, p; 

Scalars: 8, e, , A, u, v, p, 0, T, €; 

p-partite numbers: a, f, £, y, 2, u, v, W, 00/979, Ovs[ÓTo; 

p-square matrices: A, B, fz = Af/dx, 0v[Oxo, 0v, äre, 

In order to carry through the proofs of the existence and 
continuity of the derivatives of the p functions v, some addi- 
tional properties of matrices are needed besides tbose given 
in the papers cited above. "The definition of the modulus of a 
matrix given below is equivalent to that of Peano but different 
in form. It is closely associated with the notion of a limited 

* Mathematische Annalen, vol. 32 (1888), p. 450. 

t See also my paper, “The solutions of differential equations of the 


first order as functions of theif initial values," Annals of Mathematics, 2d 
ser., vol. 6 (1905), p. 58. 





22 SOLUTIONS OF DIFFERENTIAL EQUATIONS. [Oct., 


matrix used by Hilbert in his theory of quadratic forms in a 
denumerable infinity of variables, and for the special case 
here considered is identical with the modulus as defined by E. 
H. Moare for the purposes of his General Analysis. It is 
applied here only to square matrices, but would be equally 
effective for those which are of unequal dimensions, and in 
particular for a matrix of one row and p columns it gives pre- 
cisely the value (15). The table of properties in the next 
paragraph but one contains besides those of Peano some further 
properties which are useful in the present paper. 

Let A be a p-square matrix, and let mod A be the maximum 
of the bilinear form Ay-z* on the set of values of y and z which 
satisfy the equations mod y = mod z = 1. This maximum is 
attained since the set over which y and z range is closed, and 
from the elementary theory of maxima and minima the values 
of y and z which determine the maximum satisfy the linear 
equations 


(16) Ay = px, Az = oy, 
from which also u , u 
(17) AAy = poy, AAz = poz, 


where p, o are scalars and A is the matrix formed from A by 
interchanging rows and columns. From the equations (16) 
one deduces readily 


(18) Ay:z — p, Az-y = Ay:s o, 


when mod y — mod z — 1, so that p and c are both equal to 
the value of the modulus of 4. Furthermore from the equa- 
ions (16) and (18) 


Ay: Ay = AAy-y = p, 


which suggests that the modulus defined above may be 
identical with that of Peano, the value which he used being 
the squaze root of the maximum of Ay- Ay on the set of values 
y satisfying mod y — 1. By reasoning quite similar to that 
just used, and with the help of equations (17), this proves 
to be the case. 

The modulus of a matrix has the following properties, which 
are readily provable: 





* The expression y-z is the sum of the products of the elements of y and z; 
Ay is the m-partite number whose elements are the dot-products of the 
rows of A by y. For the use of the dot in this connection see Gibbs-Wilson, 
Vector ysis, p. 56. 
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(1) mod A = maximum of Ay-z on the set of values y, 2 satis- 
fying mod y = mod z = 1, 
= maximum of YAy- Ay on the set of values y satis- 
fying mod y = 1; 
(2) every element of A has absolute value < mod 4; 
(8) mod A < p!ó if each element of A has absolute value less 
than 6; 
(4) mod x4 = |x| mod A; 
mod Ay < mod A mod y; 
mod AB < mod A mod B; 
(5) mod (4 + B) € mod A + mod B, 
mod (4 — B) 2 |mod A — mod B |; 
(6) mod A is a continuous function of the elements of A; 


(7) mod |" Adr < f moa ae 


(8) [A| < mod (d.A/dr) for every derivative number A of mod A. 
In the statement (7) the elements of 4 are supposed to be inte- 
grable functions of r on the interval ro Sr < mı, and in (8) 
they are supposed to have unique derivatives at the value of 7 
considered. "The property (8) is not necessary for the appli- 
cations of the matrix theory in the present paper. 

The property (2) holds because, by choosing all elements of 
y and z to be zero except one element equal to + 1 or — lin 
each, the value Ay-z may be made equal to the absolute value 
of a selected one of the elements of A. In the expression 
Ay-z with mod y = mod z = 1 there are p° terms each con- 
sisting of an element of A multiplied by two numbers with 
absolute values < 1. Hence when each term of A has abso- 
lute value less than ô the maximum of Ay-z surely does not 
` exceed p?ô. The proof of the first formula (4) is immediate. 
The second part follows since for every y 


qase — 2 Aged 
Ay: Ay = (mod y)? 
To prove the third part of (4), suppose that y, s are sets of 


values having mod y = mod z = 1 and giving ABy-z its maxi- 
mum. Then 








mod y S mod A mod y. 


: 1 ABy- - 
mod AB = ABy:z = Bu Bi YBy:By € mod A mod B. 


If y and z are similarly the values giving (A + B)y-z its maxi- 
mum, then ` 
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mod (4 + B) = (A+ B)y-z 
l = Ay-3a+ By-z X mod A -+ mod B. 
The second part of (5) follows from the first since 
mod 4 S mod (4 — B) + mod B, 
mod B S mod (B — A) + mod A. 
If A + AA is a matrix formed from A by giving its elements 
increments with absolute values less than ô, then from the’ 


D 


second property (5), and (3), 
[mod (4 + AA) — mod Al € mod AA < pò, 


which proves the statement (6). The property (7) is readily 
proved by applying the first formula (5) to the sum whose 
limit is the definite integral on the left, and then taking the 
limit. Finally the inequality 


i mod (4 + AA) — mod 4 Se 
Ar Ar, 


is deducible with the help of the second property (5), and it 
justifies (8) singe every derivative number of mod A is the 
limit of zhe fraction on the left when Ar approaches zero over a 
suitably selected sequence of values. 

, In the equation (6) for the system (14) the symbol don /d2p 
represents the matrix of derivatives || dam /dx9 || (4, 7 = 1, 
‘++, p) and the first term on the right is to be interpreted as 
the identity matrix I. A similar agreement holds for the first 
terms of (7), (8), and (10). The symbol f+ now represents the 
matrix of cerivatives || f 9/0z C? |. Hence in (6) and the 
three lest mentioned equations every term is a p-square 
matrix. With the help of the matrix properties (7) and (4;) 
above : 


«|j mod Ama + f mod A, de | s El rel" 
0 To = 


n! : 





where « is the maximum of mod f> in the region C.. Hence 
the terms of the series (9) exceed the moduli of the respective 
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terms in (7) and (8). An integer n can now be taken so large 
that the modulus of the sum of the terms of (8) after the nth 
is less than e/3, and so that the same is true for the sum of the 
terms after the nth in the series (7). Since the elements of the 
sequence {tm} converge uniformly to the elements of v, the 
elements of the matrix represented by the first n terms of the 
sum (8) converge to the corresponding elements of the similar 
matrix from the series (7), and by an application of the ma- 
.. trix property (3) it is clear that the modulus of the difference 
of these matrices is less than e/3 when m > n is sufficiently 
large. For such values m therefore 


mod E — B) <6 
x Ox : 

. and because of the matrix property (2) each element of 00/020 
converges uniformly, as m increases, to the respective element 
of B. Hence every one of the elements of v has a derivative 
with respect to every element of za and the matrix 00/02 of 
these derivatives is B. Finally the series of moduli of the 
terms of (10) converges uniformly, implying also, on account 
of property (2), the uniform convergence of every series of 
corresponding elements in the matrices which the terms of 
(10) represent, and showing therefore that every element of 
the matrix Ov/dz, is a continuous function. 

The proof of the existence and continuity of the p derivatives 
ðv/ðro is so similar that it is unnecessary to exhibit it in detail. 

The proofs which have been given above establish the 
properties of the solution v(r, ro, zo) of & system of equations 
for the case n = 1 described in the theorem, and the proof 
ean now be given for the general case by an induction. 
Suppose that the existence and continuity of the nth deriva- 
tives of v and dv/dr have been proved to be a consequence of 
the, assumption that f has continuous nth derivatives, and 
suppose further that the functions f have continuous deriva- 
tives in C, of order n+ 1. The System of 2p + 1 equations 


dro ` dzo — dw 
SE 0, -m= 0, d = fr,v)w 


in the variables 7, o, zo, w has the solution 


(19) 


Ov 
(T) To = const., zo = const., w = an, 2° 
0 
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with the initial values ro, zo, wo for T = To, a8 one readily sees by 
differentiating equation (12) for the elements of x, and from 
the fact that dv/dzp is the identity matrix when T = m». 
There is a neighborhood I’, in which the second members of 
equations (19) have continuous nth derivatives, provided that 
` (T, To, Zo) is in R, since v has this property and f has by hypo- 
thesis continuous derivatives of order n + 1. Hence there is 
also a region P for the solution T', analogous to R for C, in 
which the solution D has continuous nth derivatives. This 
shows that all of the elements of the matrix 00/02) have con- 
tinuous nth derivatives since wo is an arbitrary constant multi- 
partite number. The same is true of the elements of the 
multipartite function ðv/ðro from equations (13), and for the 
elements of ðv/ðr from equations (12). Hence all of the 
derivatives of v of order n + 1 exist and are continuous as de- 
scribed in the theorem. That ðv/ðr has the same property 
follows at once from the relations (12). 

In conclusion it may be remarked that the theorems con- 
cerning the dependence of the solutions » upon parameters 
involved in the equations (14) require no proofs essentially 
different from those given above. A system of the form 


T ft, c, a), i 


where a is a multipartite set of parameters, may in LINGE be 
replaced by the system 


da 

© = f(r, 2, a), T°? 
in the variables 7, x, a. If the functions f have continuous 
derivatives of order n in 7, x, a, then the theorem proved above 
justifies the statement that the derivatives of order n for the 
solutions 2 = v(7, ro, x, a) and their derivatives v, will also 
exist and be continuous in the region analogous to A for 
these equations. 


1918. ] INVOLUTIONS ON THE RATIONAL CUBIC. 27 


INVOLUTIONS ON THE RATIONAL CUBIC. 


BY PROFESSOR R. M. WINGER. 


.(Read before the San Francisco Section of the American Mathematical 
Society October 27, 1917.) 


Introduction. 


1. Tus general subject of involution as applied to rational 
curves has been widely studied, notably by Weyr, Stahl, Coble 
and many Italian writers. It is the purpose of this paper to 
discuss certain involutions on the rational cubic, RP. 

If s; denote the elementary symmetric functions of coordi- 
nates 25, 25, . . ., Zn of n points (elements in the binary do- 
main), the most general involution of order n, J,-1 1, i. e., one 
in which n — 1 points of a set determine the remaining one, will 


be defined by 
(1) tat Geta + +++ + mat a. = O. 


‘The involution is thus made up of all sets of n points apolar to 
a fixed set, the n-fold points of the involution, given by, 


at^ + MN + (p) ate 
(2) 
T E 2 az - 0. 


The following alternative and equivalent definition is service- 
able when the n points of a set are represented implicitly by 
an equation: An J,1,1 is an (n — 1)-parameter family of 
binary forms of order n 


(3) fot kifi + lafi + + haf 


More generally, if n — r points of a set suffice to determine the 
remaining r, z; must satisfy r equations of the type (1) and (3) 
reduces to an (n — r)-parameter family. The corresponding 
involution is denoted by In, r 

2. Choosing for triangle of reference the nodal tangents 
and the line of flexes, the equation of the curve may be written 
in the canonical form 


(4) Rei = 3g, T = 3t, I = B + 1. 
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The peculiar adaptability of the language of involution to 
describe the properties of the curve will appear from a few 
examples. Thus the condition that three points be on a line is 


(5) s+1=0, 


i. e., (5) defines the involution which comprises all line sections. 
If the line is tangent at r, meeting again at t, the equation be- . 
comes 


. (6) Le EARCH 


Again (rom (6) ) the parameters of contacts of tangenis from 
an arbitrary point of R? belong to the quadratic involution $, = 0 
whose double points are the nodal parameters.* 

Finzlly, lines joining pairs of points in a quadratic involution. 
envelop a conic perspective to R*.t 


The line tt is 
(7) (818 — 1)m + (& — 9): — Apps = 0. 
If the double points of the involution are given by 
(8) - aœ + 2bt-+¢= 0, 


the equations of the perspective conics in lines, found by requir- 
ing that (8) be apolar to (7) considered as a quadratic in h, are 


(9) w=bP—c+a,  u-c?-—at-4 b, Uus = — 3bt. 


These conics have each three contacts with R3 which belong to an 
Ira, 3 = 1, whose triple points are the sextactic points.t 

Among the tri-tangent conics must be counted the degenerate 
conics consisting of two tangents from a point of the curve. 
Thus the point t and the contacts of tangents from t are a set 
apolar to žhe sextactic points. The equation of any composite 
conic, e. g., the pair of tangents from 4, is found at once by 
taking the discriminant of (7) considered as a quadratic in &. 

Since the triple points are a set in the involution, there is 
one conic touching at the sextactic points. This is a remark- 
able conic which we shall call N. It is obtained by requiring 





*This theorem, discovered independently, is referred to by Weyr, 
Wiener Berichte, vol.79 POE p 429 ff., as known. 

Be: e, “Symmetric binary forms and involutions,” Amer. Jour. Math., 
vo p. 558. 

t The equations of the three sextactic conics are given by (9) when 
b=1;2 =c= —8, — 3o, — 30, Lo = 1). 


D 
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that the double points (8) of the quadratic involution be the 
nodal parameters. In this case a = c = 0 and the conic is 


u = Ê, w = Í, ug = — 8l, or uy — Dän = 0, 
(10) 


tı = 3, t = BË, z4 = 2t, or Yas? — 4x: = 0. 


Combining the foregoing discussion with a theorem stated at 
the beginning of this section, we may say: The lines joining 
pairs of contacts of tangents from the points of R? envelop o conic 
N which touches the nodal tangents (where they meet the line of 
flexes) and has contacts with R? at the sextactic points. 

3. As an example of an J; ; may be mentioned the involution 
set up by the pencil of lines (ux) + A (vx) = 0. The lines 
will cut out a pencil, i. e., an bs of binary cubics, say u + An, 
The contacts of tangents from the center of the pencil which 
are the double points of the involution are given by the 
Jacobian J of u and art 

Are there any lines u whose cubi-covariant points are also 
line sections u’? If so, these lines may be taken as the base 
lines of a pencil and the involution becomes u + Au’. That is, 
from the intersection P of u and u’ can be drawn not four 
tangents but a pair of repeated tangents. This can happen if 
and only if P is the intersection of two flex tangents. Hence if 
u is a line of a pencil with center P, its cubi-covariant points 
lie on a line u’ of the same pencil. In other words the locus of 
lines u whose cubi-covariant points lie on a line u’ consists of the 
vertices of the triangle of flex tangents, while u’ envelops the same 
points. 

Lines u and u’ in any pencil P belong to a quadratic involu- 
tion of lines whose double lines are the two flex tangents 
meeting at P. 

The points P are (1, 1, 1), (1, w, w*), (1, w*, w) and are there- 
fore fully perspective with the reference triangle. 


Other Contact Conies. 


4. To find the intersections of R? with a general conic we 
substitute equations (4) in the trilinear equation of the conic. 
The result will be a sextic in £, in which obviously the coefficient 
of the highest power is the same as the constant term. Hence 
the necessary and sufficient condition that six points lie on a 
conic is that their parameters satisfy the equation 


* Salmon, Higher Algebra, fourth edition, p. 162. 
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(11) 3g = 1, 


or that they belong to a sextic involution Is. ;. 
We shall get contacts when two or more Ca come together.* 
Passing to the extreme case, suppose all six Ca coincide. Then 


(12) $—1- #+1) @-—1) =0, 


which includes the flexes among the sextactic points. The 
conics then degenerate of course into the flex tangents re- 


peated. 
5. Next suppose five points coincide at r. Then 
(13) rt—1=0, 


which says that at each point r of R’ there is a conic with 
5-point contact,f but through a given point t five such conics 
pass. Moceover the product ss of the five quintactic param- 
eters setisfies the equation s; = 1/t (from (13) ). Hence, by 
(11), the quintactie points of the five quintactic conics which pass 
through t (simply) lie on a conic with t. 

6. Let fcur intersections coincide at 7 and two at t, or 


(14) f T4 = 1. 


There would seem to be four conics with simple contact at t 
and with 4-point contact elsewhere. But among these are 
the tangen: lines from f each counted twice and therefore only 
two proper conics with contacts satisfying the equation 


(15) i=]. c 
Or the quartactic points r of conics touching at t are given by 
(16) e — Les 0.. 


Hence they lie on a line with ¢. Moreover they are harmonic 
with the contacts of tangents from t. They are likewise har- 
monic with the nodal parameters; hence the line joining them 
is a line of conic N and their tangents meet again on the curve, 
viz. at — % Again — tis on a line with the contacts of tan- 
gents from t£. These statements apply equally well to — t. 





* Contact here simply means coincident intersections and will include 
improper contact as well as ordinary tangency, i. e., coincidence of con- 
secutive Darameters 

t We shall call this & quiniachc point and the conic a quintactic conic, 
adopting similar terms for the other cases. 


* 
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We thus have a striking configuration which may be described 
as follows: 

From a point (— 1/#) of R? draw the two tangents t and — t 
and from each of these points the pair of tangents. The iwo 
pairs of contacts of tangents from t and — t are harmonic and 
form therefore with the nodal parameters three mutually harmonic 
pairs. The line joining contacts of tangents from t passes 
through — t and is therefore a tangent from — t to conic N, and 
vice versa. The other tangent to N from either point is the junc- 
tion of the two. At either point (Lor — t) two conics touch which 
have quartactic points at contacts of. tangents from the other. 

7. If now the six intersections coincide in two triples, the 
equation becomes 


(17) Dol or  p—1fB-Q. 


Hence at each point ¢ of R? there are three osculating conics 
which osculate the curve again at points 1/t, w/t, w*/t respec- 
tively. At each of these points there are three osculating 
conics which osculate again, one each at t, wt and wt. We 
have thus a configuration of six points and nine conics. If the 
points are arranged in two rows, as 


t wt wt 
lt w/t o cw 


then at each point in either row three conics osculate, each of which 
osculates again at one point of the other row. The six points 
themselves lie on a tenth conic whose equation is 


9x — (5 + 1)? zm = 0: 


Moreover the two triangles as written are harmonically perspective 
from each of the flexes. 

8. Finally we obtain tri-tangent conics when the points of 
(11) coincide in pairs. The contacts then satisfy the equation 


aè = d sig o 


- But if the right side is — 1, the conic is any line section re- 
peated. 'The contacts of all tri-tangent conics (except re- 
peated lines) therefore belong to the Iz, 1, s. = 1. Since this is 
the same involution as'that defined by the sextactic points we 
infer that the perspective conics (9) Art. 2 embrace all tri- 
tangent conics. 
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Hyperosculating Curves. 


9. The foregoing method can be applied to the study of 
other contact curves of the R?. We shall restrict our atten- 
tion, however, to those which have complete intersection at a 
point. Such curves of order n will be called hyperosculating 
curves, designated by H,. The contacts, denoted by Pan, will 
be called hyperosculating points. The simplest of these curves 
are the flex tangents, of course, which taken n times must be 
reckoned among all H,'. Similarly the sextactic conics 
counted n times will be included among the Hon’s of even 
degree, etc. 

If now the z's from (4) are substituted i in a general lex 
equation of degree n, there results a binary equation of degree 
3n in £, wherein the coefficient of the highest power of ¢ differs 
at most in sign from the constant term. Denoting by 43, the 
product of the roots of this equation, we have as the condition 
that 3n points be the complete intersections of R? and a curve 
of degree n. 

(18) ën = (— 1)”. 


i. e., that they belong to an involution, I3, 1,1. 

Hence the contacts, Psn, of hyperosculating curves are given 
by 5 
« (19) i^ = (— 1y. 


10. There will be two cases according as n is odd or even. 

Case I. nodd. When n = 1 we have the points of inflexion. 
That is, there are 3 Hie whose P3’s lie on a line. 

When n = 3, (19) is 


(20) P+1=(@+1 (&—t4 1. 


There are thus 9 H3’s whose Dei are on a cubic. But three of 
these P,’s gre the flexes, counted three times, and are therefore 
the complete intersections of a line and R?. Hence there are 6 
prop:r H;’e whose contacts are on a conic. 

In general, n odd, the contacts of H,’s are given ‘by 


(21) »+1=0. 


. Here 83, = — 1. Hence there are 3n points at which H,’s, 
including degenerate cases, can be drawn. These points are 
the complete intersections of R? anda Ca. This C4, however, 
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is always composite, since it contains the line Cı of flexes. It 
may contain also other factors C,, at whose intersections can 
be drawn degenerate H,’s which are Hairs of lower order re- 
peated r times. 

IE G=C0,0,... CyCv, it follows that there are 
Sn’ Pa at which proper H,’s can be drawn and these points are 
the complete intersections of R? and Cy. For the lower values 
of n the C,’s are appended, from which can be inferred the 
number of P&'s at which proper H,’s can be drawn; e. g., 
there are 12 Pıs’s at which proper H;’s can be drawn and these 
points are on a quartic C4. 


G= Di Co= D C — CC, = G6, 
Cu = C100, Cis = CC, Cis = Idi? 


11. Case II. n even and equal to 2m. The hyperosculating 
points are now given by 


(23) ^; p" — 1 = (ir, D (Gs +1). 


There are two cases according as m is odd or even. 
(d) When m is odd the second factor of (23) gives points 
Pem Which are Pam taken twice; while the other factor 


(4) @™—1=(®—1 (P BL... E BAT. 


The first factor of (24) corresponds to the sextactic points 
which are to be taken m times. The other factor indicates that 
there are (3m — 3) Dale which lie on a C, 4. 

(b) When m is even the first factor of (23) names contacts 
of (Hm’s)?. The other factor says that there are 3m Pays which 
he on o Cm. These curves C, and Cm may or may not be 
composite, but as above we can infer that the points at which 
proper H,'s can be drawn.are the complete intersections of 
R? and a Cw. 

In particular if n is a power of 2, say n = 2°, (19) becomes 


(28) (e yeso — 1) arit + 1) = 0, 


the first factor of which names contacts of curves H, re- . 
peated, except when a = 1. The second factor gives proper 
sg which by (18) lie on a Cy... Moreover in virtue of 
relation (6) these P,...’3 are contacts of tangents from proper 
Pys. We have thus the following chain theorem: The 


(22) 
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3 sextactic points are contacts of tangents from the flexes Ps. 
. The 6 contacts of tangents from the sextactic points are the points 
Py. The 12 contacts of tangents from Py in turn are the points 
Pa, and so on ad infinitum. 


UNTvERSITY OF OREGON. 


RELATED INVARIANTS OF TWO RATIONAL 
SEXTICS. 


BY PROFESSOR J. E. ROWE. 


(Read before the American Mathematical Society September 4, 1018.) 


Let the parametric equations of the R5, the rational curve 
of order six in three dimensions, be 


x, = 89, = a4f$ + 6b, + lc + 20d + 15e, + 
oft + 9: (i = 1, 2, 3, 4), 


and let the parametric equations of the R,°, the rational plane 
curve nf order six, be of the form 


z, — af = at bt+c?+ di + et + flit gt, 
v = BB = a! btt ot d'P d et E ET gt, 
ta = yÊ = a’ + WE eve + de + e"! 4 + fe + op. 


It is well known that all plane sections of the Rf are apolar 

to a doubly infinite system of binary sextics, and that all line 

sections of the R,® are apolar to a triply infinite system of 

binary sextics. We shall let the four binary sextics 6,,° of (1) 

be four linearly independent sextics of the apolar system of. 
the R£, and the a£, 82, y? of (2) be three linearly independent 

sextics of the apolar system of the JA. Our purpose is to point 

out briefly the relation between the invariants of the F5? and 

the invariants* of the RA. 

By means of the twelve equations 


(1) 





* Tis relation must not be confused with the correspondence between 


invariants af the R;* and covariant surfaces of the Kan. 
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aa — bb + ec — did + ee — f, f + gg = 0, 

(3) aa — bb + ee’ — dd + ee’ — f. f! + gig! 
aa” — bb’ + ec" — dd’ + ee" — fif” + gg” = 0 

(i = 1, 2, 8, 4), 


it may be easily proved that the four-rowed determinants of 
the matrix of the coefficients of à, of the type | abcd | are pro- 
portional to the complementary three-rowed determinants of 
the matrix of the coefficients of a,°, 8/5, yê of the type lef’g’’|. 
Let T denote the substitution of the three-rowed determinants 
of (2) for the proportional four-rowed determinants of (1), 
and 7! the inverse substitution. 

Invariants of the R: are combinants of the four sextics 
8,5, and conversely, and these are rationally expressible in 
terms of the determinants of the type |abed|. Invariants of 
the Ej are combinants of o5, BA y6, and conversely, and 
these are rationally expressible in terms of the determinants 
of the type |ab’c’’|. The combinants of 6,,° are implicit in- 
variants of the KA which become explicit invariants of the R, 
after the application of T. Similarly, combinants of a, 
Bd, y are implicit invariants of the R, which are transformed 
into explicit invariants of the R by means of T-1. Hence 
any explicit invariant I of the BA is transformed into an 
explicit invariant I’ of the R by means of T. Similarly, 
T= I'= I. It is evident that the order of J in the | abed | is 
the same as that of I’ in the|ab/c"|. We shall now mention 
a few illustrations of this relation. 

If U’ is the undulation invariant of the R, T> U’ = U is 
the stationary line invariant of the R. From P, the pen- 
tatactic plane invariant of the BA. we obtain TP = P', the 
cusp invariant of the Rê. Similarly, from Q, the quinquese- 
cant line invariant of the BA. we derive TQ = Q' whose van- 
ishing defines an R,° such that any six of its collinear points 
have parameters apolar to a binary quintic. If N = 0 is the 
necessary and sufficient condition that-the Bä have a node, 
TN = Nic 0 defines an Ji? which has one secant that cuts 
out a cyclotomic set of parameters. 


PENNSYLVANIA STATE COLLEGE, 
May, 1918. ` 


ll 
B 
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IN MEMORIAM: ELLERY WILLIAM DAVIS. 
BY PROFESSOR E. R. HEDRICK 


(Read et the Chicago meeting of the-American Mathematical Society 
‘April 12, 1918.) 


Ar the invitation of the committee on the programme I 
have the honor to pay brief tribute to the friend and counsellor 
of many of vou, and of mine, our late colleague, Ellery William 
Davis. It is fitting indeed that this Society pause in the 
midst of our scientific session to mark the passing of such a life. 

He was a mathematician of insight and power. His pub- 
lished works contain many titles of lasting interest. Among 
those of technical mathematical interest may be noted par- 
ticularly the following: 

1. “An expression of the coordinates of a point on a binodal ' 
quertic curve as rational functions of the elliptic functions 
of a variable parameter.” American Journal of Mathe- 
matics, volume 5 (1882), pages 333-336. 

2. “Geometrical illustrations of some theorems in number.” 

ı American Journal of Mathematics, volume 15 (1893), 
pages 84-90. 

3. “A note on the invariance of the factors of composition of 
a group.” American Journal of Mathematics, volume 
19 (1897), page 191. 

4. “On the sign of a determinant’s term.” American Journal 
of Mathematics, volume 19 (1897), page 383. 

5. “Nate on special regular reticulations.” Bulletin of the 
American Mathematical Society, volume 4 (1897-1898), 
pazes 529-530. 

6. “The group of the trigonometric functions.” Bulletin of 
the American Mathematical Society, volume 5 (1898-1899), 
pazes 380-381. 

7. “Some groups in logic.” Bulletin of the American Mathe- 
metical Society, volume 9 (1902-1903), pages 346-348. 

Other papers, less well known, which have appeared in 
journals not wholly mathematical are: 

8. “A definition of mathematical probability.” Baldwin’s 
Encyclopedia of Philosophy and Psychology, 1902, 
pages 344-353. 
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9. “The elliptic functions and the general symmetric group 
in four letters.” Nebraska University Studies, volume 4 
(1904), pages 231-247. 7 

10. “The imaginary in geometry.” Nebraska University 
Studies, volume 10 (1910), pages 1-58. : 

11. *Cantor's leap into the transfinite.” Mid-West Quarterly, ` 
volume 4 (1917), pages 239-250. 

Among other publications, two of his books have exerted 
influence on mathematicians and the teaching of mathematics. 
One of these, “The Logic of Algebra,” should find a place 
in every mathematical library. This he himself regarded as 
‘his most important work and it is certainly worthy of a 
lasting place in mathematical literature. 

Finally his text on the Calculus is one which is peculiarly 
stimulating and will probably affect the teaching of that sub- 
ject for a long time. 

Though this work was good, it alone would not account for 
the high esteem in which he was held. One lesson to us all is 
that his gift for friendship, his warm humanism, his broad 
sympathies, even more than his direct mathematical produc- 
tiveness, are the bases of that strong feeling of respect and 
admiration which he so generally inspired. I have seen a 
number of notices of his passing which I should be glad to 
read to you, but I shall leave them with the remark that men 
of all classes have felt what I have expressed in this paragraph. 

I might quote from two letters which I received after the 
programme for this meeting was printed. One of them from a 
well known woman says: “J am impelled to write to you to 
say that I count my three years experience in teaching in his 
department a very rich memory. . . . In particular, I should 
emphasize his pains in giving a young instructor free scope in 
whatever field the instructor might be interested. He was un- 
selfish and a very generous spirit." The other is from a man 
recognized as among the first of American mathematicians. 
He says: “... I feel like saying that few other American 
mathematicians have encouraged me more by their sympa- 
thetic interest than Ellery Williams Davis did." 

One illustration of his keenness of vision is now particularly 
noteworthy, his attitude toward this war and toward Prus- 
sianism. Early in the struggle in 1914 he voiced the opinion 
that this was our war and that the defeat of Prussia was essen- 
tial to the preservation of liberty and democracy throughout 
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the world. To us this is significant as a striking instance of 
his vision and of his unhesitating support of right and high 
morality regardless of the immediate effects upon his own 
personal interests. In mathematical circles the same fear- 
lessness of vision has led him to support warmly those projects 
or innovations which seemed dangerous to the more timorous. 
I may mention his attitude toward maintaining requirements 
in mathematics where real grounds exist and for abolishing 
the requirements otherwise. His attitude toward those 
reforms which started with the Perry movement and which 
have since broadened to much wider scope is well known. 
Finally, his support and sympathetic interest in the Mathe- 
matical Association of America is known to all who were in- 
terested in that movement. i : 

Ellery Williams'Davis was born in Oconomowoc, Wisconsin, 
on March 29, 1857. He died in Lincoln, Nebraska, Sunday, 
February 3,1918. He was graduated with the degree of A.B. 
at the University of.Wisconsin and with the degree of Ph.D. 
at Johns Hcpkins in 1884. On June 20, 1886, he was married 
to Miss Annie T. Wright, who with four sons and a daughter 
survives him. 

He was professor of mathematics at Florida Agricultural 
College frora 1884 to 1886, at South Carolina College from 
1886 to 1893, and at the University of Nebraska from 1893 to 
1918. He was also dean of the department of liberal arts at 
Nebraska from 1901 to 1918. 

In closing, let me put into words sentiments that I know are 
‘in the hearts of all who knew him. In his death we feel a per- 
sonal sense of‘ loss and we believe that university spirit and 
mathematical science in this country, which he so loyally 
upheld snd furthered, have suffered through his passing. 


A CORRECTION. 


I'wisn to call attention to the following errata in my note, 
“Some zhecrems of comparison and oscillation" in the April 
‘BULLETIN. i ; 

(1) On page 331, among the conditions under Theorem I, 
“oe (x)/ex(z) never decreases" should read “— os(zx)/oi(a) 
never decreases." 
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(2) On page 332, above the middle of the page, the state- 
ment “x approaches c” obviously should read “x approaches 
the first root of yı greater than a.” 

(3) Possibly an explicit statement should be made that 
V(x), i = 1, 2, does not vanish identically over any interval, 
as is shown by the conditions on a and os, and that the 
point l of case I is chosen so that HAD + 0. 

(4) The wording of Theorem I as regards the conditions 
on Ki, Ka, Gi and (his careless and could be improved by 
omitting the word “absolutely” and making no statement 
as to the integrability of Ki and Kg. 

TOMLINSON Fort. 


NOTES. 


Tue July number (volume 40, number 3) of the American 
Journal of Mathematics contains the following papers: “ Inter- 
polation properties of orthogonal sets of solutions of differential 
equations,” by O. D. KELLOGG; “Directed integration,” by 
H. B. Damme: “P-way determinants, with an application 
to transvectants," by L. H. Rics; “On a certain general 
class of functional equations,” by W. H. Wıuson; “ Contribu- 
tions to the study of oscillation properties of the solutions of 
linear differential equations of the second order,” by R. G. D. 
RICHARDSON. 


Tas editors of the Periodico di Matematica and its Supple- 
mento announce that, on account of the war, the publication 
of both periodicals will be temporarily discontinued. 


Ar- the meeting of the Edinburgh Mathematical Society 
held June 14, the following papers were read: By Miss E. 
Parman, “Relations connected with generalized differentia- 
tion”; by E. T. WHITTAKER, “Some new expansions in series 
of polynomials." , 


Tare late Professor Gaston DARBOUX left a large part of his 
_ library to the newly established reading room of the depart- 
ment of mathematical sciences of the University of Paris. 


u 
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THE following advanced courses in mathematics are offered 


.at the Italian universities during the academic year 1918-1919: 


Univzrsiry oF Botoegna.—By Professor P. BuncaTTI: 
Celestial mechanics, three hours.—By Professor L. DONATI: 
Electrodynamics; electro-optics; relativity, three hours.— 
By Professor F. Enriques: Foundations of mathematics: (1) 
geometry, infinitesimal analysis, mechanics and cosmology in 
ancient Greece; (2) modern critique of principles, three hours. 
—By Frofessor S. PrNcHERLE: Volterra’s and Fréchet’s 
functional caleulus; existence theoréms for differential equa- 
tions; integral equations, three hours. 


UNIVERSITY OF CaTANIA.—By Professor M.' Creonna: 
Fourier’s series; Dirichlet's problem; spherical and cylindrical 
functions; functions of a complex variable; elliptic functions; 
applications, four hours.—By Professor E. DaANrELE: Differ- 
ential equations of mathematical physics with applications, 
four hours.—By Professor G. Scorza: Geometry of hyper- 
spaces and some of its applications, four hours.—By Professor 
C. Gesamt: Calculus of variations, four and one half hours. 


UNIVERSITY op GENOA.—By Professor G. Lorra: Infini- 
tesimal geometry of curves and surfaces, three hours.—By 
Professor O. TEDONE: Partial differential equations with two 
indepencent variables and their application to the resolution 
of physical problems, three hours. By Professor —— ——: 
Analysis (advanced course), three hours. 


Universiry op Messına.—By Professor M. Borrasso: 
Vector analysis; newtonian potential; theory of elasticity, 
three hours.—By Professor P. CaraPso: Elliptic functions, 
three hours.—By Professor G. Grammer: Analytic geometry 
of hyperspaces; geometrical theory of algebraic elimination, 
three hours. 


UNIVERSITY or NAPLES.—By Professor F. Amopeo: His- 
tory of mathematics (from early times to 1200 A.n.), three 
hours.—By Professor A. Det Rx: n-dimensional analysis of 
Grassmann with applications to differentiäl geometry and 
mechanics, four and one half hours.—By Professor R. Marco- 
LONGO: Fourier’s series; spherical, cylindrical and Lamé’s 
functions; applications, three hours.—By Professor D. Mon- 
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TESANO: Theory of birational transformations of space; 
involutory birational transformations, three hours.—By Pro- 
fessor E. Pascau: Selected topics of mathematical analysis, 
three hours.—By: Professor L. PrNTo: Geometrical optics, 
three hours. 


UNIVERSITY OF Papua.—By Professor F. p’Arcais: Func- 
tions of a complex variable; integral equations, four hours.— 
By Professor P. Gazzanica: Theory of numbers, three hours. 
—By Professor T. Levi-Crvrra: Electromagnetic field, four 
hours.—By Professor G. Riccr: Absolute differential calculus 
with applications, four hours.—By Professor F. SEVERI: 
Differential geometry, four hours. 


Universtry or PaLERMO: By Professor G. BAGNERA: 
General analytic functions; entire functions; linear differen- 
tial equations, three hours.—By Professor M. pr Francnis: 
Geometry of algebraic surfaces, three hours.—By- Professor 
M. GeBBIA: Mechanics of continuous systems; newtonian and 
logarithmic potential; hydrostatics and hydrodynamics, four 
and one half hours.—By Professor A. SIgNorINI: Selected 
chapters of rational mechanics with particular regard to the 
theory of elasticity, three hours. 


University or Pavia.—By Professor L. BERZOLARI: Alge- 
braic curves and surfaces, three hours.—By Professor U. 
Cisorri: Hydrodynamics, three hours.—By Professor F. 
GERBALDI: Functions of a complex variable and elliptic func- 
tions, three hours.—By Professor G. VIVANTI: Theory of 


H 


functions of real variables, three hours. 


UNIvErsITY or Pısa.—By Professor E. BERTINI: Geometry 
on an algebraic curve, three hours.—By Professor L. BraNCHI: 
Theory of the continuous groups of transformations, four and 
one half hours.—By Professor U. Dirt: Fourier's series and 
more general developments concerning the analytic repre- 
sentation of functions of a real variable in a given interval, 
four and one half hours.—By Professor G. A. Macar: Steady 

‘and variable electromagnetic fields, four and one half hours.— 
By Professor —--——: Theoretical mechanics (advanced 
course), three hours. 


UNIVERSITY or Rome.—By Professor G. BISCONCINI: Geo- 
metrical applications of calculus, three hours.—By Professor 
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. -E. Bomprant: Contact transformations of space and their con- 
-tinuous groups, three hours.—By Professor G. CASTELNUOVO: 
Algebraic equations and groups of substitutions, three hours. 
—By Professor U. CRUDELI: .Theory of continuous groups of 
transformations, three hours.—By Professor L. SA: Dif- 
ferential equations of dynamics, three hours.—By Professor 
V. VOLTERRA: General wave theory, three hours; Hydro- 
dynamics, three hours. 


Unrversiry op Turn. —By Professor T. Boaeio: Equilib- 
rium forma of a rotating fluid mass, three hours.—By Professor 
G. Fusını: Modular, automorphic, fuchsian functions; linear 
differential equations with rational coefficients, three hours.— 
By Professor C. Sears: Algebraic complexes of straight lines, 
‚three Lours.—By Professor C. SomisLIana: Thermodynamics; 
theory of gases; propagation of heat, three hours. 


PROFESSORS G. COLONNETTI, of the University of Pisa, 
E. Lavra, of the University of Pavia, and R. MARCOLONGO, 
of the University of Naples, has been elected corresponding 
members of the Reale Istituto Lombardo. 


Proressor P. HEEGAARD, of the University of Copenhagen, 
has been made professor of mathematics at the. University 
of Christiania. ; 


Dr. T. BoNNESEN has been appointed professor of descrip- 
tive geometry at the Copenhagen polytechnic school. 


Proressor E. HECKE, of the University of Basel, has been 
made professor of mathematics at the University of Góttingen. 


Prorzssor H. WEYL, of the polytechnic school of Zurich, 
has been made professor of mathematics at the University of 
Breslgu. 


Sır JosErx Larmor has been awarded the Poncelet prize 
for the mathematical sciences this year by the Paris Academy 
.of Sciences. ' 


'' Proressor Horace Lame, of the Univeřsity of Manchester, 
has been appointed Halley lecturer at Oxford University for 
‚the coming year. : ME 
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AT Clark University Professor A. G. WEBSTER has organized 
his department of physics for 1918-1919 into a ballistic 
institute, in which it is proposed to carry on research upon a 
considerable variety of subjects experimental as well as 
theoretical. 


THE United States Bureau of Education has recently issued 
a Union List of Mathematical Periodicals prepared by Pro- 
fessor Davin EuaENE SurrH and Dr. Carouine Eustis 
SEELY. This list contains the leading mathematical period- 
icals needed by research students and to be found in a number 
of the larger libraries in various parts of the country. Copies 
may be secured by addressing the United States Commissioner 
of Education, Washington, D. C. 


THE following university and college teachers of mathe- 
matics have recently joined the national military service: 

Professor ARNOLD DRESDEN, of the University of Wisconsin, 
Secretary of the Chicago Section of the Society, has gone to 
France in the service of the Red Cross. Professor W. C. 
GRAUSTEIN, of Rice Institute, has joined the ordnance at the 
Aberdeen proving ground. Dr. T. R. Horrcnorr, of Colum- 
bia University, has entered the field artillery officers’ training 
camp at Camp Zachary Taylor, Ky. Professor E. V. HUNT- 
INGTON, of Harvard University, president of the Mathematical 
Association of America, has been given leave of absence and 
with the rank of major in the national army is assigned to 
statistical work under the chief of staff with residence at 
Washington. Professor P. R. Riper, of Washington Uni- 
versity, has entered the coast artillery training camp at-Fort 
Monroe. Professor J. E. Rowe, of Pennsylvania State Col- 
lege, is engaged in mathematical research for the national 
advisory committee for aeronautics at Washington. Dr. 
NORBERT WIENER has joined the ordnance at the Aberdeen 
proving ground. 


Proressor G. A. MILLER, of the University of Illinois, has 
accepted the chairmanship of a committee which is to make a 
survey of the mathematical instruction given under the 
auspices of the Y. M. C. A. at the various naval stations. 


Pnorzssog E. D. Ror, JR., of Syracuse University, has 
been given leave of absence for a year to devote his entire 
time to research. 
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Ar the University of Illinois, the following promotions are 
announced: associate professor J. B. Sgáw to a full professor- 
ship; assistant professor R. D. CARMICHAEL to an associate 
professorship, associates A. J. Kempner and G. E. Wann 
to assistant professorships, instructor E. W. CHITTENDEN to 
associate, assistant R. F. BoORDEN to an instructorship. As- 
sociate professor A. B. Conte, of Johns Hopkins University, 
has bean appointed professor of mathematics. Associate pro- 
fessor Henry BLUMBERG, of the University of Nebraska, 
has been appointed associate and Mr. J. B. ROSENBACH, of 
the University of New Mexico, assistant. Assistant pro- 
fessor C. H. Sisam and Professor H. L. Rıerz have both re- 
signed, Professor Sısam to become head of the department of 
mathematics at Colorado College and Professor Herz to be- 
come head of the department at the State University of Iowa. 


Dr. M. G. Gaza, of Cornell University, has been appointed 
associate professor of mathematics at the University of 
Nebraska. 


ASSISTANT professor W. V. Lovrrr, of Purdue University, 
has bzen appointed associate professor of mathematics at 
Coloredo College. 


Dr. Frora E.: Le SrounaEON, of the Liggett School, 
Detroit, has accepted an instructorship in mathematics, at 
Mount Holyoke College. 


Dr. I. A. Barnett has been appointed instructor in mathe- 
matics at Washington University. : 


Assistant professor E. S.. SMTH, of the University of Cin- 
cinnati, has been appointed acting commandant in addition 
to his duties in the department of mathematics. 


Proressor F. S. NowraN, of Brandon College, Brandon, 
Manitoba, has been,appointed instructor in mathematics at 
Bowdoin College. f 


Mr. J. W. Lasrzxy, JR., of the University of North Carolina, 
has been promoted to an assistant professorship of mathe- 
matics and given leave of absence for a year to study at the 
University of Chicago. 
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PROFESSOR G. Cantor, of the University of Halle, died 
January 6, 1918, at the age of 73 years. 


PROFESSOR M. Srwon, of the University of Strassburg, 
died in January, 1918, in his seventy-fourth year. 


Tue death is announced of Professor E. R. NeEoyius, of 
‚the University of Helsingfors, at the age of 67 years. 


Tue death is announced of ALBERT GAUTHIER-VILLARS, 
head of the great publishing house of Paris. 


Proressorn Maxime Boécuer, of Harvard University, died 
September 12, 1918, at the age of 51 years. Professor Bécher 
had been a member of the American Mathematical Society 
since 1892, and was its president in 1909-1910. 


Tue Rev. Dr. G. M. SEARLE, superior general of the Paulist 
Fathers from 1904 to 1909, and previously professor of mathe- 
matics and director of the astronomical observatory of the 
Catholic University at Washington, died on July 8, 1918, at 
the age of 79 years. Dr. SEARLE had been a member of 
the American Mathematical Society since 1889, 


Proressor A. L. DANIELS, of the University of Vermont, 
died July 18, 1918, at the age of 69 years. Professor Daniels 
was made professor emeritus in 1914 after 29 years of service. 


) 
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NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Evans, G. C. The Cambrid Colloquium, 1916, Part I; Functionals 
and their applications to elected topice, including integral equations. 
New York, American Mathematical Ai, 1918. 8vo. 12+ 136 pp. 


Paper. $1.50; to members of the Society, $1. 
Forsyrs (A.R.). Functions of a complex variable. 3d edition. Cam- 
bridge, University Press, 1918. 24 + 855 pp. 308. 


Lawpavu (E.. Einführung in die elementare und analytische Theorie der 
EE Zahlen und der Ideale. Leipzig, Teubner,-1918. 8vo. 
Fp. 


1 (L.). Geometría proyeotiva y descriptiva segün los programas. 
de la Fac.ıltad de ciencias exactas, fisicas y naturales de la Universidad 
de Buenas Aires. Parte tercera: Applicaciones. Tercera edición, cor- 

ida y notablemente aumentada. (Texto y atlas. Buenos Aires, 
reria cientifica y casa editora de Augusto Galli, 1917. 


OrPERMANN (A.). Note sur le quadrilatère complet. Paris, Gauthier- 
Villars, 1918. 8vo. 27 pp. 


Rogers (A. L,). Experimental tests of mathematical ability and their 
prognostis value. (Teachers College, Columbia University, Contribu- 
tions to Education, No. 89.) New York, 1918. 4+ 118 pp. 


SCHOUTEN (G.). De beginselen van de leer der congruentién. Groningen 
P. Noordhoff, 1917. 8vo. 62 pp. : 


SzzL (©. E.). See Surra (D. E.). 


SmTHx (K.). Von Zahlen und Zahlworten bei den alten Acgyptern; ein 
Beitrag zur Geschichte von Rechenkunst und Sprache. (Schriften der 
wissenschaftlichen Gesellschaft su Strassburg, 25tes Heft.) Strass- 
burg, Trübner, 1916. 


Surra (D. E.) and Smary (C. E.). Union list of mathematical periodicals. 
(Bureau cf Education, Bulletin, 1918, No. 9.) Washington, Government 
Printing Office, 1918. 8vo. 60 pp. 


WrpzNzs ‘P.). Uitgewerkte mondelinge examens hoogere algebra. 
Groningen, P. Noordhoff, 1917. 8vo. 51 pp. Fl. 5.00 


ZmurHEN (H. G.). Surla réforme qu'a subie la mathématique de Platon à 
Euclide, et gräce à laquelle elle est devenue science raisonnée. (Ex- 
trait des Mémoires de l'Académie royale des Sciences et des Lettres de 
Danemark: Section des Sciences, 8e série, Tome 1, No. 5.) Copen- 
hagen, Bianco Luno, 1917. 


IL ELEMENTARY MATHEMATICS. 

Brown (J. C.). See WuwTWwOonTEH (G.). 

Emons (E.B.). Regents original exercises in plane geometry selected 
in accordance with the list of propositions adopted by the New York 
State examinations board. Syracuse, N. Y., C. W. Bardeen, ET 

VO. Kid 
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Gongerup (B.). Theorie der rekenkünde, leerboek voor hoogere burger 
schoolen, KE -kweek- en normaalscholen. Eerste stukje. 
Groningen, P. Noordhoff, 1917. 8vo. 69pp. Gecart. Fl. 0.65 


Gongakrise (B.) en Wıspenzs (P.). Antwoorden op de vraagstukken van 
het leerboek der goniometrie en trigonometrie. Groningen, P. Noord- 
hoff, 1917. 8vo. 38 pp. Fl. 0.60 


Beknopte driehoeksmeting. Groningen, P. Noordhoff,- 1917. 








8vo. 138 pp. Gecart. Fi. 1.50 
7 Antwoorden op de vraagstukken van de beknopte driehoeks- 
meting. Groningen, P. Noordhoff, 1917. 8vo. 29 pp. Fl. 0.50 


Hawxzs (H. E.), LUBY (W. A.) and Toyron (F.C.). Second course in 
algebra. Revised edition. Boston, Ginn, 1918. 8 + 277 pp. am 


Lusy (W. AJ. See Hawxzs (H. E.). 
ScHLAUcH (W.8.). See Wentworrs (G.). 
Sacra (D. E). See Wentworts (G.). 


Tuornpvixn (E.L.). The Thorndike arithmetics. Books 1-3 New York, 
Rand and McNally, 1917. 8vo. 16 + 262 + 16 + 288 + 16 + 330 
pp. . $0.48 + 0.54 + 0.60 


Tovron (F.C). See Hawkes (B. Ei 


Wentworts (G.), Sarre’ (D. E.) and Brown (J. C.). Junior high school 
mathematics. Book 3. Boston, Ginn, 1918. 6 + 282 pp. $0.96 


Wentworth (G.), Suara (D. E. and ScuLauch (W.S.). Commercial 
algebra. Book 2. Boston, Ginn, 1918. 6+ 250 pp. Cloth. $1.12 


WispENxs (P.). See Gonaarise (B.). 


III. APPLIED MATHEMATICS. 


ASTROGRAPHIC catalogue. Hyderabad section. 1900.0. Vol. 1: Meas- 
ures of rectangular coordinates and diameters of 63,436 star-images on 
plates with centres'in dec. —170. Edinburgh, Neill, 1918. 43 + 223 


pp. 16s. (12 rupees) 
BorLeAu (C.). Le moteur à essence adapté à l'automobile et à l'aviation. 
Paris, Dunod et Pinat, 1918. 4to. 10 + 179 pp. Fr. 18.00 


Brane (T.). : Tychonis Brahe Dani opera omnia edidit I. L. E. Dreyer. 
am quarti fasc. prior. Haunis, Libraria Gyldendaliana, 1918. 
pP. 
BurnzR (G. MI A manual of cpu crystallography. New York, 
Wiley, 1918. 8 + 155 pp. oth $1.50 
Dreva (I. L. E.). See Brann (T.). 


Dumas (A.). Les aéroplanes au salon de 1913. Paris, Gauthier-Villars, 
1014. 8vo. 4 + 82 pp. Fr. 275 


Duncan (J.) and Srantine (S. Di A text-book of physics for the use 
of students of science and engineering. London, Macmillan, 1918. 
23 + 1081 pp. 15s. 

Eccizs (J. R.). Lecture notes on light. Cambridge, University Press, 
1917. 215 pp. : 128. 6d. 


Frencg (J.W.). See Bregen, (A.). 


t 
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Gonacrup (B.). Overzigt der mechanica, leerboek voor hoogere burger- 
scholen met b-jarigen cursus. Groningen, P. Noordhoff, 1917. ` Geo, 


148 po. Fl. 2.00 
James (W. H.) and Maoxenzmm(M.C.). Principlesof mechanism. New 
York, Wiley, 1918. 244 pp. Cloth. $1.50 


Macrenzm (M. C.). See James (W. H.). 


MurarerT (J. H. A). Handleiding tot de practijk der scheefhoekige en der 
zechtho i axonometrie. Amsterdam, L. J. Veen, 1917. 8vo. 
136 p». : E 


Monrzy (A.). The theory of structures. London, Longmans, 1918. 
9 + E84 pp. 14s. 

Nacuman (H. L.) Elements of machine design. New York, Wiley, 
1918. 5 +245 pp. Cloth. í $2.00 

Paer \R.). Mining engineers’ handbook. New York, Wiley, 1918. 
2400 pp. $5.00 

STARLINS (8. D.). See Duncan (J.). 

STEINBELL (A.) and Vorr (E.). ee optics: the computation of optical 
systems. Being the “ dbuch der angewandte Optik” of A. Stein- 
heil and E. Voit translated and edited by J. W. French. Vol.1. Lon- 


don, Blackie, 1918. 17 + 170 pp. 12s. 6d. 
Voam (R.). Etude générale du moteur rotatif. Paris, Dunod et Pinat, 
1918. 8vo. 4 + 149 pp. Fr. 7.20 


Va, (R. pH). Resistance of air. London, Spon, 1918. 10 + u. pp. 
. 8. 6d. 


Vort (E). See STENNES (A.). 


WLDENES Or Beknopte beschrijven de meetkunde. Groningen, P. 
Noordhoff, 1917. 8vo. 94 pp. Gecart. 1.10 
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THE TWENTY-FIFTH SUMMER MEETING OF THE 
AMERICAN MATHEMATICAL SOCIETY. 


Tue twenty-fifth summer meeting of the Society was held, 
by invitation, at Dartmouth College on Wednesday, Thursday 
and Friday, September 4-6, 1918, connecting with the meet- 
ing of the Mathematical Association, which began on Friday 
morning. The joint dinner of the two organizations, on Thurs- 
day evening, was attended by fifty-six members and friends, 
who were greeted by Dean Laycock in the name of the Col- 
lege. At the joint session on Friday morning Professor A. G. 
Webster gave an address on “Mathematics of warfare.” 

The college dormitories were opened for the accommoda- 
tion of the visitors, and meals were served in the commons. 
Headquarters and general gathering place between the ses- 
sions was provided in College Hall, where an informal recep- 
tion was held on Wednesday evening. A letter of welcome 
. from Business Director Keyes tendered the hospitality of the 
College to the visiting societies. Excursions into the country 
about Hanover were arranged for the closing days of the meet- 
ings. At the joint session a vote of thanks was extended to 
the college authorities for their generous cooperation toward 
a successful occasion. 

The meeting included an evening session on Wednesday 
and the usual morning and afternoon sessions on Thursday, 
as well as the joint session on Friday morning. The attend- 
ance.included the following forty-six members of the Society: 

Professor H. L. Agard, Professor R. C. Archibald, Professor 
R. D. Beetle, Professor G. D. Birkhoff, Professor Daniel Buch- 
anan, Professor W. D. Cairns, Professor W. B. Carver, Pro- 
fessor F. N. Cole, Professor Julia T. Colpitts, Dr. Lennie P. 
Copeland, Professor Louise D. Cummings, Dr. Mary F. Cur- 
tis, Professor C. H. Currier, Professor E. L. Dodd, Mr. T. C. 
Frye, Professor A. S. Gale, Professor O. E. Glenn, Mr. B. F. 
Groat, Professor C. F. Gummer, Professor J. G. Hardy, Pro- 
fessor C. N. Haskins, Professor E. V. Huntington, Professor 
W. W. Johnson, Professor Florence P. Lewis, Professor Helen 
A. Merrill, Dr. A. L. Miller, Professor F. M. Morgan, Pro- 
fessor G. D. Olds, Professor F. W. Owens, Professor Anna H. 
Palmié, Professor A. D. Pitcher, Professor J. M. Poor, Mr. 
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L. H. Rice, Professor R. G. D. Richardson, Professor E. D. 
Roe, cr., Dr. Josephine R. Roe, Professor Clara E. Smith, 
Professor Sarah E. Smith, Professor H. W. Tyler, Professor 
Oswald ‘Veblen, Professor C. A. Waldo, Professor A. G. Web- 
ster, Mr. J. K. Whittemore, Professor C. B. Williams, Pro- 
fessor F. N. Willson, Professor J. W. Young. 

Professor W. W. Johnson presided at the opening session on 
Wednesday evening, Professor H. W. Tyler at the sessions on 
Thursday, and Professor G. D. Birkhoff at the joint session 
on Friday morning. The Council announced the election of 
the following persons to membership in the Society: Professor 
A. L. Candy, University of Nebraska; Mr. J. R. Carson, 
American Telephone and Telegraph Company; Mr. R. S. 
Hoyt, American Telephone and Telegraph Company; Dr. K. 
W. Lamson, Columbia University; Professor A. S. Merrill, 
University of Montana; Mr. F. H. Murray, Harvard Univer- 
sity; Mr. H. W. Nichols, Western Electric Company; Pro- 
fessor W. E. Patten, Government Institute of Technology, 
Shanghai, China. Nine applications for membership in the 
Society were received. 

The following papers were read at this meeting: 

(1) Dr. L. B. Rosmson: “A curious system of polyno- 
mials.” 

(2) Professor G. A. MILLER: “Groups generated by two 
operators whose relative transforms are equal to each other.” 

(3) Professor P. J. DANELL: “Differentiation with respect 
to a function of limited variation.” 

(4) Mr. B. F. Groat: “Models and hydraulic similarity.” 

(5) Professor L. C. Marnewson: “On the groups of iso- 
morphisms of a system of abelian groups of order p™ and type 
iy 1) Tye eck pS! 

(6) Mr. C. N. RgxNonps: “On the zeros of solutions of 
linear differential equations of the fourth order." 

(7) Professor J. E. Rows: “Related invariants of two ra- 
tional sextics." 

(8) Professor W. W. Jonnson: “The nature and history of 
Napier’s rules of circular parts.” 2 

(9) Professor O. E. GLENN: “On a new treatment of the- 
orems of finiteness.” i 

(10) Professor Lovise D. Cummuines: “The trains for the 
36 groupless triad systems on 15 elements.” 

(11) Dr. Jose?mixe R. Roe: “Interfunctional expressi- 
bility prcblems of symmetric functions (third paper).” 


> 
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(12) Mr. B. F. Groat: “Equations of the elastic catenary." 

(13) Professor C. H. FonsvrH: “Relative distributions." 

(14) Professor W. D. Carns: “A derivation of the equa- 
tion of the normal probability curve." 

(15) Dr. Mary F. Curtis: “Curves invariant under point 
transformations of special type." 

(16) Professor G. D. BIRKHOFF: “On stability in. dynam- 
ics.” ; 

(17) Professor DANrEL BucHaNAN: “Periodic orbits on a 
surface of revolution." 

(18) Professor C. N. HASKINS: * Note on the roots of the 
function P(z) associated with the gamma function" (prelim- 
inary communication). 

' (19) Dr. A. R. ScHwEITzEr: “On the iterative properties 
of an abstract group (third paper)." 

(20) Mrs. CHRISTINE Lapp-FnaNELIN: “Bertrand Russell 
and symbol logic." 

Mrs. Ladd-Franklin was introduced by Professor Fiske. 
In the absence of the authors the papers of Professor Miller, 
Professor Daniell, Professor Mathewson, Mr. Reynolds, Pro- 
fessor Rowe, Professor Forsyth, &nd Dr. Schweitzer were read 
by title. Abstracts of the papers follow below. The abstracts 
are numbered to correspond to the titles in the list above. 


1. Given the system of equations 
pira? + Zpymaimay + 2psmums + 
Pema? + 2psmama + pema? = d 
Pimm + pa(mumes + mma) + Ps(mums + mama) | 
+ paratas + pi (mayas + Mama) + pomis = 0, 
primis? + 2PaMıama3 + 2P3MigM32 Tama? 
+ 2psmagmas + Domes? = (pı + 0); 


to this system corresponds a determinant |m;;| (i, j — 1, 2, 3). 
Dr. Robinson has demonstrated that, unless the relation 


(ps? — pips) (ps? — Pps) — (paps — pips)? = 


exists, the solutions of the given Systeme of polynomials annul 
all the determinants of the matrix 
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An analogous theorem holds for systems of polynomials which 
correspond to the determinant |m;| (?,  — 1, 2, . . ., n). 


T Ma Mazı 
Ma Mar M32 











2. When two operators s and ¢ of a group satisfy the con- 
dition sis = tst, they are of the same order a. If they 
are not otherwise restricted, Professor Miller shows that they 
generate a group of order o(2* — 1) which has a cyclic com- 
mutator subgroup of order Ze — 1, and is generated by this 
subgroup and an operator of order o which transforms each 
of its operators into its square. There is one and only one 
such group for every positive integral value of o and this 
infinite system may be called the equitransform system of 
groups. When o = 2 there results the symmetric group of 
order 6; when a = 3, the semi-metacyclic group of order 21; 
etc. Each group of the system contains a set of 2° — 1 con- 
jugate cyclic subgroups of order o and all its operators of 
order 2 are conjugate whenever such operators occur. 


3. In this paper Professor Daniell defines the derivative 
with respect to a function of limited variation, proves a modi- 
fication o? Vitali's theorem, and finally proves that, under 
certain restrictions, the original function is the integral of its 
derivative. A law for integration by parts is found and it is 
proved that any Stieltjes integral can be expressed as a single 
Stieltjes integral with respect to & non-decreasing function. 
The paper is to appear in the Transactions. 


4. In this paper, Mr. Groat discusses the proper scale 
ratios to employ to secure similarity of flow of fluids in 
geometrically similar channels. The determinations are re- 
lated to theory developed by him in & paper soon to appear 
in the Transactions of the American Society of Civil Engineers, 
volume 82. . 

It is shown that similarity of flow requires a scale ratio 
L= N? — OR. where L = scale ratio, N = ratio of corre- 
sponding kinematic viscosities, and G — ratio of homologous 
accelerations,—all dimensionless ratios. The similarity then 
extends to details of the flow, including forces due to viscosity. 

Attention is called to the fact that in ordinary model experi- 
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ments G is unity. Therefore D= N°”. This shows that per- 
fect similarity requires different values of the kinematic vis- 
cosity, which in turn requires either different fluids or different 
viscosity conditions of the same fluid in model and prototype. 

Lamb (Hydrodynamics, page 537) states that the kinematic 
viscosity of air varies inversely as the pressure. If this is 
true, the sizes of model aeroplane propellers, for example, may 
be determined for various conditions as follows: 


Pressure in atmospheres.....--- 1000 64 27 
Value of Ne 1/1000 1/64 197 
Scale ratio of model.. ........ 1/100 1/16 1/9 


This assumes, of course, that velocities do not approach too 
closely the velocity of sound in the air or other fluid involved. 

The same effect might be secured by employing another 
fluid, as mercury, for example. The following table gives 
approximate ratios in two cases for different conditions: (a) 
model in water of prototype in air; (b) model in mercury of 
prototype in water. 


‘Tomperature of water (C) 
o 


lnc cuo 2 180 158 
E E 219 255 

en a demere OR eu EN SR 190 74 148 

Mercury- seers 220 257 

40? Mereury..... ee .210 ‚246 


It is of importance to note that the scale ratio of a model in 
mercury of prototype in air can be obtained by taking the prod- 
uct of any two.ratios for an intermediate field. Thus, the 
scale ratio for air at 20° and mercury at 40° can be secured by 
taking the product of the air-water and water-mercury ratios 
for water at any given temperature, say 15°, thus: L = .174 
x .210 = .086. Therefore a model aeroplane propeller of 
about 1/27 full size can be tested in mercury at 40° C., the 
. air being at 20° C., with caution as to the velocity of sound 

in the media. . 


5. Moore has shown that the group of isomorphisms of an 
abelian group of order 7^, ‘and type (1, 1, . . , 1) is the linear 
congruence group,* Miller has considered the automorphisms 





* Cf. also Burnside, Theory of Groups (1897), §§ 171, 172 and Chap. 


i 
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of an abelian group of order p”, type (m — 1, 1),* and Ranum 
has developed the group of isomorphisms of any given abelian 
group of order p" through a consideration of the group of 
classes of congruent matrices.f In Professor Mathewson's paper 
the viewpoint is different and the groups are treated wholly 
as abstraci groups. The object is to study the groups of iso- 
morphisms of the system of abelian groups of order p^ and 
type (n, 1. 1,.., 1), > 1, and to show that these groups of 
isomorphisms may be built upon the group of isomorphisms 
of an abel:an group of order p™ and type (1, 1,.., 1) or that 
the group of isomorphisms of the system under study (n = 
2, 3, 4,...) is an extension of the one of the system just be- 
fore it and of index p in it. 


. 6. Professor Birkhoff has proven theorems of oscillation 
‚and comparison for the solutions of ordinary linear differ- 
ential equations of the third order, which are analogous to 
Sturm's well-known theorems concerning the solutions of lin- 
ear differential equations of the second order (Annals of Math- 
ematics; volume 12 (1911)). In the present paper Mr. Rey- 
nolds has proven similar theorems concerning the solutions of 
self-adjoint linear differential equations of the fourth order, 
and an oscillation theorem for the general linear differential 
equation of the fourth order. 


, 7. Professor Rowe's paper appeared in the October Bur- 
LETIN. 


8. In this paper Professor Johnson gives an historical sur- 
‚vey of Napier’s rules of the circular parts of right-angled spher- 
ical triangles. The principle underlying the rules is exam- 
‘ined, and its partial anticipation as found in the early history 
of trigonometry. Some other cases of circular parts are also 
discussed. 


9. An abstract of Professor Glenn’s paper appeared in the 
‚March (1918) number of the BULLETIN, in connection with a 
preliminary report upon the subject, presented by title at 
the December meeting of the Society. Material since added 
includes a determination of the complete systems of orthog- 


* Miller, Transactions Amer. Math. Society, vol. 2 tre » pp. 259-264. 
t Ranum, Transactions Amer. Math. Society, vol. 8 (1 , pp. 71-91. 
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onal and of boolean invariants and covariants of the binary 
quintic. - à 


10. In Professor Cummings’ paper the sets of trains for the 
36 groupless triad systems on fifteen elements are determined, 
and all types of trains which may occur in the 80 non-con- 
gruent systems Aur are exhibited. 


11. In this paper, which is a continuation of those pre- 
‘sented at meetings of the Society in October, 1916, and Sep- 
tember, 1917, Dr. Roe formulates laws for zero coefficients in 
interfunctional expressibility tables of symmetric functions 
and proves triangularity as a property of certain of these tables. 


12. Mr. Groat’s second paper deals with equations of the 
elastic catenary deduced about the year 1902.. The applicabil- 
ity to suspended cables was established at the time by taking 
transit observations upon ropes of a cable-way. Since then 
the theory has been expanded into a treatise adapted to prac- 
tical’ engineering, which, though not yet published, has been 
employed upon transmission-line design and construction. 

If Young’s modulus be introduced, the following equations 
result: 

u + co = 6+ m sinh 6, 


v + c; = cosh 0 + $m sinh? 6, 
w+ ca = sinh 0 + $m (sinh # cosh 6+ 9), 


where u = ZZ c, 0= y c, w = z =+ c; u, 2, and z, y, being 
similar systems of rectangular coordinates, and w, 2, the corre- 
sponding rectifications of the similar curves from vertex to 
point u, v or x, y. The parameters are m and c, while @ is 
an independent variable which may: be eliminated from any 
pair of the three equations, leaving a transcendental; for ex- 
ample, the rectangular equation of the elastic catenary. 
Moreover, by employing in place of Young’s modulus one 
in which the actual intensity of stress upon the current sec- 
tional area replaces that upon the original sectional area of the 
unstretched cable, another rectangular equation may be de- 
rived which is less cumbersome and fully as exact as the for- 
mer, for all stresses below the elastic limit. There is evidence 
to show that such a modulus is more nearly constant in actual 
' experiments than Young's. 


J 
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With certain minor approximations the resulting equations 
are: i 
mv = log[l + m cosh (uu)], 


u— 2 tanks | A tanh (wn) |, 


where £= V1 — m? and m and c have the same meaning ag 
before, i.7e., m = H+ T, c = H + 8, H being the total ten- 
sion at the vertex, s the constant weight per unit length of 
unstretehed cable, and T a constant depending upon the size 
and elastic properties involved. 

Thus, it is possible to discuss any elastic catenary by either 
method as regards the effects of different loadings, tempera- 
tures, and other conditions, and this has been accomplished in“ ~~ 
numerous cases. Practical processes are simplified by em- 
ploying different parts of the two methods in combination, 
the resilts being substantially the same by either, though 
obtained with greater facility by one or the other. 

À general process for elastic curves of all kinds is pointed 
out, specifically that for an "elastic parabola." 


ll 


mw 


13. In Professor Forsyth’s paper a method is derived for 
making a series of interpolations in a systematic manner in 
a frequency distribution or a sequence of values separated by 
equal intervals to give a new frequency distribution or se- 
quence of values separated by equal intervals which may or 
may nct be the same as the original intervals. Thus, for 
illustration, given the population of a country such as the 
United States at the middle of the first of each year of several 
decennial periods, the method may be used to determine the 
population at the beginning of each such year. 


14. The symmetrical distribution of magnitudes about their 
mean is commonly represented by a “polygon” whose equally 
spaced ordinates are proportional to the terms of the expan- 
sion of (1 + 1)*. A direct proof, using Stirling’s formula, is 
given by Professor Cairns of the theorem frequently quoted 
without proof in texts that, as n-is increased indefinitely, the 
polygor. (with a finite middle ordinate) approaches as its lim- 
iting form the normal curve y = ke". The method consists 
essentially in controlling what may be called the points of in- 
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flexion of the polygons so that these points approach pred 
termined positions on each side of the mean. . 


15. In his discussion of the curves defined by a differential 
equation of the form dz/X = dy/Y Poincaré has investigated 
the curves invariant under the transformation 


a= Sıx + Lomy, 


t= 
n= Say + A byy, 
++ jad 


where Sı > 1> $$ 0, S> 1> $1» 0; and has shown 
that there always exist two invariant analytic curves through 
the invariant point (zo, yo). M. Lattes, using Poincare's meth- 
ods, has shown that, when Si, Sa are distinct and not zero and 
one is not a positive integral power of the other, the same re- 
sult holds. Lie’s theory of infinitesimal transformations ep- 
plied to the case S, = Sz = 1—one of the cases in which Poin- 
caré’s methods fail—enables Dr. Curtis to determine the num- 
ber of curves formally invariant under 7 through the origin. 


16. Professor Birkhoff’s paper is devoted to questions con- 
cerning the stability of periodic orbits in dynamical systems 
with two degrees of freedom. The following theorem forms 
an important part of this investigation: 

' Qiven two closed curves Cj, Cz about a point O in their 
plane, each cut by every radial half line from 0 once and only 
once, and given a one-to-one, direct, continuous, area-pre- 
serving transformation T of the ring C,C into itself, such that 
the image of any radial line under T is cut by any radial line 
at most once; then there exists an infinite connected set of 
invariant curves C about 0, each cut by every radial line once 

. and only once. 

The results concerning stability will form part of a paper 
to appear in the Proceedings of the American Academy of Arts 
and Sciences. 


. 17. In this paper Professor Buchanan determines the peri- 
odie orbits described by a particle which moves on a smooth 
surface of revolution, the axis of which is vertical. Periodic 
orbits are first determined for the vertical paraboloid of revo- 
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lution m much the same way as the well-known problem of 
the spherical pendulum: is solved. Then the analytic contin- 
uation of these orbits is made with respect to a certain pargm- 
eter wich is introduced to differentiate the more general 
surface of revolution from the paraboloid. 


18. Bourguet showed* that the function 


(— 1 
Pe jm > Ge zr 

has two real roots in each of the intervals — 2n — 2 « x < 
— 2n — 1, n 2 3, and that these roots are of the form — 2n — 
l— &, — 2n — 2 + m, where £, is of the order of 1/(2n)1. 
Gronwall has recently shownf that 1/(2n)! <-& < 6/(2n)1, 
1/(2n + 1)! € s, < 6/(2n + DL 

Professor Haskins points out that, though Bourguet's paper 
‘contains minor inaccuracies, typographical and other, his ap- 
proximetion is closer than that of Gronwall from n = 8 onward 
and gives the result that £n < (3-+ e)/(2n)1, where lim €, — 0. 


Formulas given but not developed by Bourguet lead to an 
approximation equalling that of Gronwall for n > 2 and with 
the limiting value 3/(2n)! for large n. Extension of Bour- 
guet's methods leads to still closer approximation, e. g., 2.76/41 
< E < 2.91/41 f 





19. Er. Schweitzer constructs a table of undefined relations 
for the postulates for an abstract group, the relations being 
connoted by a functional notation. The first set of 2? unde- 
fined re.ations is of the second degree and has been treated 
previously.* The kth set of 2** undefined relations is of the 
(k + 1)st degree and is obtained by induction from the set for 
k = ko; e. g., for k=3 the indefinables are, Butzeg), 
Fotz? e), Feg(ai teats), Fag (ai tag tag), Fratz 2), ete. 
Conceivably in the case of k variables one has 2%, "C, classes 
of systems of postulates for an abstract group, where the sub- 


Wigs Bourguet, L. Dicti BE vol. 96 (1883), pp. 1307-1810; 1457- 
` ¢ Gronzall, T Scientifiques de l'Ecole Normale Supérieure, 
series (3), vol. 3 as pp. p eng 
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script s denotes the number of indefinables involved in a sys- 
tem of postulates and m = 2*H. 

In the present paper the author constructs for k = 2, five 
classes of systems of postulates for a group, finite or infinite, 
based on three and four indefinables respectively; also eight 
systems of postulates are constructed for k = 3, each system 
involving a single indefinable, Fis, . . ., Fa respectively. In- 
finitudes of new equations in iterative compositions are 
given (with special reference to the preceding 2**! indefinables) 
and their interpolation as functional equations is investigated. 
These iterative relations are found in partial solution of the 
problem: To find all equations in iterative compositions of 
order w = 1, 2, 8, . . ., satisfied by the elements of an ab- 
stract group, finite or infinite. 


20. Dr. Ladd-Franklin maintains that one reason why the 
great work of Bertrand Russell—the reduction of all mathe- 
matics to a few pure-logic “primitives” (the word here pro- 
posed to cover at once indefinable terms and undemonstrable 
propositions)—has not been more widely accepted than it has 
is because his views are, hitherto, somewhat subject to change. 
His first book, the Foundations of Geometry, has long since 
been substantially discarded. Few who read the Principles of 
Mathematics (1903) realize the extent to which it has already 
been superseded by the Principia Mathematica (1910). In 
this interval it has been found necessary to give up not only 
the whole doctrine of classes but also that of propositional 
functions and even of relations in general. Insurmountable 
difficulties which presented themselves have been solved, at 
present, by the drastic “no classes theory,” though it was 
thought at first (see Proceedings of the London Mathematical 
Society, 1905, for the very illuminating discussion) that the 
zigzaggedness theory or the small classes theory might serve 
the purpose better. One naturally waits a bit longer to see 
if the “no classes theory” may not also prove to be fallible. 

A defect that certainly still remains in the doctrine of Peano 
and Russell—an example of the several infelicities of their 
form of symbol logic—is the so-called new relation “epsilon”; 
there is nothing peculiar in the relation concerned—the speci- 
ficity lies simply in the subject term, which is “individual” 
or singular. The only reason they give for regarding the re- 
lation as peculiar—that it is not subject (as is the relation of 
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implication in general) to the rule of syllogism—is wholly fal- 
lacious; the real source of the difference lies in the change of 
sense of the middle term; that to'confound in a middle term 
the sensus compositi and the sensus divisi is a source of danger 
has been a commonplace of logic since the time of the schol- 
astics. That an inept symbolism is made use of in mathe- 
matics, which has for a fundamental interest the point and 
the “variable” (i. e., individuals, or singulars) would be of 
‘no consequence, but Russell and Peano treat this “addition” 
as constituting an important improvement over the logic which 
preceded them—that of Peirce and his school—instead of 
which it is simply erroneous. 
F. N. COLE, 
Secretary. 


ON THE HEINE-BOREL PROPERTY IN THE 
THEORY OF ABSTRACT SETS. 


BY DR. E. W. CHITTENDEN. 
(Read before the American Mathematical Society, October 26, 1918.) 


O. VEBLEN and N. J. Lennes have shown that in the presence 
of certain linear order axioms the Heine-Borel property is 
equivalent to the Dedekind cut axiom.* O. Veblent and R. 
L. Mooref have used this property in systems of axioms for 
geometry and analysis situs. 

M. Fréchet established the theorem that in a class (V) 
normale 3 subclass Q has the Heine-Borel property if and only 
if Q is 2ompact and closed.§ This result was extended to 
systems “Q; K?) by T. H. Hildebrandt.|| 

E. R. Hedrick calls attention to the fact that the Heine-Borel 
theorem, in the enumerable case, is & consequence of the 
closure of derived classes.T i 

* Cf. O. Veblen, “The Heine-Borel theorem,” this BULLETIN, vol. 10 
(1904), p. 136-439. 

A system of axioms for geometry, "Transactions Amer. Math. Society, 
«vol. 5 GOH), pp 343-384. 
- $“On B Poundations of plane analysis situs,” ibid., vol. 17 (1916), 


p. 131. 
§ Sur, GE E points du calcul fonctionnel,” Rendiconti di Palermo, vol. 


22 (1906), 
x ER: ooniritution to the foundations of Fréchet’s caléul fonctionnel,” 
Amer. Journal of Math., vol. 34 (1912), pp. 281-282. 
dosed,” n properties of a domain for which the derived set of any set is 
Amer. Math. Society, vol. 12 (1911), pp. 285-2! 
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. In a previous paper* I have shown that the Heine-Borel 
property implies self-compactness and extremality in any set 
X of Fréchet. The present paper considers the Heine-Borel 
property in relation to the:closure of derived classes and the 
property of separability. The converse of the theorem of 
Hedrick is established. 

1. Let R denote a fundamental set of elements called 
points such that for each point P and subset ® it is determined 
whether or not P is a limiting point of P. F. Rieszf regards 
the following four axioms as fundamental in the theory of 
systems K: 

(A) If a point P is a limiting point of a set Band Pisa 
subset of Q, then P is a limiting point of Q. 

(B) If P = P + Æ and P is a limiting point of P, then P 
is & limiting point of B, or $3. 

(C) If P is a limiting point of H, then $ contains at least 
two elements.1 

(D) A point P is determined uniquely by the sets of which 
it is a limiting point. 

A point P is interior to a set H if contains P and a point 
of every set which has P for a limiting point.§ 

A family ($) of sets $ of points covers a set Q if every point 
of Q is interior to some class $ 

A class Q has the Heine-Borel property if every family ($) 
which covers © contains a finite subfamily 


D1, Ds, $5 Ke: Dn, 


which also covers Q. . The enumerable case of this property 
is defined by the restriction “if every enumerable family ($), 
etc." When the families (5) are not subject to this Kee 
I shall speak of the general case. 

THEOREM 1. If 90 satifies aziom (A) and $ is a subset of t 
possessing the Heine-Borel property, then any closed subset of 
P has the same property. 





* “On the converse of the Heine-Borel theorem in a Riesz domain,” this 
ULLETIN, vol. 21 (1915), pp. GE Cf. Theorems I and IV. 
= Ct. ' "e CE “Ble tetigk und abstrakte ee re AttidelIY Con- 
gresso Inter. dei Mat., Roma (1908), vol. 2p 8-24. 
y En axioms (B) (C) it follows that, ER has a limiting point, $ is an 


cle the previous paper I assumed that this point be distinct from P. 
R. L. Root called my attention to the fact that this condition is unnecessary 
in view of axioms (B) and (C). The removal of the restriction permits a 
generalization of Theorem I of the previous paper, also suggested by Root. 


7 
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Let £3 be a closed subset of P and ($) be a family of sets 
covering Q. Denote by € the class of all points of R not con- 
tained in ©. From the closure of © and axiom (A) it follows 
that no subset of © has a limiting pointin©. The family of 
sets obtained by adding © to ($$) covers P, and must contain 
a finite subfamily with the same property. This finite sub- 
family contains ©, but © contains no point of Q. Hence ($) 
contains a finite subfamily which covers ©, as was to be proved. 

The following theorem is a generalization of theorem 1 of 
the previous paper, suggested to me by R. E. Root. As the 
proof of the present theorem is only slightly different from ` 
the proof of the original theorem, it is omitted here. 

THEOREM 2. If R satisfies axiom (A) and B is any subset of 
9t possessing the Heine-Borel property in the enumerable (or 
general case), then ® is self compact; thai is, every infinite subclass 
of B has a limiting point in $. 

Theorems 1 and 2 are easily seen to hold for the general sets 
(%) recently introduced by Fréchet.* 

2. It follows from theorem 2 that if R satisfies axiom (A) 
and contains an infinite class with the Heine-Borel property 
then there is an element in Ñ which is a limiting point of an 
enumerable 3et. The following example shows that not all 
points of R need have this property. Let R denote the closed 
interval (0, 1) with the additional point P = 2. Limiting 
point is defined as usual for the interval (0, 1). The point 
P = 2, however, is to be a limiting point of every subset of 9t 
which has the power of the continuum. Then R satisfies 
axioms (A), (B), (C), (D), and also has the Heine-Borel 
property. ‘Theorem 2 is valid, but the point P = 2 is not a 
limiting point of any enumerable set. The derived class of 
the rational points of R is the interval (0, 1), which is not closed 
in R. Hence closure of derived classes is not implied by the 
Heine-Borel property in the set R as conditioned by Riesz. 
If we assume in place of axiom (D) the stronger axiom: 

(D’) If P is a limiting point of a set P, then $ contains 
an enumerable set ©, of which P is the only limiting point; 
we shall obtain a system $t in which closure of derived classes 
is implied by the Heine-Borel property. We have 

THEOREM 3. If R satisfies axioms (A), (B), (C), (D^) and 
any class Q in R possesses the Heine-Borel property in the enum- 
erable case, the derived class of every subclass of Dis closed. ` 


* Comptes Rendus, vol. 165 (1917), pp. 85-60. 
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We will first prove that © is closed. From axiom (D’) any 
limiting point Q of is a unique limiting point of some enum- 
erable subset € of Q. © is an infinite set (axioms (A), (B), 
(C)) and from theorem 2 has a limiting point in ©. We shall 

"now show that a contradiction results if we assume that Q 
contains a set whose derived set is not closed. Let © bea 
subset of Q such that ©’ has a limiting point Q not in ©’. 
Then there is a sequence of points of O’, 


D1, D, Ds, E 


with the unique limiting point Q. Denote by ©, the class of 
all points of R excepting the points Oni, (k= 1, 2, 3, ---), 
and Q. It is evident that each point of © is interior to at 
least one of the classes a. Denote by © the set of all points 
not contained in the set ©. -Then the point Q is interior to S. 


The family 
€, 91 D2, ^ 


is enumerable and covers the set Q. It contains a finite sub- 
family which also covers © and. of which © is a member. No 
class $4 contains more than n of the points O,. Therefore 
some point O,, must be interior to ©. Since the point O,, is 
an element of the set ©’, some point of © must belong to ©. 
This is the desired contradiction. 

In a class € of Fréchet* a point P is a limiting point of a 
class $ if and only if P contains a sequence of distinct elements 
with the limit P. The class £ is a class R satisfying axioms 
(A), (B), (C), (D’). From theorem 3 and a theorem of E. R. 
Hedrickf we have at once: 

THEOREM 4. In any set X of Fréchet a necessary and sufi- 
cient condition that a subset P of € possess the Heine-Borel 
property is that P be compact, closed, and that the derived set of 

‚every subset of P be closed. 

3. F. Hausdorff} employs a form of the Heine-Borel prop- 
erty which does not imply the closure of derived sets in every 
system X of Fréchet. The Hausdorff form of this property 
may be defined as follows: If a class ® is covered by a family 
(©) of regions$ (©) then $ is covered by a finite subset of ©. 

* Rendiconti di Palermo, loc. cit., p. 1, 2. 

T Loo. cit., p. 286. r Lost 

i Kee der Mengenlehre, Veit and Co., Leipzig (1914), p. 231. 


ion (Gebiet) is a set whose every element is an interior element. 
Cf. Hausdorff, loc. cit., p. 215, footnote 1. : à 
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Let the class £ be the interval (0, 1). We define limit as 
usual in (0, 1) with the single exception of the sequence of 
points z = 1/m (m= 2, 8, . . A. The sequence Z(1/m) is to 
have the unique limit x = 1. Any subset P of £ iscompact, ` 
but derived classes are not closed. Let © denote the irra- ' 
tional points of the interval (0, 1/2). Then 0’ is the interval 
(0, 1/2), while O” contains z = 1. Nevertheless it is easy to 
see that any closed subset of X has the Hausdorff form of the ` 
Heine-Borel property. We give an example of a family (É) 
which covers and cannot be replaced by a finite subfamily. 

Let ©, be the class of all points of (0, 1) except the points 
æ= landa — 1/m (m> n). Denote by $ the class of all 
points not an irrational point of the interval (0, 1/2). Then 


Do Du rd es Dm- 


is an enumerable family which covers P. No class 9, con- 
tains more than a finite number of the points z = 1/m, and no 
point z = 1/m (m > 1) is interior to Qo. It follows that the 
family (©) cannot be replaced by a finite subfamily. The 
set Ho is not a region. 

4, Fréchet* has studied classes (GD) in which for each ele- 
ment there is given a family ($8) of neighborhoods (voisi- 
nages). We shall impose the following conditions on the fam- 
ilies (®): (1) For every element (point) P the corresponding 
family ($3) is enumerable and is denoted by (8”); (2) the point 
P is contained in every neighborhood ¥ of P and is the only 
such point: (8) in a family ($87), 3” contains VH; (4) if a 
point Q is in a neighborhood $8" of P then P is in the corre- 
sponding neighborhood V” of Q.T 

A point P is a limiting point of a class $ if every neighbor- 
hood of P contains a point of $ distinct from P. 

THEOREM 5. If O is a set in a system (B) with the Heine- 
Borel property, and if DO’ contains Q, then Q is compact, per- 

. fect, and separable. 

Since 2’ contains Q and Q is compact (theorem 2) it fol- 
lows that © is perfect. We have to prove that © contains 
an enumerable subset € such that Q = €. , 

Each point P is interior to ai corresponding neighborhood 





g 


* Comptes Rendus, loo. cit. 
The class (H) admits a definition of a symmetric distance function 3, 
such that à (P, Q) = 0 if and only if P = Q. à 
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V”. The system of neighborhoods V™ for fixed m covers Q 
and may be replaced by a finite subsystem, 


QM B, EE 


such that each point of © is interior to some class B™* and 
each class B™ is a neighborhood of a point Q”* of the class 
L. Let Œ be the class of all points Q**. Since every point P 
of © is interior to some set V”, it follows from condition (4) 
that Q"* is contained in the neighborhood $$* of P. There- 
fore P is a limiting point of the class (E. 


University op Iowa. 


This article was in type before the writer learned of the 
existence of an article by Fréchet (Bulletin de la Societé mathé- 
matique de France, volume 35, 1917), in which it is shown 
that the closure of derived classes is a consequence of the 
Heine-Borel property in: the case of a general system 9. 
Theorem 3 of the present paper is a generalization of this result. 

E. W. CHITTENDEN. 


INTEGRALS AROUND GENERAL BOUNDARIES. 


BY PROFESSOR P, J. DANIELL. 


THE concept of a boundary integral has been extended to 
curves of the type z = z(t), y = y(t), where z(t), y(t) are abso- 
lutely continuous functions of a parameter ¢. In this case the 
curves are more or less simple and have tangents “nearly 
everywhere.” In applications to physics however the boun- 
dary must be considered rather as a boundary of a set (in he 
sense of the theory of point sets). The boundary will be, in 
general, a collection of points without definite tangents at all. 
This paper sets out a method by which such boundary integrals 
can be defined under certain restrictions placed on the two 
integrand functions u, v. The method depends on the con- 
cept of absolutely additive functions of sets.* The writer 
believes that these restrictions could be lightened and that 
there is a wide field here for further investigation. 


. *J. Radon, Wiener Sitsungsberichie,vol. 122 (1913), p. 1205. W. H. 
Young, Proceedings London Math. Society, vol. 13 (1914), p. 109. 
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Statemezit of Problem.—Given any set E measurable Borel, 
and its boundary B(E), contained in a closed fundamental 
interval J (0 < æ €1,0 € y <1); given also two functions 
ulz, y), *(x, y) summable in the interval J; to define 


f uda + «dy. 
BE) 


Note.—The boundary integral is taken in such a sense that 
on a rectangle for the side with the lesser value of y the integral 
is taken in the direction of x increasing. As the axes are 
usually drawn this corresponds to a counter-clockwise sense. 

Definitions and Restrictions. — x 
R1. Let the total variation of u(x, y), varying y, be A(x), 

where A(x) is finite nearly everywhere'in z and sum- 
mable in (0 < z S 1): 

R2. Let the total variation of uiz, y), varying z, be u(y), 
where p(y) is finite nearly everywhere in y and sum- 
mable in (0 S y S 1). 

We shall consider in the first place rectangles r with sides 

parallel to the axes. Then 


ude + ody = | date, ) 
Bir) r 


can be proved to be an absolutely additive function of rec- 
tangles r, and we may define 


f ude + ody = f date, 9). 
BCE) £ 

If da(z, y) is an absolutely additive function of rectangles 
. wecan by Radon’s method define f da(z, y) uniquely for any 
set E measurable Borel contained in J. All that is needed 
then is to prove that j udx + vdy is an absolutely additive 
function of rectangles Ge to define 


a(t, 3) = Í wd dn, 


where 1” is the rectangle (0 < £ < z,0 < 7 < y). . 
Proof. By Hs the total variation of u(z, y) in (0 sys) 
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is A(z). Denote the total variation in (0 € n < y) by X(z) 
0(z, y) when A(z) is finite. A(z) is non-negative, 0(z, y) is 
non-negative and a non-decreasing function of y taking the 


value 0 when y = 0, and 1 when y — 1. In particular it is a 
limited measurable function of x. Define 


eie, y) = [ Vis, yde. 
[neo = te, ao Fes w — ala, m — na m) 


= (7 Aadal, 1) — 9, wi 


is a finite non-negative additive function of rectangles. Then 
for any set E measurable Borel 


J dne) is defined and < f dove, y) or S. 
By R, — ; | 
f | w(a, y) = ut, Ya) | = Alx) (a, ya) — (x, ail 


u(z, y) is summable in (z, y) or is summable in x for nearly all 
values of y. Let yo be one of the values for which it is sum- 
mable. Then ' 

lu, y)| S [u(z, yo) | 3- X) lOe, y) — O(a, yo)] | 


or u(z, y) is summable in z for all values of y. 


udz | = » 41) — d dr l 
ftm [n [we o - utm wie! 

< J NOWE, w) — 9s, wd] 
or ` 


Im 


Hence for any set Ir; of non-overlapping rectangles 
wel e 


fms f dox(z, y) 
Br) Zär, 
S5. 








Ki 


= 


i=1 
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Therefcre 
2. f uda: 
i-lwvE(r) 


is absolutely convergent. 


Moreover f uda is an additive function of rectangles r, for 
l Do 
if two or more rectangles have some parts of their boundaries in 
common (but do not overlap), the integrals along these parts 
being taken in opposite directions will annul each other. 

If we define 


oz, y) = f udz, r'— (0 to x, 0 to y), 
Ar^ 


N ~ Í Zei, y) 


defines an absolutely additive function of rectangles. Sim- 
ilarly for 


ody = Í des(z, y) 
Kr) r 


and therefore also for 


[art riy = [dee y) 


where a(z, y) = ole, y) + alz, y). 
This was to be proved, and it follows that we can define 
udz + sdy = f dace, y)- 
DEI SCH B 
More ‘generally, the same method could be used if it can be 
proved that f uda + vdy is an absolutely additive function 


Br) 
of rectangles; the difficulty is to state the required conditions 
as conditions on u and v directly. That is the reason for the 
introduction of, Ri, Rs, which are sufficient but probably not 
necessary. l 
Rice INSTITUTE 
HOUSTON, Taxas. 
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DETERMINANT GROUPS. 
BY PROFESSOR G. A. MILLER. 
(Read before the American Mathematical Society April 13, 1918.) 


$1. Introduction. 


Let D represent a determinant of order n whose n? elements 
are regarded as independent variables. The substitutions on 
these n? elements which transform D into itself constitute & 
substitution group G, which we shall call the determinani group 
of degree n?. As the elements of D are supposed to be inde- 
pendent variables, it results from the definition of a determin- 
ant that every substitution of G must transform the elements 
of D in such & manner that all the elements of & line (row or 
column) appear in a line after the transformation. 

Hence the substitutions of G correspond to the permutations 
of the elements of D resulting from transforming its rows and 
columns independently according to the alternating group of 
degree n, transforming its rows and columns simultaneously 
according to negative substitutions in' the symmetric group of 
this degree, and interchanging the rows and columns. The 
order of G is therefore (n!)*, and hence the number of the dis- 
tinct determinants that can be formed by permuting the n? 
elements of D is.n?!/(n!)?.* These determinants may be ar- 
ranged in pairs such that each pair is composed of the deter- 
minants which differ only with respect to sign. In particular, 
the square of D is transformed into itself by a group K whose 
order is twice the order of G and which contains G as an in- 
variant subgroup. 

Some of the abstract properties of G follow directly from 
the fact that it is simply isomorphic with the imprimitive sub- 
stitution group of degree 2n whose head is composed of the 
positive substitutions in the direct product of two symmetric 
groups of degree n. These substitutions correspond to inter- 
changes of the rows among themselves and the columns among 
themselves or a combination of such interchanges. The re~ 

* Giornals di ch = 

-noted thet in tho review of thts article in Jahrbuch aber’ die Sache, p» 
Mathematik the author’s name appears in the form Bergnera. 
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maining substitutions of this imprimitive group correspond to 
the interchanges of rows and columns. Hence it results di- 
rectly that O contains exactly three subgroups of index 2 for every 
value of n. 

When n > 4, G contains no invariant subgroup besides the 
three of index 2 mentioned above and their common subgroup 
of index 4 under G, which is also the commutator subgroup of 
G. In this case G is unsolvable and its factors of composition 
are 2,2,n!/2,n!/2. When n = 2, Gis simply isomorphic with 
the four-group, when n = 3 it is simply isomorphic with the 
square cf the non-cyclic group of order 6, and when n = 4 it 
contains an invariant abelian subgroup of order 16 and of 
type (1, 1, 1, 1) which is complementary to a quotient group 
of order 36 simply isomorphic with the square of the non- 
cyclic group of order 6. 


$2. Determinant Group as a Substitution Group of Degree ai 


It has been noted that the substitution group of degree 2n 
which is simply isomorphic with G and corresponds to the per- 
mutation of the rows and columns of D is always imprimitive. 
On the other hand, it is easy to prove that G itself is intransi- 
tive when-n = 2, imprimitive when n = 3, and both simply 
transitive and primitive for every value of n which exceeds 3. 
In fact, the cases when a = 2 or 3 can readily be established 
by means of the well-known lists of possible substitution groups 
of degrees 4 and 9.* 

That G is always simply transitive when n > 3 results di- 
rectly from the fact that all its substitutions which omit a given 
letter constitute a subgroup having two transitive constitu- 
ents. One of these is on the 2n — 2 other letters in the row 
and column which contain the fixed letter, while the other 
transitive constituent is on the (n — 1)? letters not found in 
this row or this column. The fact that G is primitive is a 
consequence of the theorem that if the subgroup composed of 
all the substitutions which omit one letter of an imprimitive group 
omits only one letter, then the degree of one of the transitive con- 
stituents of this subgroup increased by one must divide the degree 
of the imprimitive group. 

The group @ contains exactly two substitutions which trans- 


*F, N. Cole, Bulletin of the New York Mathematical Society, vol. 2 
(1893), p. 252. 








. 1918.] DETERMINANT GROUPS, 71 


form each of the elements of any term of D into itself. In 
particular, the principal term of D is transformed into itself 
by the substitution of order 2 which interchanges the kth row 
of D and the kth column, k = 1,2,...,n. Each of the terms 
of D is therefore transformed into itself by at most 2-nl of 
the substitutions of G. As such a term cannot be transformed 
under G into more than n!/2 terms, it results that this is the 
actual number of the substitutions of G which transform a 
term into itself. The elements of each term of D must there- 
fore be transformed under G according to the symmetric group 
of degree n. : . 

The positive terms of D, as well as the negative-ones, are 
transformed under G according to a simply transitive group 
of degree n!/2 since the order of G is not divisible by ail — 1, 
whenever n > 3. The two substitutions of @ which transform 
each of the elements of one of these terms into itself constitute 
a group of degree n(n — 1), hence @ involves two complete 
sets of nl/2 conjugate substitutions of order 2 and of degree 
n(n — 1). These sets form.a single set of conjugates under 
the group of D? and each of their substitutions is invariant 
under a group which is simply isomorphic with the direct prod- 
uct of the symmetric group of degree n and a group of order 2. 
As this group of order 2-n1 is a maximal subgroup of G, it re- 
sults that the simply transitive groups of degree n!/2 accord- 
ing to which the positive and the negative terms of D are trans- 
formed under G must be primitive whenever n > 3. 

Tt was noted above that the subgroup composed of all the 
substitutions of G which omit a given letter has two transitive 
constituents of degrees 2(n — 1) and (n — 1)? respectively. 
'l'his subgroup is evidently formed by a simple isomorphism 
between these constituent groups and hence each of these 
groups has for its order the square of (n — 1)I. The former 
constituent is imprimitive, being formed by extending, by a 
substitution of order 2 which merely interchanges the corre- 
sponding letters, the positive substitutions in the direct prod- 
uct of two symmetric groups of degree n — 1 written on dis- 
tinct sets of letters. The latter constituent is the group of 
the determinant of order n — 1 and hence is a simply trans- 
itive primitive group, whenever n> 4. In particular, the 
subgroup of the determinant group of degree n? which is composed 
of all its substitutions omitting a given letter is simply isomorphic 
with the group of the determinant of order n — 1 and has this 
group for a transitive constituent whenever n > 3. 
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Although G is a simply transitive primitive group whenever 
^ > 3, it always contains a subgroup of index 2 which is im- 
primitive, viz., the subgroup corresponding to the interchanges 
of the rows and columns according to the positive substitu- 
tions in the square of the symmetric group. In fact, this 
subgroup has two sets of systems of imprimitivity, one com- 
posed of the elements of rows and the other composed of ele- 
ments of columns. Each system of the first set has one and 
only one element in common with each system of the second 
set. This subgroup contains no other set of systems of im- 
primitivity and these two sets are transformed into each other 
under the primitive group G. i 
The simply transitive primitive group G is evidently of 
` Glass 8n, n > 3, and hence we have here an interesting infinite 
system of simply transitive primitive groups in which there 
are groups for which the ratio of the degree to the class ex- 
ceeds any given finite number, this ratio being n/3. In $4 
we shall consider another infinite system of such groups for 
which this ratio is still larger. When a primitive group is gt 
least doubly transitive it is well known that this ratio cannot 
exceed 4 unless the group is either alternating or symmetric.* 


$3. Determinant Groups as Substitution Groups of Degree nI/2. 


When n — 2, D has only one positive term, which is there- 
fore inveriant under G. When n — 3, D has three positive 
terms, which are transformed under G according to the sym- 
metric group of degree 3 and therefore each of these three 
terms is transformed into itself by six of the substitutions of 
G. These six substitutions transform the three negative terms 
of D according to the symmetric group of degree 3, hence 
G contains no substitution besides identity which is commu- 
tative with each of the six terms of D. 

It has been noted that G transforms the n!/2 positive terms 
of D according to a simply transitive primitive group G’, 
which is simply isomorphic with G whenever n > 3 because 
G involves no invariant subgroup whose index exceeds 4. 
Let T; be tke principal diagonal term of D, and let T, be a 
positive term of D which has the last n — 3 elements in com- 
mon with T; but is not identical with Tj. Among the 2-n! 
substitutions of G which transform T4 into itself there are 


: va Encyclopédie des Sciences mathématiques, Tribune publique 14, 
no. 299. : 
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6- (n — 3)! which also transform 7; into itself. The subgroup 
of G composed of all its substitutions which omit a given 
letter must therefore contain a transitive constituent of degree 
[n(n — 1)(n — 2)]/8. 

. The number of the transitive constituents of this subgroup 
varies with n and increases without limit as n increases with- 
out limit, since the positive terms which have a elements in 
common with T, can clearly not be transformed under this 
subgroup into those which have 8 + o elements in common 
with Tı. When n > 4 each of these constituents is either of 
order n! or of twice this order, because this subgroup has only 
one invariant subgroup whose index exceeds 4 and could not 
have a transitive constituents of order 2 or of order 4. In 
fact, each term which has an element in common with 7, has 
evidently more than four conjugates under this subgroup when- 
ever n > 4, and if a term has no element in common with 7; 
its element which occurs in the first row, for instance, can be 
transformed into n — 1 other elements of this row under this 
subgroup. 

Among the substitutions which transform T, into itself there 
are Zei? ol substitutions which also transform the secondary 
diagonal term of D into itself, e being the largest integer which 
does not exceed n/2. Hence it results that the secondary 
diagonal term of D is always transformed into an odd number 
of conjugates under the group formed by the substitutions 
which transform T, into itself, 2-n! + 2*H.e! being an odd 
integer as can readily be proved. In particular, when the 
secondary diagonal term of D is positive the subgroup of G' 
composed of all its substitutions which omit a given letter 
must contain a transitive constituent of odd degree and hence 
of order n! whenever n > 4. It may be noted in passing that 
the given considerations furnish also a proof of the known 
theorem that the continued product. (m + Dm+2)... 
(2m) is always divisible by 27. 


$4. Group of the Square of o Determinant. 


. In $1 it was noted that the substitution group K on the n? 
elements of D composed of all the substitutions on these ele- 
ments which transform D? into itself is of order 2(n1)? and con- 
tains G invariantly. Its factors of composition are therefore 
2, 2, 2, nI/2, n!/2. When n = 2,it is the octic group and 
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hence it:simprimitive. For all other values of n it is a simply 
transitive primitive group. In fact, it could not be doubly 
transitive, since the subgroup composed of all its substitutions 
which omit a given element has evidently two transitive con- 
stituents of degrees 2n — 2 and (n — 1)? respectively. More- 
over, it could not be imprimitive when n exceeds 3, since it 
contains the primitive group @ which is also of degree ai In 
the special case when n = 3, K is clearly again primitive since 
its subg-oup composed of all its substitutions omitting one 
letter hes two transitive constituents of degree 4, and 9 is 
not divisible by 4 + 1. 

One o? the most interesting facts connected with the infinite 
system of simply transitive primitive groups represented by 
K is that these groups are of a very low class. It was noted 
near the close of § 2 that the class of a primitive group which 
is at least doubly transitive and does not include the alter- 
nating group cannot be less than its degree divided by 4; but 
when a primitive group is only simply transitive C. Jordan 
already observed that the ratio of the degree to the class has 
no upper limit. For the system of simply transitive primi- 
tive groups used by him as an illustrative example this ratio 
becomes however only about one hali as large as in the pres- 
ent case sinze K is a simply transitive primitive group of degree 
n? and of class 2n whenever n > 2.* 

As a transitive substitution group on the rows and columns 
of D, K is clearly the largest possible imprimitive group of de- 
gree 2n which has two systems of imprimitivity and hence it 
includes all the possible imprimitive groups of degree 2m 
which contain two such systems. As a transitive group on 
the nl terms of D it is also imprimitive when n > 2, since it 
transforms the positive and negative terms of D into each 
other and involves a subgroup of index 2 which transforms 
these terms respectively among themselves. When n> 3 
this subgrcup is obtained by establishing a simple isomor- 
phism between two simply transitive primitive groups, when 
n = 3 it is the direct product of two symmetric groups of 
degree n, and when n = 2 it is identity. 

Since K contains a subgroup of index 2 which is simply iso- 
-morphic with the square of the symmetric group of degree n, 
it resulis directly that its smallest invariant subgroup is of 


SE W. A. Manning, American Journal of Mathematics, vol. 32 (1910), 
p. 
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index 8 whenever n > 4, and that the corresponding quotient 
group is the octic group. Hence K involves éxactly three sub- 
groups of index 2 whenever n exceeds 4 and only two other 
invariants subgroups besides identity, viz., the mentioned sub- 
group of index 8 and one of index 4 corresponding to the in- 
variant subgroup of order 2 of the octie group. ‘These re- 
sults apply also to the special case when n = 3. 





TRANSLATION SURFACES IN HYPERSPACE. 
BY PROFESSOR C. L. B. MOORE. 


(Read before the American Mathematical Society, April 27, 1918.) 


1. If the rectangular coordinates of the points of a surface 
can be expressed in the parametric form 


(1) T, = f) + gi(v) D = 1, 2, e. n), 


where f, are functions of u alone and g; functions of v alone, the 
surface is called a translation surface. It is seen that a trans- 
lation can be found which will send any parameter curve 
u = const. into any other one of the same system. The same 
is true of the curves » = const. The surface, (1) is also seen 
to be the locus of the mid-points of the lines joining the points 
of 


(2) C: a, = 29,(u) tothe points of C, 2;= 2f.(v). 


The character of the surface can then be determined, in a great 
measure, by the form and relative position of these two curves. 
Nearly all writers on surface theory* mention three facts con- 
cerning translation surfaces in 3-space: 

‘(a) The generators of the developable which touches the 
surface along a curve u = const. are tangent to the curves 
v = const., or in other words the directions of the parameter 
curves passing through a given point are conjugate directions. 

(b) There are surfaces which can be expressed in more than 
one way in the form (1). 


* Darboux, Théorie générale des Surfaces, vol. 1, pp. 148, 340, Scheffers 
Theorie der Flächen, vol. 2, pp. 188, 245. , ] : 
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(c) Minimum surfaces are always translation surfaces. ‘The 
curves «= const., » = const., in this case, are minimum 
curves. 

It is the object of the present note to examine translation 
surfaces in hyperspace as to the properties (a), (b), (c) and also 
to determire the relation between the curves C; and C in 
order Cat (1) be a developable surface. ` 

From (1) we see that the coordinates of the surface satisfy 
the linear partial differential equation of the second order 


a1 
(3) au 9 





Segre* showed that if the coordinates of a surface satisfy & 
linear partial differential equation of the second order, then 
there are two directions through each point having the prop- 
erty (a; of conjugate directions. These.are called the char- 
acteristics and are determined by the characteristic equation 
of the partial differential equation. The. characteristic equa- 
tion of (3) is 


dud» = 0. 


Therefore the parameter curves on (1) are characteristics. 
Hence if (3) isthe only partial differential equation of the second 
order which the coordinates of the surface satisfy, there are just 
two characteristics through each point and the surface cannot be 
expressed in more than one way An the form (1). The form of- 
equation (1) shows that the. developables mentioned in (a) 
are cylinders. 

2. Ruleé Translation Surfaces.—Segre showed, in the paper 
referred to, that if the coordinates of a surface satisfy two lin- 
ear partial differential equations of the second order the sur- 
face must either lie in a 3-space or else consist of the tangent 
lines to a twisted curve. I showedf that if the surface does 
not lie in & 3-space the two differential equations must be such 
that the pencil formed by them will contain only one equation 
of parabolic type. If now in addition to (3) the coordinates 





* “S1 uns classa di superficie degl'iperspazii," ecc. Atti di Torıno, 1907. 

f C. L. E. Moore, “Surfaces in hyperspace which have a tangent line 
with tkree-point contact passing through each joint." This BULLETIN, 
vol. 18 71913). : u 
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satisfy a second equation, it must be of the form 


ER: aZ 
e SE E 


ðZ 
+ Ba + C 
Every equation of the pencil 


EM 09°Z OZ oZ 
Aw jus! Bau Cas © 


where X is the parameter, will then be satisfied. The surface 
will then have an infinite number of characteristics. It is to 
be observed, however, that the characteristic equation is 


Ade aide 5.0; 


KR t 


which for all values of A has dv = 0 for one factor. This is 
the direction of the characteristic of (4), and I showed in the 
article referred to that this is the direction of three-point 
contact and that there is only one such direction passing 
through a point and hence this must be the direction of the 
rulings of the developable. We therefore conclude that how- 
ever the surface is expressed in the form (1) the rulings must 
form one parameter system. The other parameter system can 
be any one-parameter family of curves traced on the devel- 
opable. Equation (1) then takes the form 


z; = ku + 9:0), 


where k; are constants. It is seen that the rulings are parallel 
and therefore the surface is a cylinder. Hence cylinders are 
the only translation surfaces in hyperspace which can be ex- 
pressed in the form (1) in more than one way. 

The coordinates of any ruled surface must satisfy a parabolic 
differential equation of the second order, and if it is a trans- 
lation surface will satisfy twö equations and therefore will be 
thesame asabove. Hence cylinders are the only ruled surfaces 
of translation. 

3. Developables —Let u and v be the arc length on the param- 
eter curves. Then the element of arc on the surface becomes 


ds? = du? + mdudo + dv’, 
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where a; = Zff/g/. The formula for the Gaussian curvature 
then reduces to 


[2 

©) CREE dI 

where a = 1 — m3. If G = 0, we have on integrating 
(6) a = cos (U + V), 


where U is an arbitrary function of u alone and V an arbi- 
trary function of v alone. This is then the condition that the 
surface be cevelopable, that is, have zero curvature. From 
the definition of as we see that (6) says that the angle between 
any tangent to C1 and any tangent to C; is always expressible 
as a function of u plus a function of v. To determine the 
relation between C; and C3 in order that (6) may be satisfied 
let y; ard yz be the spherical representation of the curves Cj 
and Cs. (That is, yı and yz are the traces on the unit hyper- 
sphere, center at O say, made by lines through O parallel to 
the tangents.) The distance from a point of y, to a point of 
‘Ya, measured on the sphere, will be equal to the angle between 
the corresponding tangents to C and C2. Let u, represent a 
series of points on yı and v; a series of points on yz. Let by 
represent tke distance from u; to ze, Then, if relation (6) is 
satisfied, we have 


Or: = Dad — Vrs), 6, = Ulm) — Vlo). 


Subtraczing, 
I Ba = U(ur) =. U(u,). 


Thus the difference of the distances from v; to u, and v, is 

independent of v; and hence v; must lie in the locus of points 
the difference of whose distances from u, and u, is constant. 
This must be true for any values of r and s. Hence if yı is 
an n-dimensional curve (does not lie in a space of lower dimen- 
sions), ‘ya must reduce to a point, which means that C, is a 
straight line. If however a lies in a linear space S,(k < n) 
passing through O, then (6) will be satisfied if y; lies in the space 
S... completely perpendicular to Sy. In this case the dis- 
_tance from any point of y; to any point of ya is 7/2. € 
and C; will then be ary two curves lying in completely per- 
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pendicular spaces. In particular if yı is a great circle on the 
hypersphere, then ys could either lie in the completely perpen- 
dicular space or it could coincide with yı, in which case (6) 
would be satisfied. The curves C, and C; for this last condi- 
tion become any curves lying in parallel planes. The surface 
of translation would then reduce to a plane. If now yı lies in 
a linear space S;’ which does not pass through O and yz lies 
in the space $, A passing through O and completely perpen- 
dicular to Sr’, then each point of y2 will be the same distance, 
from all points of yı but these distances will vary with the 
point of ys. In this case then the distance is a function of v 
only and (6) will be satisfied. The curve C4 will then be any 
curve lying in a space of n — k dimensions and C; will be such 
that amy tangent will make the same angles with any line in 
this space. If the space of C3 be taken as a coordinate space 
the two curves must then have the form 


Ce Bag er 
= aju ` G=k+1,kt2,.. on); 


C: = 0 621,2,..,À, 
z, = f,(v) (G=k+1,44+2,...,n)5 


where a; are constants. We then have the results: (a) if Ci 
and Cs lie in parallel planes, the resulting translation surface 1s 
a plane; (B) if they he in completely perpendicular planes, or 
(y) if they have the form (7), the translation surface is a non-ruled 
developable. (5) If one of the curves reduces to a straight line, 
the translation surface 1s ruled. 

The surface generated by the GER of the lines j joining 
the points of the two curves 


(7) 


= 2a cos u, % = 2a sin u, 2s = % = 0. 
tı = za = O0, w= 2b coso, ss 2b sino 


is the rotation surface 
Ti = G COSU, X= @ sinu, z= b cos, = Damp 


which is left invariant by all the rotations leaving the 2,72 and 
zx, planes invariant.* 


*C. L. E. Moore, “Rotations in hyperspace,” Proceedings American 
Academy, vol. 53 (1918). 
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4. Corariant Derivatives.—In discussing those properties of 
a surface that have to do with the normals or curvature of 
curves traced on the surface it is very convenient to make use 
of covariant derivatives instead of the ordinary second par- 
tial derivatives. If the surface is expressed in vector form, 
the covariant derivatives are always normal to the surface 
` while the ordinary second partial derivatives are not. A sec- 
ond vector fundamental form, analogous to the second funda- 
mental form in three dimensions can be written in terms of 
these cavariant derivatives.* The vector equation of (1) is 


"E > (Geh + gs(o)) A 


where k; are unit vectors parallel to the coordinate axes. 


Then 
(8) nee 


= an If’ (uk, n= 2p 


ðv 
If u and v are arc lengths along the parameter curves, 


(9) më = m-m= Xf u) = 1, n=nn= Zg,’ (0) = 


= Zg/(o)k;. 


The ordinary second partial derivatives are 
0?p 
1 p= Sh = zf/ '(u)k;, Ian’ 
(10) E 
r= aA = Eg; (v)ki. 


From these we obtain 
mp = Zf/f/—0, mg=0, mr = ig”, 


(11) a Wat WEE = 1g, 
np = Zf"g/, nq=0, ner = Zg/g;" = 0. 


In terms of these we can write the covariant derivativest 


|” n p 
02) gu—c(mXmxX(mXnxp oim mn mp, 
nm m mp 
* Wilson and Moore, ‘ 'Differential geometry of two dimensional sur- 


fáces in hype ” Proceedings American Academy, vol. 52 (1916). 
t Wison and M Moore, loc. eit., pp. 337-838. i 
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where a = 1 — (&f’g’)?. The derivative y» is obtained by 
replacing p by q in (12) and y2: is obtained by replacing p by 
r. Itis seen that y = 0. This is a sufficient condition that 
the plane of the indicatrix (the locus of the end of the curvature 
vector of normal sections of the surface at a given point) pass 
through the surface point. Translation surfaces therefore are 
what Wilson and Moore called of the four-dimensional type. 

5. If now the curves C; and C; lie in completely perpendic- 
ular spaces, 

m-n = Zf/g/ = 0. 


This is the only surface of translation on which the parameter 
curves are orthogonal. The vector p will lie in the plane of 
Cı, and r in the plane of C3, therefore 


mt = Xf/g/" = 0, n-p= Zf,g, = 0. 
Hence we have for this type of developable 
(13) Yu = p, yia = 0, Vas =r. 


Thus p and r are normal to the surface and since they are the 
curvatures of the parameter curves we see that the curves 
u = coúst., v = const. are geodesics on the surface (curvature 
lies in the normal plane). Hence on a non-ruled developable 
translation surface on which the generating curves are everywhere 
orthogonal those curves are geodesics. 

The area of the indicatrix is (Wilson and Moore, page 333) 


2aPu X 8 = ayn X gas + (assa — gies) X Y3; 


and since à = yi2 = 0, the area is zero. The indicatrix then 
reduces to a linear segment. Since yu and ys» do not coin- 
cide in direction, this linear segment does not pass through the 
surface. point. The curves u = const., v = const. are the 
Segre characteristics, and we know that when the indicatrix 
reduces to a linear segment the characteristics will be orthog- 
onal and that the end of the curvature vector of these curves 
are the ends of the linear segment to which the indicatrix re- 
duces. The indicatrix subfends a right angle at the surface 
point. 

P The vector mean curvature is half the sum of the vector 
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curvatures in two perpendicular directions passing through 
the point considered. This sum is independent of the pair of 
perpendicular directions chosen. Then in this case we can 
choose the parameter curves and we have 


h= 3z(f," + gi ei, 


from which we see that the locus of the end of the mean curva- 
ture vector is also a translation surface and in fact is a devel- 
opable of the type of the original surface. The locus of the 
indicatrix as the point in question describes the whole surface 
is the locus of lines cutting the two curves 


OT: x; = 2f"(u), C4": zess 2g" (v). 
If the mean curvature is perpendicular to the indicatrix, . 
' afi" -- 257 =0 


hence the curvature of C, and C, must be the same at all points 
and both constant, that is, they must be equal'circles. If 
they have the same center the surface will be a rotation sur- 
face. 

6. The second kind of non-ruled developable arises when 


Ch: zi = filu)  @=1,2,.. k), 
z, — Zazu G=k+1,k+2,.. n); 
x C2: zess D @=1,2,...,k), 
z, = 2g,(v) G=k+1,k+2,...,n), 
and the equation of the surface will be 


o DAW + D Gri obs 
In this case then we have 
) mp=0, n:p —0, mq=0, n-qgq=0, nr =0, 
m'r = Zajg;". 
If these values are substituted in (12), we have 


yn =P, ys zs 0, Yor pn (m-r)m + m 
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Hence the curves u = const. are geodesics on the surface, but 
in general the curves v = const. are not. If however m-r = 0 
both sets of parameter curves are geodesics. Integrating this 
relation we have 


20,95 = F = const., 


and from'what we saw previously concerning the relation 
$ 3 this would require that the curve C3 be a line and that the 
surface be ruled. Hence if C, and C, do not lie in com- 
pletely perpendicular spaces and the translation surface is 
not ruled, both parameter systems cannot be geodesics on the 
surface. _ 

The indicatrix for this type of surface does not reduce to a 
linear segment. 

7. Surfaces for W hich C, and C4 Coincide.—If thecurves C; and 
C; coincide, the surface (1) becomes the locus of the midpoints 
of the secants of & fixed curve. "The surface is entirely similar 
to the same case in 3-space, except that in 3-space the fixed 
curve is an asymptotic line on the surface. Here the curve 
lies on the surface and is the locus of points at which the char- 
acteristics coincide. This curve has the property of an asymp- 
totic line on a surface in 3-space.* The osculating plane ‘of 
the curve is tangent to the surface ànd the tangent lines to 
this curve have three-point contact with the surface. This 
is the only such line on the surface. 

8. Minimum surfaces.—]f we use the minimum curves on a 
surface as parameter lines, the coefficients in the first funda- 
mental form are 


a = mm = 0, di; = n-n = 0, 013 = M'N. 
The element of arc then becomes 
ds? = andu? + 2adude + agdı? = 2a;3dudo. 


The general formula for the mean curvature in terms of the - 
covariant derivatives is 


2h = Za y,,, 


where aC? is the complement of a,, in the determinant Jo 


i loc. cit. 
TC.L. Moore, “Surfaces in hyperspace, ete.,” BULLETIN, vol. 18 (1912). 
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divided by a. In this case then 
a = 0, ai = 0, a0» = i 
A 015 
and the formula for h becomes 


1 
2h = is Yı. 


The venishing of the vector mean curvature ig the necessary 
and sufficient condition for a minimum surface. Then, if the 
surface is minimum, 

yis = 0. 


In 3-s2ace if the minimum lines are taken as the parameter 
curves on a surface, the condition that the surface be minimum 
is the vanishing of the second coefficient in the second funda- 
mental fcrm. In hyperspace we have the same condition 
with respect to the vector second fundamental form. From 
(12) tnis condition becomes 


yi = (mX n) (mX n X q) = 0. 


The cot product is that used by Wilson and Lewis* and the 
vanishing here requires that q lie in the plane m X n, that is 


mXnxXq=0. 


This is equivalent to saying that the coordinates must satisfy 
the differential equation 
0°Z Z 


oZ d 
(14) a du e ðu Tr er su 





which again amounts to saying that there is a linear relation 
connecting m, n, q i 


(15) Ag-+ Bm 4- Cn — 0. 
Differentiating the relations m? = 0, n? = 0, we see that 


m:q- 0, n-q= 0. 





aig time manifold of relativity,” Proceedings Amer. Acad., vol. 48 
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Multiplying (15) by m, we have 
Cm-n = Cay = 0. 


Since ma + 0, C = 0. Likewise multiplying by n we see that 
B= 0. Hence equation (14) becomes 


Hence, the minimum surface is a surface of translation. The 

necessary and sufficient condition that a surface in hyperspace 

be a minimum surface is that the minimum lines on it are char- 
MASSACHUSETTS INSTITUTE OF TECHNOLOGY. 


SOME ALGEBRAIC CURVES. 


BY DR. JAMES H. WBAVER. 
(Read before the American Mathematical Socicty, April 28, 1917.) 


In the following paper two algebraic curves are set up and 
some of their singularities are discussed. The author be- 
lieves them to be new. At least a search through consider- 
able of the literature on curves has failed to reveal them. 


I. 


Let there be any two distinct points A and B. Let the line 
joining A and B be drawn, and let the distance AB = c. 
Let there be drawn through A a line bk making an angle 0 
with AB, and let there be drawn through B a line lj making an 
angle nd with AB (n an integer). We also consider that AB, 
L, and l, are in one plane. Let the intersection of band le be 
C. It is required to find the locus of C. 

Let A be the origin and let AB be the x-axis. Then the 
equations of the lines J, and À will be 


(1) y=atand, (2) y= (x— c) tan (nb) | 
respectively. 
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_ After eliminating @ from (1) and (2) we get 


a” — Hs + E art... + ( Ira 
3 
(3) Ber (re ee Game) 


where n is of the form 2k-+-1. A similar form holds if n is 
of the form 2k. The theory is the same in either case. (3) 
is then the equation representing the locus of C. Let us call 
this curve C,. If in (2) we replace n by n — r, we obtain 
for (3) a curve of degree n — r, which we will call C, ,. (r 
—1,2,...,^n— 1) 

From (231 it is evident that C, has an (n — 1)-point at the 
origin. The equations of the n — 1 tangents at this point 
will be given by i 


(4) (Le = (3)ec wi ep (— 1)0mye = 0, 
The factors of (4) are 


y—atan(kr/n) (ko 1, -n= 1). 


` Therefore the tangents to C, at the point A together with 
the z-axis divide the angular magnitude about A into 2n 
equal parts. 

We will now consider the relation of the fixed point B to 
the curve C,. Let us write (3) in homogeneous coordinates. 
It will then be 


xime MË vee + (= Day 
= (&— æ) [(D)e-- eec petes |. 


The first dolar of this curve with respect to the point B 
= (o, 0, 1) is 


y — Ze "lem — e (— Dmm 


(5) 


sall, Je + ome. 
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This process may evidently be continued. We may then 
state the following 
Theorem: The rth polar of B with respect to C, is C; .. 


II. 


Again let there be three distinct points A, B, and C on the 
same straight line J, and through the point C let the line I 
be drawn perpendicular to L Let lines |j and Js be drawn 
through A and B respectively, and let i; and ls intersect on 4. 
Let Is make an angle a with l, and h make an angle B with l, 
and let a line 4 be drawn through B, making an angle ng with 
L Let land 4 intersect in D. Then just as in section I, 
the equation representing the locus of D is 


„0 


leer 


where k = (à — c)/a and a = AC, and c = AB. ` 
It is then evident that the theorem in section I holds for 
the curve represented by equation(7). 


Omo STATE UNIVERSITY., 


ON THE RECTIFIABILITY OF A TWISTED CUBIC. 
BY DR. MARY F. OURTIS 
(Read before the American Mathematical Society, April 27, 1918.) 
Grenn the twisted cubic l 
(1) zı = al, t= bi, T = ci, abe + 0; 
to show that the condition that it is a helix is precisely the 
condition that it is algebraically rectifiable. 


Tf (1) is a helix, then T/R, the ratio of curvature to torsion, - 
is constant. Denoting differentiation with respect to t by 
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primes, we have 
/ 


e: a 2bt 3cl?, 
a": 0 2b ‚6ct, 
g”: 0 0 6c, 
(a! | 2’) = GL Ann + 9818, — (z" | 27) = 4b? + 9030), 
(z' | a’) = 24(20? + 90%), | waa!” |= 12abe, 
(a'z" | sien = (x! | ala] 2") — Gil a"? 
= 4(a?b? + 9a?c?t? + 9b3c?15). 
TY. ata alg 1 
R -( la ) IAN 


Since Lisi is constant, T/R is constant when and only 
when (z'z" | z/z/^)/(x' | x’) is constant. We thus have 


Ata*b* + Gaich + 9b%%4) = p(a* + 4b% + 9089; 


hence p = 4b? and 9a*c? — 4b* = 0. Conversely, for all values 
of a,b,c. abe + 0, for which 


(2) Qa%c? — Abt = 0, 





T/R is constant—in particular, is equal to =F 1, according as 
2b? = + 3ac—and the cubic (1) is a helix. 

If we had fixed our attention on another characteristic prop- 
erty of a helix, namely, that the tangent makes with a fixed 
direction a constant angle, we should have again derived the 
condition (2). The fixed direction—that of the axis of the 
cylinder on which the helix lies—is (1/42, 0, + 1/Y2) and 
the heEx cuts the rulings of the cylinder under an angle of 45°. 

That (2; is a necessary and sufficient condition that s, the 
arc of (1), is an algebraic function of t and hence that (1) is 
algebreically rectifiable follows from the fact that the integral 





(3) ju f Va? ABB Otdi 


is algebraic when and only: when (2) holds. Hence the 
theorem: The twisted cubic (1) is algebraically rectifiable ` 
when end only when it is a helix. 
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SHORTER NOTICES. 


A New Analysis of Plane Geometry Finite and Differential. 
By A. W. H. TmHoMwPsoN. Cambridge, University Press, 
1914. 16-+ 120 pages. Price 7 shillings. 

Tmas book is an exposition of a system of notation for plane 
metric geometry. Points are represented by Latin letters, 
' lines by Greek letters; ab denotes the line determined by the 
points a and b, and ofi denotes the point determined by the 
lines a and £; (ab), (a8), and (a8) denote respectively the dis- 
tance between a and b, the angle between œ and 8 and the 
perpendicular distance between a and 8. The author's prob- 
lem is now one of reductional computation—to express in 
terms of these measures of two elements any measure of ele- 
ments derived from points and lines by intersections and 
joins, vectorial constructions, and equational relations. "This 
reduction is carried out not only for such measures as areas of 
triangles and the trigonometric functions but for differentia- 
tion and integration. The author claims that his method is 
superior to that of coordinate geometry in the matter of sign. 
There are nearly two hundred examples in the text, the ma- 
jority of them being grouped at the end. 

G. H. GRAVES. 


An Elementary Course in Differential Equations. By ED- 
warp J. Maurus. Ginn and Company, 1917. vi+ 51 pp. 
Tms is a collection of about 350 problems covering ordinary 

differential equations up to solution in series. Very brief 

explanations of the methods of formation and of solving dif- 
ferential equations are given, and the applications are only 
hinted at. ` 

C. F. Craia. 


An Introduction to Statistical Methods. By Horace SECRIST. 
New York, Macmillan, 1917. xxi+ 482 pp. $2.00 
As stated on the title page, this is “A text book for college 

students, a manual for statisticians and business executives.” 

The book is descriptive rather than mathematical in character, 

making its appeal to the general reader through its discussion 

of methods and purposes. 
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Sufficient illustrations are given to make the meaning clear. 
The discussion is detailed, almost wordy at times. This very 
wordiness makes the book of especial value to the beginner. 
Each cnap-er ends with a summary and a list of references to 
other standard works on the same and allied subjects. 

The chapter on averages discusses at some length the arith- 
metic mean, the mode, and the median and omits the geometric 


mean, and the mean given by ais, and combinations of 
these averages. 

Illustrative matter is mainly from. the economic field. A 
few illustrations are from agriculture. References are made, 
however, to other fields, such as biology, psychology, genetics. 

Although non-mathematical, the book is of interest to a 
mathematician from the point of view of the applications. 
This is a good book for a beginner and at the same time 
useful to one already initiated into the study of statistics. 

W. V. Lovirt. 





Cours de Mécanique. Vol. III. By Léon Lecornv. Paris, 

Gauthier-Villars, 1918. 669 pp. 

Tuis is the third and last volume of a treatise on mechanics 
for use in l'Ecole Polytechnique. The first was reviewed in 
the BULLETIN for April, 1915, and the second, November, 
1917. 

The present volume is devoted to applications of mechanics 
to engineering and consists of five parts (parts X to XIV of 
the complete course). The subjects considered are strength 
of materials, hydraulies, thermodynamics, theory of machines, 
and a hrief discussion of the problems involved in aviation. 

It is interesting to compare the preface to the third volume 
with the preface to the first, which appeared in 1914. Just 
before the war, Professor Lecornu, in speaking of the course 
in meckanics as a whole, referred to the necessity for resisting 
a demand for the teaching of practical applications and ex- 
pressed his firm belief that the course in:l’Ecole Polytechnique 
should be purely theoretical. In support of this position he 
quoted General Langlois. “The officers who leave the school 
at the end of one year are, in general, inferior to their com- 
rades in the matter of studying logically and deeply a scien- 
tific question of tactics or organization. The method of work 
indispensable to every man of action demands imperiously 
the study of a science to its foundations, a study which makes 
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the intellect supple and develops a habit of logical deduction 
necessary to one who commands.” 

In the preface to the third volume, written after three and 
a half years of war, the author explains that the experiences 
through which the country is passing have influenced him to 
extend the treatment of applied mechanics beyond the course 
as it is now given. He foresees, after peace is reestablished, 
a profound transformation in scientific study, which will adapt 
it more directly to the realities of life (réalités de la vie). He 
refers to the action of L’Académie des Sciences in deciding 
(January, 1918) to admit a certain number of representatives 
of industry and predicts that l'Ecole Polytechnique will re- 
duce the time now given to abstract theory and increase the 
time allotted to applied work. E 

W. R. LONGLEY. 


Electric and Magnetic Measurements. By CHARLES MARQUIS 
~ Smite. (Edited by E. R. Hedrick.) New York, Macmillan, 
1917. xii + 873 pp. 


From the point of view of the mathematical reader the in- 
terest of this book is purely incidental. Moreover, it is inci- 
dental to study not in any general field but only in the special 
field of the mathematical theory of electricity and magnetism. 
In fact, the book belongs to a series of texts on topics in en- 
gineering. As such a detailed review of it is out of place in 
this Botter, It is well, however, at this time when more 
interest is being manifested in applied mathematics than here- 
tofore in this country to have attention directed to a conve- 
nient description of the instruments and methods by means of 
which are measured the quantities involved in the theory of 
electricity and magnetism, a subject which has lent itself in a 
remarkable way to precise mathematical treatment. The 
book under consideration furnishes in convenient form what 
such a mathematical reader will desire. The fact that it was 
written for engineering students does not interfere with this 
use of the book. f 

i R. D. CARMICHAEL. 
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NOTES. 


On acccunt of war conditions the Southwestern Section of 
the American Mathematical Society will not hold its meeting 
this yzar. No eastern meeting will be held until April 26, 
1919. The Chicago meeting in the Christmas holidays will 
be the annual meeting of the Society for the election of officers 
and ozher members of the Council, and will be especially 
marked by the retiring address of President L. E. Dickson. 


Tæ third summer meeting of the Mathematical Association 
of America was held at Dartmouth College on Thursday, 
Friday, end Saturday, September 5-7, 1918, immediately 
following the summer meeting of the American Mathematical 
Society a; the same place. A joint dinner of the two organi- 
zations, on Thursday evening, was attended by fifty-six 
mem era and friends. At the joint session on Friday morning 
Professor A. G. WEBSTER gave an address on “Mathematics 
of warfare." The retiring address of President Casont: 
“Plars for a history of mathematics of the nineteenth cen- 
tury," was read by Dean G. D. Olds. The other papers on 
the regular programme were: “The teaching of curve tracing," 
by F. W. Owens; “A formula in combinatorial analysis," by 
J. W. Youne; “Trigonometrie functions—of what?,” by 
W. B. Carver; “Firing data at Yale," by J. K. WurrTEMORE; 
“A combined course in mathematics for college freshmen,” 
by A. S. Gate; Report of the committee on mathematical 
requirements, by J. W. Young, chairman; “Some experiments 
in the teaching of descriptive geometry," by F. L. KENNEDY. 
A very great interest was shown in the new courses for military 
training in the colleges, and nearly all the members present 
cooperated actively with a committee appointed to prepare a 
draft of such courses for submission to the authorities. The 
total atcendance at the sessions numbered seventy-one, 
including forty-two members. Fourteen new members were 
elected. 


Tue July number of the Transactions of the American Mathe- 
matical Society contains the following papers: “Singular points 
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of analytic transformations,” by W. F. Osaoop; “Space in- 
volutions defined by a web of quadrics,” by VIRGIL SNYDER 
and F. R. StArpe; “On the location of the roots of the Jacobian 
of two binary forms, and of the derivative of a rational func- 
tion," by J. L. Warsa; “Sets of independent generators of a 
substitution group," by G. A. Murer; “The problem of 
Mayer with variable end points," G. A. Briss. : 


Paorzssons O. D. KELLOGG, of the University of Missouri, 
and Max Mason, of the University of Wisconsin, are engaged 
in government service at the Naval Experimental Station at 
New London, Conn. 


Te following university teachers are giving instruction in 
mathematics at the field artillery central officers’ training 
school at Camp Zachary Taylor, Ky.: Dr. L. R. Forp, Har- 
vard University; Mr. R. W. BARNARD and Professor T. H. 
HILDEBRANDT, University of Michigan; Mr. J. D. ESHLEMAN, 
University of Rochester; Dr. T. R. HorrcRorr, Columbia 
University; Dr. C. E. WILDER and Professor C. H. YEATON, 
Northwestern University; Mr. H. E. Worrz, University of 
Indiana. Mr. R. E. Moonz, University of Wisconsin, died 
October 2. 


Proressor G. N. Watson, of Trinity College, Cambridge, 
and University College, London, has been appointed to the 
professorship of mathematics in the University of Birming- 
ham, in succession to Professor R. S. Heath. 


AT the University of Saskatchewan assistant professor L. L. 
Dies has been promoted to a full professorship of mathe- 
matics. 


Dr. R. M. WINGER, of the University of Oregon, has been 
appointed assistant professor of mathematics in the University 
of Washington. 


Dr. P W. BEAL, of the University of Pennsylvania, has 
been appointed professor of mathematics in the University 
of ‘Tennessee. 


Dr. L. E. Wear, of the University of Washington, has been 
appointed associate professor of mathematics in Throop Col- 
lege. 
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Dr. J. R. Kume, of the University of Pennsylvania, has 
been appointed instructor in mathematics in the Sheffield 
Scientific School of Yale University. . 


Pnorzsson PAoro Passt, of the University of Pisa, died 
April 14, 1916, at the age of fifty-eight years. 


Book CataLocurs: Galloway and Porter, Cambridge, 
England, catalogue 93, about 100 titles in mathematics and 
physies ` . 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 
Bunca (L.). Lezioni sulla teoria dei gruppi continui finiti di transfor- 
marinni. Pisa, E. Spoerri (F. Mariotti), 1918. Sen, 6+ ay EN 
Canpmo (G.). La risultante di due quadratiche. Livorno, tip. R. 
Giusti, 1918. 4to. 26 pp. 
Cristini (D.). See Enerquzs (F.), , 
Cotrrrrs (J. T.). See Ropers (M. M.). 


Enniqune (F.). Conferenze sulla geometria non-euclidea, per cura del 
O. Fernandez. Bologna, Zanichelli, 1918. 8yo. 46 pp. L. 8.00 


——. Lezioni sulla teoria geometrica delle equazioni e delle funzioni alge- 
briche, pubblicate per cura O. Chisini. Volume 2. Bologna, Zani- 
chelli 1918. 8vo. 713 pp. L. 25.00 


Pepnannne (O.). See Ennrqums (F.). 
Gauss (C. Pi Werke. Prenat von der Königlichen Gesall-. 
schaft 


der Wissenschaften su Gottingen. 10ter Band, Ite Abteilung. 
Leipzig, Teubner, 1917. 4to. 686 pp. 
HuxaxNsS (C.). Du calcul dans les jeux de hasard ig6 par D. J. Korte- 


weg. La Haye, Martinus Nijhoff, 1917. 4to. 170 pp. 

KonrEWwsa (D. J.). See Huxazws (C.). 

PascAL (E.). Lezioni di calcolo infinitesimale. Parte 1: Calcolo differ 
enzial>. 4a edizione riveduta. (Manuale Hoepli.) Milano, Hoepli, 
1918. 24mo. 12 + 318 pp. Ei L. 4:50 

Pxzzo (P. per). Principt di geometria projettiva: lezioni dettate nell’ 
università di Napoli nell’ anno1917-1918. Napoli, tip. B. De Rubar- 
tis, 1€18. 8vo. 116 pp. . . 

Roserts (M. M.) and Corrrrre (J. T.). Analytic geometry. New York 

, ` Wiley. 1918. 10 + 229 pp. $1.60 

'TORELLI er Lezioni di calcolo infinitesimale date nella r. università 
di Napoli. Napoli, tip. Accademia r. delle Scienze fisiche e matemat- 
iche, 1918. 8vo. 4 + 424 pp. L. 20.00 
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IL ELEMENTARY MATHEMATICS. 


Boston, DEPARTMENT oF EDUOATIONAL INVESTIGATION AND MEASURE- 
MENT. Arithmetic; the value to the teacher, to the principal and to 
the superintendent of individual and class record from standard tests. 
(Bulletin 13; School documents 22, 1917.) Boston, School Com- 
mittee, 1917. 8vo. 83 pp. 


Crank (J. R.). See Ruca (H. O.). 


CoRRELL (F. E.) and Francis . E.). Exercises in arithmetic. Wav- 
erly, lowa, cis-Correll Company, 1917. 8vo. 71 pp. $0.25 


Davis (R.). Business practice in elemen schools. (Harvard Studies 
in Education.) Cambridge, Harvard University Press, 1917. 8vo. 
31 pp. Paper. $0.30 


Franois (M. E.) See CorrELL (F. E.). 


Linnar (G.). Di un metodo pratico per la trisezione dell angolo. 
Palermo, tip. Pontificia, 1918. 4to. 9 pp. + 1 tavola. 


———. Studio sulla trisesione dell’ angolo. Palermo, tip. Pontificia, 1917. 
4to. 11 pp. + 2 tavole. 


Lanpguist (T. Modern arithmetic, methods and problems. Edited by 
G. W. Myers. Chicago, Scott, Foresman and mpany, 1917. 8vo. 
16 + 300 pp. $1.25 


Muss (O.). Tavole di logaritmi con cinque decimali. 14a edizione, 
aumentata delle tavole dei logaritmi d’addizione e sottrazione per 
cura di M. Rajna. (Manuali Hoepli. Milano, Hopeli, 1918. 24mo. 
36 + 191 pp. - L. 1.50 

Mzns (G. W.). See Lmvarıst (T.). ` 


Owan (L.). Work-book in arithmetic; grade four. Boston, Mansfield 
Printing Company, 1917 . $0.30 


Rasna (M.). See Moien (O.). 


Ruca (H. O.).and CıArk (J. R.). Scientific method in the reconstruc- 
tion of nin ade mathematics, a complete report of the investiga- 
tion of the ois committee on the standardization of ninth-grade 
mathematics, 1913-1918. Chicago, University of Chicago SC 


1918. 8vo. 189 pp. Paper. ' 

Sampson (C. H.). Assignment manual of algebra. Boston, Sanborn 
19017. 8vo. 8 + 63 pp. ~~ $0.50 

II. APPLIED MATHEMATICS. ` 

ANFINDSEN (S.). Altitude correction tables. 2d edition. New York 
Rudder Publishing Company, 1917.- 8vo. 32 pp. $1.00 

ANDREWS (E. S.). A primer of engineering science. Part 2: First step. 
in heat and heat engines. London, J. Selwyn and Company, 1918. 
9 + 67 pp. 2 

BrapForp (G.). Whys and wherefores of navigation. New York, Van 
Nostrand, 1918. 8vo. 10 4-163 pp. Leather. ` $2.00 

Brown (H.T. ). 600 meccanismi scelti fra i più importanti e recenti 
riferentisi alla dinamica, idraulica, idrostatica, pneumatica, macchine- 
vapore, molini, torchi, automobili, orologeria ed altre diverse macchine. 
6a edizione italiana, aumentata di altre 100 nuovi meccanismi, per 

x cura del C. Marvasi. (Manuali Hoepli.) Milano, Hoepli, 1918. 
24mo. 8 + 295 pp. L. 4.50 
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Camı (M.). Coros speciale di matematiche, con numerose applicasioni, 
ad uso specialmente dei chimici e dei naturalisti. 38a edizione. Li- 
vorno, R. Giusti, 1918. 8vo. 12 + 297 pp. L: 6.50 


CoNTALDI (P.). La meccanica e le macchine nella scuola e nell’ industria. 
.  Vokumel. Meccanica generale: statica, cinematica, dinamica. Mec- 
canica applicata: resistenza dei materiali, resistenze passive, trans- 
misioni, meccanica applicata alle macchine. 4a edisione, riveduta 
ed ampliata. (Biblioteca Tecnica.) Milano, Hoepli, 1618. 8vo. 
15 + 678 pp. L 18.50 


Crocco (A.}. See Nosna (U.). 


Dmuro (8.). La meccanica industriale nelle scuole e per l'officia: trat- 
* ne metodico. 2a edizione, rifatta ed ampliata, con appendice sullo 
Sei e lavorazione dei proiettili per le artiglierie, note e pro- 
e scuole operai pereo prima ed e dopo la guerra. (Manuali Hee 
Milano, Hoepli, 1918. 


0 pp. 
Boom. See Ovio (G.). 


Gıorıı (E.). Mecchanista navale e construttore meccanico, per uso dei 
macchiristi della r. marina, dei macchinisti delle compagnie di navi- 
garzone, dei periti e construttori navali-meccanici, capitecnici con- 
gregnatori, ... 2a edizione, completamente rifatta. anual Hoe- 
pli. Milano, Hoepli, 1917. 24mo. 16 + 575 pp. L. 8.50 


Gupron (T. A 1. Mathematical Set? as outlined in the state course 
of study; eighth year. Emden, A. Gupton, 1917. $0.25 


JACOBY Se ) Navigation. 2d edition with a chapter on compass ad- 
justing and a Ae er ey of miscellaneous examples. New York, Mac- 
milan, 2 8vo. 11 4-850 pp. $2.25 


Lowaont Re, navigazione aerea. I: Aerostati e dirigibili. (Biblio- 
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GENERAL ASPECTS OF THE THEORY OF 
SUMMABLE SERIES. 


BY PROFESSOR R. D. CARMICHAEL. 


(Read at the Chicago Symposium of the American Mathematical Society, 
April 12, 1918.) 


$1. General Considerations Relating to the Sum of an 
Infinite Series. 


In 1811 Fourier* read before the Paris Academy a memoir 
which contained an acceptable definition of convergence of an 
infinite series; but this work remained unpublished for eight 
or nine years. In 1817 Bolzano stated a precise definition of 
convergence. Independently in 1821 Cauchy also formulated 
the definition in an exact manner. He and Abel insisted so 
forcefully upon the necessity of the distinction between con- 
vergence and divergence and the danger in employing diver- 
gent series that the latter came into such disrepute as not to 
be studied systematically for nearly three quarters of a cen- 
tury. For a long time no one saw how to obviate the difi- 
culties pointed out so incisively by those who first recognized 
the pitfalls in the use of divergent series. And yet both Abel 
and Cauchy, the leading instigators, had misgivings} as to 
the justice of the decision by which these series were banished 
from the mathematical community and they were given up as 
friends who had done some things well but could not be trusted 
because they had also done some things ill.t 

Certain difficulties, however, still remain when one tries to 
treat convergent series independently of any reference to di- 
vergent series, as we shall show more fully in a moment. 

In the first attempt to formulate a suitable definition of 

* For references relating to the first paragraph see Encyclopédie des 
Sciences mathématiques, I, 1», pp. 211-214. 

tSee quotations in Bromwich’s Infinite Series, 1908, p. 264. Indeed 
Cauchy himself showed how the celebrated series of Stirling in the theory 
of the gamma function could be used in a legitimate way for purposes of 
numerical computation. 

t An interesting and valuable discussion of several topics in the theo 
of divergent series and continued fractions will be found m Van Vleck’s 


lectures at the Boston Colloquium in 1903, published in 1905. In these 
lectures some topics are treated to which we do not refer in this paper. 
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the sum of the infinite series 


(1) Ug Uy Ue ov 


it is naturel to employ with Cauchy the sum s, of the first 
n-+ 1 tarms, namely, 


(2) ` Sa = Ug H d tum 


and to say that the series.(1) has the sum s in case lim, 255. 
exists and has the finite value s. But there is no good reason 
why we shculd confine attention to this definition alone when 
our researches so often bring us face to face with series not 
possessing & sum in this sense. 

As a matter of fact one does not have to go far to find the 
inadequacy of this definition. One of the leading tasks in de- 
veloping the theory of infinite series is to determine the funda- 
mental -aws of operation according to which one may compute | 
with them. Certain of these are at once obvious, as for ins 
stance those associated with the introduction or removal of a 
finite number of terms, the term by term addition of two series, 
&nd the multiplication of a series term by term by & constant. 
But if one undertakes to form the product of two series the 
case is different. Consider the product of (1) by the series 


but: 


Whenever the two series are absolutely convergent and have 
the sums u and 9 respectively, it may be shown without diffi- 
eulty that the Cauchy product series* ' 


(3) wt w t We ove,’ à 
where 
Un = Un + ats a + +++ F Unto, 


converges and has a sum w which is equal to uv. (A like - 
conclusion is true also under certain less restrictive hypotheses.) 
But the mere convergence of the u-series and the v-series does 
not necessitate the convergence of the w-series. 


* This definition of product of two series is that most naturally asso- 
ciated wich power series; but there is nothing inherently essential in it. 
The product cf two series may in fact be defined in any one of a variety of 
ways, with consequent variations in the theory. On account of the im- 
portance of power series, however, it is desirable to have a theory of in- 

ite series alequate for the case in which multiplication is defined in 
accordance with the Cauchy product formula. 
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Starting from the problem of forming the product of two 
convergent series, Cesäro* in 1890 was led to an investigation 
.of what he called indeterminate series. He showed that, 
when the u-series and v-series above converge to the sums u 
and v respectively, then the corresponding w-series has the 
- property expressed in the relation 
WotM+::-+W, | 


= ur, 





($) ` mi many I 


Wa = wot w+ +++ + Wp. 


Thus he was led to say that series (3) has the sum w when- 
ever the limit in (4) exists and has the finite value w. (It is 
easy to show—see $2 below—that this new definition assigns 
to every convergent series the same sum as the usual defin- 
ition.) 

By the introduction of this definition the multiplication 
problem in which Cesäro was interested became enlarged. 
Suppose now that the series u and v have sums in the new 
sense; what can be said of the product series w? Following 
up this question, Cesäro was led to extend further the defin- 
ition of sum of an infinite series. Thus when we have for a 
finite s the relation 


where 








R 5, 
©) oD DAD 
where 
8.” = ën + Tën, 23 SES or. dr au tcp) 8n-2 
E, 
= tint (r + SEN 
p g Glad las -(r+n) 
Poer quce EE 
D,® = CHICH) -e rtn) 
nl ; 


it is said that the series (1) has the sum s. We then say that 
the series (1) is summable (Cr) to the sum s. The least value 
of r (assumed to be an integer) for which the limit in (5) 


* Bulletin des Sciences mathématiques, ser. 2, vol. 14 (1890), pp. 114-120. 
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exists is called the degree of indeterminacy of series (1), and 
the series is said to be r-fold indeterminate. Cesäro showed 
that if the series u and v are p-fold and q-fold indeterminate, 
respectively, then the product series w is at most (p + q + 1)- 
fold indeterminate. 

It is easy to verify that the sum BAD) employed above may 
be defined by the relations 


BAD = & + à + +++ + Bn 
S, = S9 Lët, H 8,0, 


an = S70 + BOL, +0, 
Also we have 


niet 1)(r¥ + 2) ++: CEMT = lim (n+ ryt 


=1. 
no NİN 


pun nl 


Hence in Cesäro’s definition we may replace (5) by its equiv- 
alent 
t 8 = lim n7 -rl BAD), 


Tn 1880. ten years before the work of Cesäro, the limit in 
(5) for the case r= 1 was considered by Frobenius* who 
showed that ' 

20x plcna p ner A 
‚im, Zwei = lim n+1 
whenever the limit on the right exists and is finite. The 
limit in tke first member of this relation was treated further - 


by Hólderf in 1882. In order to state his result conveniently 
let us write 


84,0 = Bn, 


1 
ndi 


* Journal für Mathematik, vol. 89 (1880), pp. 262-264. 

+ Math. Annalen, vol. 20 (1882), pp. 535-549. This limit, also appeared 
in the work of Euler and Abel. More recently it. has been prominent in 
the literature of summable series. 


3,2 = 





(npa H ems 
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J €? + a Tc +32), 


3,2) = 





N = 


g (7 a0 = SED). 


Hölder shows that 
lim > u,v = limes? 


sal—0 i=0 
provided that the last limit exists and is finite. If we denote 
the value of this limit by s we may extend the notion of sum 
of an infinite series, defining the sum of (1) to be this number 
8. When lim, äu) exists and has the finite value s we say 
that (1) is summable (Hr) to the sum s. 

It will be observed that the Hölder and Cesäro definitions 
of sum of an infinite series (and the usual definition of sum of 
a convergent series as well) are special cases of the following 
more general definition:* The series (1) is said to have the 
sum tin case lima cal, exists and has the finite value t, where 


(6) L = 080 F Casi +... + Conboy Can FO, 


the ci, being (real or complex) constants. Any method of sum- 
mation belonging to the general class indicated by this defini- 
tion will be called a method of mean values with finite reference. 

It is obvious that a definition equivalent to the foregoing 
may be obtained by taking for t, the value] 


(7) tn = Anoto + Gui H s + Gann, Ann + 0, 


* Among those who have treated this general a definition be 
mentioned Silverman, Dissertation (Missouri), 1910, [University of Mis 
souri Studies, 1913]; 1913]; Toeplitz, Prace matematyceno , vol. 22 (1911), p. 
-113; 8mail rtation (Columbia), 1913; Schur, Math. Annalen, vol. 74 
. (1913), p. 447; Hurwitz and Silverman, Transactions Amer. Math. Society, 
n 18 18 Dec p. 1; Kojima, Tohoku hoku Maik. Journal, vol. 12 (1917), p. Zei 
These definitions may be generalised by taking the coefficients 04; 
(anl similarly the coefficients c,,) to be funotions of parameters zi, 22, 
.. 4 Zr Then in becomes (zi, 22, . . ., Zr) and the sum of the series 
may be said to be the value of the limit 


lim lim ... lim lim & (41, 25. . ., 2) 
Sich memi. ol, = 


when this repeater limit exists and is finite. In this general form the def- 
inition has been treated by James (Columbia dissertation, 1917). See 
also the papers referred to at the end of this section. 
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where -he a;; are (real or complex) constants. In fact, the 
. functions t, of n in (6) and (7) are identical in case 
Ann = Cony ` 
Gran = Can + Cnn —b 
Gan A = Can + Coin 31 F Gau —2 


(8) 


Can = Gan, 


(8% 


Cap = Ono — Gy. 


Certain cther particular cases of summation by the method' 
of mean values should be mentioned. 
In 1907 Knopp* generalized Cesaro’s definition of sum by 
taking for the sum s of (1) the value 
x lim T6 iy Red) 8,9, 


a=: 


> Grein ku 

mea- k+” 

the symbol D denoting the gamma function. For positive 

integral values of r this is the same as Cesaro’s definition. 
De la Va.l&e Poussint in 1908 defined the sum of (1) to be 

the number s in case 


where 
Sn N — 





i n(n —'1) + a — b ) 
EP, im im (w+ 3 2 nd 23b 
exists and has the finite value s. 
In 1909 Ford! gave a generalization of Cesàro' s method of 
tieungsber. d. Berliner Math. Geseltóchajt, Nov., 1907, pp. 1-12. 
Bullstin d. Sciences, 1908, 93-254. See also a generalization 
Ec Paris C. R., vol. ro (1917), pp. 510—513, 626-628, T78- 


T This BunuzTIN,'vol. 15 (1909), pp. 489-444. 








1918.] THE THEORY OF SUMMABLE SERIES. 108 


summation in accordance with which the sum of (1) is said 
to have the value s, 


v a foro rs + fo(n — 1, ra te +h, Msn 
Q0) scm pn n) fon LAF FALAOA 
provided this limit exists, the function f,(n, r) being defined 


by the relation 
_ 7+) Qtek 
(11) Jm 1) ec log, nazz logpk 


where logon = n and log, n = log (log n), p = 1, 2, 3, «+> 
For p = 0 this reduces to Cesaro’s definition. 

Chapman* in 1911 developed the theory of Cesäro’s mean 
value process when the order r of summability is any real 
number other than a negative integer, employing for this 
purpose the Cesäro formule which we have given above (see 
equation (5) and those immediately following it) but without 
Cesäro’s restriction that r shall be integral. t 

Silverman (l. c., page 37) says that (1) is E to 
the sum e in case 





pose + visi + +++ H Onda ! Ae 
lim a n T1 8, lim Qs = 1. 
On account of needs arising in the study of Dirichlet series 


M. Riesz} was led to define the sum of (1) as the finite num- 
ber in case 


(12) lim wt A, (w— NYu = 8, 
Ay<w 
where à; 2 0, A, Az). . . is a sequence of distinct real num- 


bers tending ‘monotonically to infinity with n and the sum 
for each w is taken for all A < w. When the limit in (12) 
exists and is finite we shall say (with Hardy$) that (1) is 
summable (Rar), that is, summable by Riesz's means of type 
A and order r. 
It will be observed that this definition differs from the pre- 
* Proc. London Math. aro de ser. 2, vol. 1 (1911), pp. 369-409. 


t An extension of Cesàro's efinition to double series has been given 
by C. "ad Moore, Transactions Amer. Math. Society, vol. 14 (1918), pp. 


Paris C. R., yol n ann. p p- 105171054 See also an earlier note 








by in Paris C Alm SEH 9 (1909), 18-20. SC paper contains an 
error which is cceli int laor communicati 
§ Proc. London Math. SE ser, 2, vol. 8 (1909), pp. 301-820. 
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ceding ones in that the limit is taken with respect to the con- 
tinuous variable w rather than with reference to a variable n 
running over the set of non-negative integers. Following out 
the suggestion thus arising, one might modify the definition 
associated with (6) and (7) so that the limit with respect ton ` 
shall be replaced by a limit with respect to a continuous vari- 
able. Compare the discussion associated with (13). 

Several considerations have led investigators to introduce 
other definitions of sum than those associated with the method 
of mean values with finite reference. In his now classic re- 
searches Borel was influenced by the fact that the method of 
Cesäro suffices to sum only a relatively restricted class of 
series (see §5 below). Accordingly he introduced* the method 
of mean values with infinite reference. In a form convenient 
for our purposes the method may be stated thus:t The series 
(1) ds said tc have the sum t in case lim, cal, exists and has the 
finite value t, where 


(13) ty = 2 Conte, 
i=0 


the c,; being (real or complex) constants. 
For an alternative definition one may define t, by the re- 
lation 


oo 
=, ou 
k=0 


where the a,; are (real or complex) constants. 

In order to specialize the definition associated with (13) 
into a conveniently workable form one may take for cn, the 
value en*/ e(n), where 


pla) = O + ia + eia? + esa? + s, 


and modify the limit operation by replacing n by the con- 
tinuous variable a so as to have for the sum of (1) the (finite) 
value t, where 
i= lim DÉI aası + caasa + ++ 
arco g(a) 








* Legons sur les Séries divergentes, 1901, pe: 91-98. Here will be found 
references to Bcrel’s earlier work on this subject. 

T Here the veriable n may run over tho range of integers or over a con- 
tinuous range. 
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For detailed study Borel chooses* for g(a) the function 
e*, so that he defines the sum ż of (1) by the more special re- 
lation 


2 3 
(14) t= tim e= (s+ att ast a 2) . 


This definition of sum gives rise to what Borel calls the expon- 
ential method of summation of series. It is obviously a special 
case of the method of mean values with infinite reference. 

For the sum t of (1) LeRoyf has taken the value 

i e. T(kz + 1) 
E t= Im 2 PET) 
provided that this limit exists and is finite. He was led to 
this definition through a consideration of the problem of ana- 
lytic continuation of a function defined by a power series. 

It is obvious that one may extend the definition in (13) by 
considering the coefficients o, or a;; to be functions of param- 
eters tı, 25, . . ., Ze and taking the sum of (1) to be 

nah zc. ml, n=0 
when this repeated limit exists and is finite. For a treatment 
of some such definitions see the papers referred to at the:end 
of this section, espectally those of Hardy and Chapman,-Chap- 
man, and Smail. 

An easy and natural stept leads one from Borel’s‘ expon- 
ential method of summation to his integral method. De- 
noting by-s(a) the function 


Uk, 


2 3 
s(a) = s + al at apt e 
‘one has from (14) the relation ' 
* d 
i= w = etae = [Fle %o(a) da, 





* Interesting applications are also made of certain other cases. See 
the papers to in the second preceding footnote. In particular, 
considerable treatment (Séries divergentes, pp. 129 ff.) is given of the case 
in which g(a) = e, à : 

t Annales Fac. Sci. Toulouse, ser. 2, vol. 2 (1900), pp. 317—430; see 
especially pp. 327-828. TM ! 

c., pp. 97-100. On Borel’s generalizations of the notion of 
Api bes Hanni, Monatshefte für Mathematik und Physik, vol. 12 (1901), 
pp. E 
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provided tkat 
lim e”°s(a) = 
a=0 

But. 


Zait = els (a) — s(a)] 
(83 i2 a 





(83 — 83)a? + 


= (& — 89) + + 2] 


a a* 
= tt pup 


4 


Denoting by ü(a) the function in the last member and inte- 
grating by parts, we have 


ERR & *ii(a)da 


: [= fuas [+ Pe [ Casa | a 


whence it follows that ` ' 


(16) i= f e*w(ada, 
1 0 ; 

where 
Ua? | usd? 


u(a) = wt Tt ot art 


In the detailed development of thé theory it is assumed by 
Borel tkat the series (1) is such that the associated function 
u(a) is an entire function. Then when the integral in (16) 
exists he takes its value ¢ to be the sum of (1) and says that 
the series is summable to the sum t. 

Furthermore, if the integrals 


TI tuta)|da, : f eua (A = 1,2,8, ---), 
9 0 


exist, where À is an index of differentiation, then Borel says 
that (1) is absolutely summable. 
Borel has also employed a generalization of his definition 


(16) in which , l 
t= Telé . 
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where 
Up(a) = (Up + ut +++ + U) 
+ (tly pt H top a) Fj 


2 
+ Qt pea) 5+ 


For a discussion of the definitions of LeRoy see §7 below. 

: It is convenient to insert here also references to the methods 
of Euler,* Buhl,f Stieltjes,t Hardy and Chapman,§ Chap- 
man,|| Barnes, d Smail,** James,tt C. N. Moore,tt Servant,$$ 
W. H. Young lll and Cunningham. TT 

For the sake of unity and economy of space we shall not 
treat the question of uniform summability, particularly since 
the notion of uniformity enters in essentially an obvious way. 


$2. Regularity of a Definition of Sum by the Method of Mean 
Values with Finite Reference. 


A definition of sum of an infinite series is said to be regular*** 
if it assigns to every convergent series the same sum as the 
usual definition. It is desirable (and natural) to confine at- 
tention to those definitions which are regular in this sense. 

We shall now determine necessary and sufficient conditions 
that the general definition of sum by the method of mean 


* Euler's treatment of divergent series (Inst. Cale. Diff., Pars II, Cap. I) 
depends on a transformation resulting ın convergent series when applied 
to certain classes of divergent series. See the treatment of this method 
by Bromwich, Infinite Series, pp. 302-310. 

t Bulletin des Sciences ématiques, vol. 42 (1907), pp. 340-346; 
Journal de Mathématiques, ser. 6, vol. 4 (1908), pp. 387-377. 

oben ie Toulouse, 8J, pp. 1-122; 9A, b DP. 1-47; 1894-1895. 

Quarterly Jura qf Maihemalics, Vo (1911), pp. 181-215. A 
general class of definitions forms the a er matter of this paper. A brief 
statement of the guiding principle is given in §8 below. 

H | rarer y Journal of Mathematics, vol. 43 (1911), pp. 1-52. 

hil. Transacitons Royal Sociely, 109A (1902), pp. 411—500. 
4 Columbia dissertation, 1913. 
t Columbia dissertation, 1917. 
t Transactions Amer. Math. Society, vol. 8 (1907), pp. 299-330; vol. 14 
véi, pp. 73-104. 
§ Annales de Toulouse, ser. 2, vol. 1 t Beetle: 
| Tapa er Berichle, E 63 (1911), 
th. Society, ser. S 3 (1905), pp. 157—109. 

+ Te ‘term regular” is used in essentially the sense of the text by 
Husita and Silverman, Eege Amer. Math. Society, vol. 18 (1917), 
pp. 1-” 
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values with finite reference shall be regular. Employing the 
notation of equation (6) and using the definition of 
regularity, we see that we must have lim, t = limame Sn for 


every convergent sequence 9, %, 55, ++. Then if we take 
8& = 1 end s, = 0 when m + k, we have lim... Car = 0 for 
every k. Again, taking 9 = 1 = 3, = 6 = ---, we find the 


second of the following two necessary conditions: 
(17) lim on = 0, lim (eno + Cnt + +++ + Cnn) = 1. 


KÉ 


In what follows we employ these conditions. 
Consider the superior limit 


lim sup An, where 4, = |eso| + Jem| + -++ + [ess]. 
In view of (17) its value must be either infinity or a positive 
number not less than unity. Suppose first that its value is 
infinity. We shall determine a sequence 4, 81, S2, *:- ap- 
proaching zero such that ¢, does not approach a finite limit 


as n approaches infinity. Let a be a number greater than 1 
and choose n, so that An, > o?. Then put* 


1 1 i 
s, ied (1—0, 1, en fü). 


Then |f,,| > o. Choose ng, greater than m, so that 
Caol He [Oi] <a, An, > at + 207. 


Then puz 
1 | ; 
Smi = ((— n+ 1, =, nj). 
It is easy to see that jt,,| > a; for 


» T - È al 
t=n;+1 


1 
call È lonin] o 
Similarly, choose ng greater than n, and such that 
al + +++ + [Cag] <a, An > of + 308 


* Whensver €», = 0 we understand that len Ja is to be replaced by 
unity here and in similar places below. 


Il 2 
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and put | : 
1 Cast š F 
s= lel @= mH 1, <, n). 


Then it may be shown that |t| oi, Proceeding in this 
way we obtain a sequence so, Si, 83, ---, converging to zero, 
such that lim sup... |in] = ©. Hence a third necessary con- 
dition for the regularity of our definition is that lim sup,_..An 
shall be finite. 

We have thus established the necessity of the conditions 
named in the following theorem :* 


Turorem I. A necessary and sufficient condition that a sum 
shall be assigned to every convergent series (1) by the definition 
associated with (6) and that its value shall be the usual sum s of 
(1) is that 

1) lim Caz = O for every k; 

2) lim (e + + s + tan) = 1; 

3) a number M, independent of n, shall exist such that for 

every n 
[eno] + [en] + +--+ + lenn] < M. 


It remains to prove the sufficiency of this condition. In 
view of 2), definition (6) and the fact that limp. (s. — s) is 
zero When Dm, s, = 8 it is clearly sufficient to prove that 
Dm, f£, exists and is zero when lim... ë = 0. Employing 
the last relation we see that for every positive e there exists 
an N such that |s,|< e whenever n > N. But Io nz N 
we may write 


R 


tn = (Cno8o F +++ + Cansa) + 27 sif 
= N+ 

From 1) it follows that the quantity in parenthesis here ap- 
proaches zero as n approaches infinity. In view of 3) the 
last sum is seen to be less than Me in absolute value. Hence 
Immo 4, = 0. This completes the proof of the theorem. 

In the more usual definitions of summability by the method 
of mean values with finite reference the coefficients c,; are 

* The sufficiency of this condition has been proved by Silverman (1. c.). 
The necessity of the condition has been proved by Toeplitz (L o.). The 
theorem has been eralized by Kojima (l. ei, who also extends the cor- 
ollary. Less complete results of like import have been given by several 
writers. See, among others, the papers referred to near the end of §1. 





eo 
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non-negative real Geen For this case it should be ob- 
served that condition 3) is implied by condition 2). 

An obvious modification of the proof of Theorem I leads to 
the follcwing corollary: 

COROLLARY. A necessary and sufficient condition that 
Dm, (Eno + Gau + ss + Candn) shall exist and be finite 
in all cases in which limp.» 8n exists and is finite is that 

1) imo Enz shall exist and be finite for every k; ' 

2) Domp, (Cno + Cm Lk + Cnn) shall exist and be finite; 

3) a quantity M, independent of n, shall exist such that 


[eno] + lem] + +++ + [ens] < M for every n. 


In view oi relations (8’) it is easy to show that the foregoing 
theorem may be put into the following equivalent form: 

THEOREM ll. A necessary and sufficient condition that a sum 
shall be assigned. to every converging series (1) by the definition 
associated with (7) and that its value shall be the usual sum s of 
(1) is that 

1) lim a4 = 1 for every k; 


2) a ; constant M, a ata of n, shall exist such that for 
every n 


X lan, : — An, +41 | < M 


In case gan is positive and ank — Gn, ku is positive [negative] 
for every n and k it is clear that condition 2) is a consequence 
of condition 1) . 

It should be observed that the demonstration of Theorems 
I and Il and the corollary to Trequires no use of the hypothesis 
Can + 0, Gnn F O. 

: It is an immediate consequence of Theorems I and II that 
Cesüro's definitions of sum are regular; and likewise that 
Knopp’s and Chapman’s extensions of them are regular. It 
is not difficult, to establish similarly the regularity of Ford’s 
extensions cf Cesäro’s definitions. In order to prove that 
Hölder’s definition of order r is regular we observe that it is 
an immediate consequence of Theorem J that Dm, Si) = 8 
whenever lim... 5,0? = 8, and hence whenever lim4.,, sn? 
= 8, +--+, and hence finally whenever Jm, 8, = s. From 
Theorem II it follows at once that de la Vallée Poussin’s def- 
inition is regular. The regularity of other definitions by the 


> 


o 
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method of mean values with finite reference may be treated 
readily by the aid of Theorems I and II. 


$8. Mutual Consistency of Two Definitions of Sum by the 
Method of Mean Values with Finite Reference. 


We shall say that two definitions of sum of an infinite series 
are mutually consistent* whenever it is true that the same sum 
is assigned by them to every series that is summable in ac- 
cordance with both definitions. 

Either one of the limits (see Hurwitz and Silverman, 1. c., 
' page 1) i 

dE E = pr 

lim 7 270, tim 5 [1 + Togh |» 
affords a regular definition of the sum of a series (1). But 
the two definitions are not mutually consistent, since the first 
limit has the value O and the second the value 1 if 
8n = (— 1I) log n. ` 

Let us consider the problem as to the mutual consistency . 
of the definition associated with relation (6) and the following 
in which (1) is said to have the sum T = lim, T4, where 


Tz = rm F mat... + Tanda, Tan FO, 
= Ankho + Oniu Fone + OnnÜn, Onn T 0. 


This fundamental problem relative to definitions by the method 
of mean values with finite reference seems not to have been 
resolved. In fact, so far as I am aware, it has received atten- 
tion in a general way only in a single investigation, namely 
in the paper by Hurwitz and Silverman (already referred to), 
where the mutual consistency of all definitions of & certain 
subclass of these definitions has been established. We shall 
not reproduce the results of these authors. 

Among the special cases of mutual consistency there is one 
of great importance which we shall treat furthér, namely, 
that in which every series which is summable to the sum s by 
a given one of the two given methods is also summable to the 
same sum s by the other of the two methods. In the pre- 
ceding section we saw that Holder’s definitions are mutually 


* Hurwitz and Silverman (l. c.) have used the term ''consistent" in 
the sense of our term ‘‘mutually consistent." 


(18) 
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consistent, the sum (Hr) existing and agreeing with the sum 
(Hk) for k < r whenever the latter sum exists. 

Let us consider the definitions of sum associated with rela- 
tions (6) and (18) respectively. It is convenient to employ 
the infinite matrices 


eu 0 0 >’ yo 0 0 
Az fo on O ae T= Yo Yu 0 


3 
Coo Ga Ca rr: Yo Ya Yz 


Whenever conditions 1), 2), 3) of theorem I are satisfied we 
shall say that the matrix C is a regular matrix of the first kind; 
and likewise of course for other matrices of the same form. 

In matrix notation we may write relations (6) and (18) in 
the respec-ive forms 


(&) = C(x), (Ln) = Ten). 


If we solve the first of these relations for the s's, obtaining 
(s,) = Cd), and substitute into the second, we have 


(Tn) = TO) 


where TC! denotes the product of T and OC). Employing 
theorem I we have the following results (already essentially 
contained in Theorem I itself): 

THEOREM III. A necessary and sufficient condition that the 
definition associated with (18) shall assign a sum t to every 
sertes (1) to which the definition associated with (6) assigns the 
sum t is that the matrix DO) shall be a regular matrix of the 
first lind. 

This theorem may also be stated simply in terms of the 
matrices 


ao 0 0 -:-- om 0 0 

10 O31 0 were O49 O31 0 
A= , a= 

Go Ga 022 rr" a20 oa Men e 


We shell say that a matrix A is a regular matrix of the second - 
kind whenever conditions 1) and 2) of Theorem II are satisfied. 
We may write (7) in the form (tn) = A(s,), whence we have 
(sn) = A(t). In view of Theorem II we may now state the ` 
following result (already essentially contained in Theorem II 
itself): 


E 
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TuEOREM IV. A necessary and sufficient condition that the 
definition associated with (18) shall assign a sum t to every series 
(1) to which the definition associated with (T) assigns the sum t 
as that the matriz oA shall be a regular matrix of the second 
kind. 

It may be shown that Knopp (and hence Cesäro) summa- 
bility of order 7, assigns the sum s to any series to which this 
sum is assigned by the same summability of order r where 
f; > ra > — 1 (Knopp, l. c., page 5). A similar result holds 
also in the case of Chapman summability (Chapman, 1l. c.). 

In the Paris Comptes Rendus for June, 1914, T. H. Gronwall 
and C. N. Moore independently proved that every series 
which is summable (Cr) to the sum s is summable to the same 
sum by the method of de la Vallée Poussin; and that there 
are series summable by the latter method but not by the 
method of Cesäro for any value of the order r. 


M. Equivalence of Two Definitions of Sum by the Method. of 
Mean Values with Finite Reference. 


We shall say that two definitions of sum of an infinite series 
are equivalent whenever it is true that every series which has 
a sum s in accordance with either of these definitions also has 
the same sum s in accordance with the other definition. 

As a.corollary from Theorems III and IV of the preceding 
section we now have immediately the following theorem: 

THEOREM V. A necessary and sufficient condition that the 
definitions of sum of an infinite series associated with (6) [or (7)] 
and (18), respectively, shall be equivalent may be put in either 
of the following two forms: 

1) The matrices TC and CT! shall both be regular of the 

first kind; 

2) The matrices aA! and Aa shall both be regular of the 

second kind. ` 

By means of this theorem Schur* has given a demonstration 
of the equivalence of summability (Cr) and summability (Hr). 
That Hölder summability implies that of Cesäro was first 
proved by Knopp.f Independently, and by different methods, 
Schneet and Ford$ showed that Cesàro summability implies 

* Math. Annalen, vol. 74 (1918), pp. 447-458. 

{Math Ama Berlin, 1907. 


Math. Annalen, vol. 67 (1900), pp 
Amer. Journal ‘of Mathematics, vol E Tee, pp. 315-326. 
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‚that of Holder. More recently Faber* and Watanabet have 
given other demonstrations of the equivalence of summability 
(Cr) and summability (Hr).t 

Silverman (Dissertation, page 37) has established the equiv- 
alence of summability (C1) and his y-summability provided 
that p, approaches 1 monotonically as n increases indefinitely. 
He has pointed out (1. c., page 44) how this affords a convenient 
test far summability (C1), and has indicated a means of ob- 
taining an (unsatisfactory) extension of the method to the 
case of summability (Cr). 


§5. Further Consideration of Definitions by the Method of Mean 
Values with Finite Reference. - 


Besides the condition of being regular; already imposed upon ° 
our definitions of sum of divergent series, it is evidently desir- 
able to restrict these definitions so that, as far as possible, the 
usual rules for operating with convergent series shall also be 
valid for summable divergent series. 

Probably the first additional requirement to be demanded 
in the case of a given definition is that either of the series 


(19) Up + my + us +s, 
(20) Uy + Ua ses, 


shall have a sum whenever the other has and that f; shall be 
equal to £ — w if t and t, are.their respective sums. 

Let us consider the general definition associated with (6) 
subject to the conditions of regularity as given in Theorem I. 
Let us write 

tn = Cno8o F Cni + +++ + Cansa, 

tn = Cros + mat +++ + Canny: 
Then if (19) has the sum £ we have lim, = t, while if (20) 
has the sum t— uo we have lim, = t Hence, a necessary 
and sufficient condition that our requirement shall be met is 
that either of the quantities t, în shall approach a (finite) 


* Mulnchener Sitzungsberichte, 1913, pp. 519—531. 
] TChoku Mathematical Journal, vol. 5 (1914), pp. 21-28. 

In this connection see also Landau’s ITeSpO: p 
lem fo: integrals, Leipziger Berichte, vol. 65 (1918), pp. 181-138, and 
Fekete's peper on ‘‘absolute summability” by the methods of Holder and 
Cesäro, Math. és térmesz., vol. 32 (1914), pp. ; 





per on the co: nding prob- 
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limit ¢ whenever.the other does; and hence that either of the 
. quantities t’, f shall approach a finite limit t whenever the 
other does, where 


in = Cn41,181 F + F Cay, sa, 
Ins: 


since Dm. — Cno = 0. 
Symbolically, we may write (NI = io where D de- 
notes the infinite matrix 


e O0 0 
Ca Cog 0 
Ca C32 C33 rr 


Similarly, we may write (tp) = C (5543), where C denotes the 
matrix represented by this symbol in $3. 

From considerations precisely like those involved in prov- 
ing Theorem I we are now led to the following result: 

THEOREM VI. A necessary and sufficient condition that a 
regular definition of the form associated with (6) shall assign a 
sum to either of the series uo Latest, and u + ws 
+ +++ whenever il assigns a sum to the other and that t shall be 
equal to t — un where t and ty are respectively the sums of these 
series, is that each of the matrices DC and CD~ shall be regular 
of the first kind. 

A second natural requirement is the following: If a def- 
inition assigns sums t’ and t’ to the first two of the series 


(21) Dun Xe Äifel 


it shall assign the sum ?' + 07 to the last of these series. This 
requirement is obviously met by all definitions by the method 
of mean values with finite reference. 

Again, it is clear that such a definition assigns the sum kt 
to the series kuo + ku, p» * whenever it assigns the sum £ 
to the series us + 24 + - 

So far as definitions m the method of mean values with 
finite reference are concerned we need to ascertain when the 
first alone of these additional requirements is met. For this 
we may utilize Theorem VI or we may proceed directly in the 
case of a particular definition. Thus it may be shown in 
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particular that this requirement is niet by the definitions of 
Cesäro and Hólder. ^ 

Owing zo the frequent use which has been made of Cesaro’s 
definitions of sum it is desirable to refer to certain additional 
results associated with them. 


THEOREM VII. Necessary conditions in order that series (1) 
shall be summable (Cr) are that* 


lim nS," = 0, 0<t <r; lim nu, = 0. 


fo 


From the definition of 8, in 81 wehave | 
Bes g,0 — 8, ,0. 


But n 78,7? approaches a finite limit ] as n approaches infin- 
ity, since CL) is now summable (Cr). Hence 


lim $78, = lim |»... = (=) (n — 17840 | 
=1—1=0, E l 

If we now assume that lim,” 78,0 = 0 fora given t we 

have i , 


lim m 1S, ED 


n=0 





i‘: (n — 278,47» | = 0. 


Induction now yields the first set of conditions. The last is 
. similarly proved by means of the relations $, — $4.4 = «, and 
im. SU Të = 0. 

From this theorem it follows that Cesàro's method is in- 
applicable if, to put it roughly, |u,| is too large when n is 
large. Hardy] has shown that the method is also inappli- 
cable if |u,| is too small when n is large and in such wise that 
series (_) is not convergent. One of his theorems is as follows: 

Tuecrem VIII. If n |u,| < K,a quantity independent of n, 
then series ‘1) is not summable (Cr) for any value of r unless it 
18 convergent. 

~ Reference may be made to certain additional results which 
* Bromwich, Infinite Series, p. 318, obtains the last result in a different 


way. 
T Proc. London Math. Society, ser. 2, vol. 8 (1909), pp. 301-320. 


= lim |n. _ ( 


n—1 
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throw light upon the nature and the limitations of the methods 
of Cesàro, namely, those due to Fejer,* Hardy,t Chapman,t 
Landau,§ Kojima,|| Bohr, Ottolenghi,** Hardy and Little- 
wood, PT Bromwich,{f and Sannia.§§ 


$6. Definitions of Sum by the Method of Mean Values with 
Infinite Reference. 


Let us now consider those definitions in which series (1) is 
said to have the sum 1 in case lim,...¢, exists|||| and has the 
finite value t£, where 


(22) t = D bs 
k=0 


the c., being (real or complex) constants. 

Again, we demand first of all that the definition shall be 
regular. In particular, we must have lim, ¢ = 0 when 
sk = lands, = Ofori +k. Hence lim... c = 0 for every k. 
Taking 8, = 1 for every k we see that for every permissible r 
the series cro + e + Cre + +++ must converge and that 


lim Tos =f 


1=%0 k=0 


In order that t shall be defined for every convergent series 
and for each permissible value of r it is necessary (and suff- 
cient) that limps (Crofo + Erı8ı + +++ + 04484) shall exist and 
be finite in all cases in which lim,., s, exists and is finite. 
Thence, in view of condition 3) in the corollary to Theorem I, 
we see that the series | co | + | cr | + --- must converge for 
every r. 


* Math, Annalen, E 58 (1903), pp. 62-66. 
t Proc. London Math. Society we u 6 (1908), pp 255-264; ser. 2, 
vol. 8 (1909), pp. 301-320; Math. A nalen, vol. 64 (1907), pp. 77-94. 
Proc, London Math. Society, ser. We vol. 9 (1910), pp. 369-409. 
Prace malemalyczno-fizyczno, vol. 21 (1910), pp. 97-177. 
Töhoku Mathematical Journal, vol. 12 1917), pp. 304-321. 
Paris C. R., vol. 148 (1909), pp 7 ; Gottinger rs 1909, 
pp. 247-262. 
** Giornale dt Matematiche, vol. 49 Bol p. 233-27! 
tt Proc. London Math. Socety, ser. H (1912), SC 1-16; Palermo 
iconii, vol. 41 (1916), pp. 36-53. 
tł Math. Annalen, vol. 65 (1908), pp. 313-349. 
i Atti R. Accad. Sc. Torno, vol. 50 (1915), pp. 97-112. 
|| || The limiting variable r may approach infinity over the set of num- 
bera 1, 2, 3, . . . or over the continuum of real numbers. The treatment 
applies to both cases simultaneously. 
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If, in addition, a quantity M, independent of r, exists such 
that 


>| ee | < M for every r, 
k=0 " 


itis easy to show that the definition is regular. For suppose 
that lima. 54, = s and write s, = s+ en. Then we have 


o e 
t= 82.04 + I 66; 
k=0 t k=0 . 


whence it follows at once that lim... & = 8. 

Thus we have the following result: 

THEOREM IX. A sufficient condition that the definition asso- 
ciated with (22) shall be regular is that o 

1) lim e = 0 for every k; 


. . 9) the series co + Gi + +++ shall converge absolutely and its 

sum shall approach unity as r approaches infinity; 

3) for every r the sum of the series | cro | + | ex | + --- shall 
be less than a quantity M independent of r. 

The first two of these conditions are necessary for the regularity 
of the definition.* 3 

In the case when the quantities c,, are non-negative and 
real, conditions 1) and 2) are necessary and sufficient for the 
regularity of the definition. 

Let us consider similarly the definition in accordance with 
` which series (1) is said to have the sum ¢ in case lim... ir exists 
and has the finite value t, where 


(23) l t = 2 aus, 
kv 


the a,, being (real or complex) constants. 

In order that the definition shall be regular it is necessary 
in the first place that bm, ¢ shall be unity when up = land 
u, = 0 for i + k. Hence we must have lim... gn = 1 for 





~ There is an obvious incompleteness about this theorem and the fol- 
lowing one, presented here in the form in which I gave them in the lecture 
at Chicago. It was my intention to complete them before publication. 
But on the day following my lecture Professor T. H. Hildebrandt read a 
paper before the American Mathematical Society at Chicago giving the 
theorems in all their completeness and in elegant form, his SEN having 
been obtained before he knew of mine. Consequently tam leaving to him 
the duty of making known these desired results in their complete and sat- 
isfactory form. 


3 ‘ 
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every k. In what follows we assume that this condition is 
satisfied. 


Again, in order that f£, shall be defined ‘whenever (1) is con- 
vergent it is necessary (and sufficient) that the limit, 


(24) : lim 5 Orklk, 


n=% b=0 


shall exist and be finite for every STE series (1). We 
may write 


im = > Orr; = ash — 81) + Groso 
k=0 k=l & 
(25) 


a—l 


= Y ëng — Gr, k41) + ambn- 
k=0 , 


-It follows now from the corollary to Theorem I that Dm, Yrn 
ill exist and be finite for every converging series (1) when 
and only when a constant M, independent of r, exists such that 


am + El an — ar, m] < M for every r; 


1 
and hence when and only when the series* 


(26) Xi dy — Gr, i | 


is convergent. This implies, in particular, that TS Orn 
exists and is finite. 

If in addition to the foregoing limitations on the coefficients 
a,; they are further restricted by the requirement that a con- 
stant Mı shall exist, independent of r, such that the sum of 
the series in (26) shall be less than M, for- every T, it is easy 
to show that our definition is regular. For, in view of (25) 
we have 


ne See] 


im | Beton a, #41) + 8 lim arn 


k=0 


t Esta — anan) |, 








* This result is obtained by Kojima, l. c., p. 305. 
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where s + e is written for sy. Hence 


t= s+ lim Delay — ay, 441), 
r=o Eat a? 
whence it follows at once that t = s. $ 
Hence we have the following theorem 3 
THEOREM X. A sufficient condition that the definition asso- 
ciated with (23) shall be regular is that 
1) lim a, = 1 for every k; 


2) the series | aro — an | -+ | G1 — as | +... . shall converge; 

3) a constant M, independent of r, shall exist such that the 
sum of the series in 2) shall be less than M for every r. 

Moreover, the first two of these conditions are necessary.t 

In the case when the quantities a, — a, vu are all real and. 
not negative, or all real and not positive, it is obvious that 
condition 3) is implied by conditions I) and 2); and hence in 
either of the conditions named 1) and 2) are necessary and 
sufficient for the regularity of the definition. 

The regularity of Borel’s exponential definition follows at 
once from Theorem IX. For, we have 


ei 
Te $5 


so that conditions 1), 2), 3) of the theorem are satisfied.] . 
By writing rz — r — 1 LeRoy's definition (15) may be 
thrown into the form 


nein | An Mein 
t= lim Tg De et CT me 


If we put : . 
— DC kth) _ ( -i 9 
PE. DEEI v DOE 


= 
and employ the asymptotic properties of the gamma function 


* Certain related but different results are due to C. N. Moore, Trans- 
actions Amer. Math. Society, vol. 8 (1907), DP: 299-380. The same 
author has also given similar theorems for double series, ibid., vol. 14 
(1913), pp. 73-104. : , 

the footnote to the preceding theorem. . 
For additional theorems concerning Borel’s exponential method of 
summation see Hardy and Littlewood, Palermo Rendiconti, vol. 41 (1916), 
pp. 36-53. ` 
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it is easy to show that the conditions of Theorem X are satis- 
fied and hence that the definition in consideration is regular. 

According to Borel’s integral method of summation we take 
for the sum of (1) the quantity, 


im f SE 
0 -\ rao kl 


where it is assumed that series (1) is such that the infinite 
series appearing in this expression converges for every value 
of a. This may be written in the form 


o ak 
t = lim SEI 
Treo 0 k—0 


n k 
ET È| fea |w 
r—o ^co k=0 0 k! 


Hence, if we take - 


ak 
m= Le oF da, 


we exhibit the Borel integral definition as an element of the 
class of definitions by the method of mean values with in- 
finite reference. Since "m 

1 


Rear 


as one sees readily through integrating by parts the integral 
defining æ, s, it is easy to show that the hypotheses of 
theorem X are satisfied; and hence that the Borel integral 
definition is regular. 

A comparison of Theorems IX and X with Theorems I and 
II brings out the fact (already alluded to in the footnotes) 
that the former are not in altogether the same satisfactory 
form as the latter; they are completed by the (as yet unpub- 
lished) work of Hildebrandt. So far as I am aware no gen- 
eral theorems yet exist concerning the mutual consistency of 
definitions by the method of mean values with infinite ref- 
erence nor concerning the equivalence of such definitions (see 
related matters in §§3 and 4). We may propose these as two 
fundamental problems, or perhaps as two aspects of the same 
fundamental problem, in the theory of summable series. 
Other considerations analogous to those of §5 still await de- 
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velopment for the case of definitions by the method of mean 
values with infinite reference. 


$7. Definitions of Sum by Means of Integrals. 


The theory of Borel's definition of sum by means of an in- 


tegral has been so well expounded in Borel's Séries divergentes . 


and Bromwich's Infinite Series that we need to give here only 
a brief summary of the main results.* We confipe attention 
to the case of absolute summability.f 

If one has a polynomial function Dia, v, w, +--+) of a finite 
number of variables u, 9, w, ---, the coefficients being nu- 
merical, and if one replaces u, v, w, --- by absolutely sum- 
mable series and combines the result according to the usual 
rules of operating with convergent series one obtains an abso- 


lutely summable series whose sum is equal to tlie numerical. 


value obtained by replacing u, v, w, --- in P by the sums of 
the corresponding series (Borel, 1. c., page 108).t 
Denote by u, v, w power series 


o a eo 
u= D unt", o= mr, w= Due 
n=0 $ n=0 n=0 


and suppose that these are absolutely summable for x = zo. 
Let 
P(u, 9, w, u, 9, w, sery um, v9, wo, ci 


denote a polynomial in u,v, w and their derivatives up to 
order A inclusive, the coefficients of which are series in integral 
powers cf z whose radius of convergence is greater than | |. 
If in P one replaces u, v, w by the corresponding series and 
performs the indicated operations as if the series were conver- 
gent, one obtains a series S which is absolutely summable for 
each value of x on the straight line from 0 to z (exclusive of 
Xo itself) and which defines an analytic function F which is 
regular in the interior of a circle of which the line joining 0 
and x, is a diameter. This analytic function is precisely that 

~ In the preceding section we saw that Borel’s definitiön of summability 
(but not o? absolute summability) is regular. 

1 Borel’s statement (l. c., p. 100) that every convergent series is abeo- 
lutely summahle is incorrect, as has beon pomted out by Hardy, Quar. 
Journal of Math., vol. 35 (1303), E . 25-28. But every absolutely con- 
vergent series is absolutely summable. 

Related results for summable series (not absolutely summable) are 
given by Hardy, 1. c., p. 48. 
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which P becomes when in P one replaces u, v, w not by the 
series but by the corresponding analytic functions. Moreover, 
F is identically zero when and only when the series S has all 
its coefficients zero, that is to say, when and only when the 
series 2, v, w formally satisfy the relation 


P(u, v, w, u, +++, w™, x) = 0. 


In this case the corresponding analytic functions w, v, w also 
satisfy this relation (Borel, L c., page 114). 
If the foregoing theorem is applied to the case of the differ- 
ential equation 
fs, y, y"; A y) = 0, 


where f is analytic in x at x = 0 and algebraic in y and its 
derivatives. it results at once that, if an absolutely summable 
series y formally satisfies the differential equation, the ana- 
lytic function defined by the Borel integral sum of this series 
' is a solution of the differential equation (Borel, 1. c., page 115). 
Suppose that the power series 


p(t) = us + uit + wa? + ses. 


has a finite (non-zero) radius of convergence. Let | denote 
a line through a singularity of the function defined by the 
power series and perpendicular to the radius vector from zero 
to this singularity. Let P denote the '* polygon " which con- 
tains in its interior the point zero and extends from zero in 
every given direction to the nearest of these lines / in such 
direction. Then the series p(x) is absolutely summable for 
points in the interior of P; it is not absolutely summable at 
any point exterior to P; on the boundary of P it may or may 
not be absolutely summable (Borel, 1. c., page 128).* 
Through use of the foregoing result and tests for the abso- 
lute summability of series one is able to treat certain phases 
of the problem as to the position of the singularities of a 
function defined by a power series (Borel, l. c., page 136).* 
Borel’s integral method of summation is thus seen to yield 
an importent contribution (among others) to the fundamental 





* The method of analytic continuation suggested by the results ın these 
two paragraphs may be extended by the use of a definition,of summability 
based on the function e(a) = e? instead of on the function g(a) = e 
(Borel, 1. c., p. 129 ff.). The ‘‘polygon” of summability is replaced by a 
certain curvilinear figure. See a paper by E. Lindelof, Bull. Soc. Math. 
France, vol. 29 (1901), pp. 157-169. 
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problem of deducing the properties of an analytic function 
from the properties of its. Taylor development.* Contribu- ` 
tions to the study of this problem have been made by many 
&uthors from diverse points of view. One of the most im- 
portant of these in connection with the subject of summability 
is a memoir by LeRoy.t f 

Let us consider the divergent series 


oo 
> Anz”, 


n=0 


Put s 
Qn = T(pn + Da, 


and dencte by F(z) the Finetion 


oo 


F(z) = I, ana". 


n=0 


Suppose that the radius of the circle of convergence of the 
last series is finite (and different from zero) and that the 
circle of convergence is not a natural boundary of the func- 
tion defined by it. Then for the sum f(z) of the first series 
LeRoy (l. c., page 416) writes 


f(z) m Lanz =f £T MP Py) day, 
a= 0 


` provided that the last integral is convergent. For p = 1 this 
reduces to Borel’s definition. Under appropriate broad con- 
ditions such summable divergent series as are here introduced 
are amenable, to the usual methods of computation employed 
in the case of convergent series. The theory has applications 
to differentia: equations and analytic continuation of the same 
essential character as those of the special case in which 
Borel’s definition is sufficiently far-reaching. We must refer 
the reader to LeRoy's memoir for & fuller account of his 
important investigations in connéction with this and other 





* Conversely, one may think of any method of analytic continuation as 
a method for the summation of divergent series (Borel, 1. c., p. 120).' Note 
how LeRoy (see next footnote) has been led in this way to new definitions 
of sum. e especially pp. 405 ff. of his 3 paper. 

t Toulouse Annales, ser. 2, vol. 2 (1900), pp. 317—430. See also the 
work of Servant (referred to at the end of §1 above). 


1918. | THE THEORY OF SUMMABLE SERIES.: 125 


definitions of summability. See also his notes in Paris Comp- 
tes Rendus for 1898, 1899, 1900.* 

Reference may also be made to extensions of Borel’s method 
by Cunningham and by Buhl.t Compare also the method 
of Barnes (see reference near end of §1). 


§8. General Requirements Which Should be Met in Any Defin- 
ation of Sum of an Infinite Series. 


In §5 we have considered some general requirements which 
should be met by every definition of sum of an infinite series. 
It appears that a great many definitions, not all mutually 
consistent, meet all these requirements. In view of this fact 
and with a desire to introduce greater uniformity into the 
general theory of summability, some authors have felt that 
certain further general restrictions are distinctly to be desired. 
Thus W. O. Mendenhall§ and W. B. Ford|| have insisted on 
the desirability of imposing the so-called boundary value con- 
dition. Thus these authors propose to confine attention to 
those series (1) for which the corresponding power series 


f(x) = Dar 


has a radius of convergence equal to unity{ and then to agree 
to retain those definitions alone for which the sum s of (1), 
when existent, satisfies the relation** 





* Besides the references already given see also Rıcotti, Giornale de 
Matematiche, vol. 48 (1910), pp. 79-111, for a treatment of the methods 
of Borel and LeRoy; Maillet, Annales Ecole Norm. Sup., ser. 3, vol. 20 
(1903), pp. 487-518; Van Vleck, Boston EE 1903, pp. 92-107. 

Proc. London Math. Society, ser. 2, vol. 3 (1905), pp. 157-169. 
Bulletin des Sciences mathémairques, vol. 42 (1907), pp. 340-346. 
` $ Michigan dissertation, 1911. This dissertation has not been pub- 
lished. Through the kind response of the author to a request of mine I 
have had the opportunity to examine a manuscript copy of it. Its more 
important results are to be found 1n Ford’s book on divergent series. 

|| Ford, Studies on Divergent Series and Bummability, PP: 82 ff. Also 
in his address (December, 1917) as retiring chairman of the Chicago Sec- 
tion of the American Mathematical Society, this BULLETIN, voL 25 (1918), 
pp. 1-15. 

{ The restriction to such series appears to be particularly unfortunate 
in view of the important applications of the theory of summability to 
power series with zero radius of convergence. 

** The demand here essentially is that we shall restrict attention to 
certain of those definitions of sum which are mutually consistent with a 
single given definition, namely, that in which series (1) is said to have tho 
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s= lim f(x). 
z=1—0 


An earlier treatment of the general considerations involved 
in a restriction of this sort is to be found in LeRoy’s memoir 
(cited in §7). He takes a more general point of view than 
Mendenhall and Ford in that he allows the radius of cofiver- 
gence cf the power series to be less than 1 and considers the 
question of assigning to series (1) the sum f(1), where an ele- 
ment oi f(z) is defined as above. He also discusses the prob- 
lem for the case when the radius of convergence. of the power 
series is zero. 

In view of the fact that convergent power series are a much 
restricted class of infinite series and that the theory of sum- 
mability has made significant and important conquests in 
the theory of expansions in orthogonal functions (including 
Fourier series), in the theory of Dirichlet series and factorial 
series, and promises important applications to the more gen- 
eral expansion problems arising in the theory of difference 
equations, such a restriction as that’ desired by Mendenhall 
and Ford should be insisted upon only for the most cogent 
reasons. Furthermore one of the far-reaching applications of 
the theory of summability is to the case of descending power 
series which diverge for every value of the variable, an appli- 
cation which léads to consequences of large importance in 
the theory of differential and difference equations. Hence 
this class of series must not be ruled out; moreover, it is 
difficult to see why a definition which is to be used in the case 
of such series must of necessity satisfy the boundary value 
condition. Thus it appears to me that no satisfactory reasons 
have keen advanced for this restriction proposed by Menden- 
hall and Ford and consequently that there is not yet any 
sufficient ground for confining attention to definitions satis- 
fying the boundary value condition. Those which do satisfy 
it doubtless form an important class having a well-defined 
usefulness in the study of analytic functions; but there seems 
not yet to be any valid reason for supposing that other classes 
are not also important. 


sum s when the limit 





lim (t+ mt Fr wm...) 


a=1—0 s 
exists and has the finite value s; and that we shall reject every definition 
which gssigns a sum to a series (1) to which this last definition does not 
assign E sum. 
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For the case of only a few definitions has it yet been deter- 
mined whether the so-called! boundary value condition is 
satisfied. For these consult the work of Mendenhall and 
Ford. 

The other extreme as regards the matter of limitation upon 
the definition of summability or freedom in this respect has 
not failed to be represented in the literature. Thus Hardy* 
lias formulated a.principle which Bromwich (Infinite Series, 
pages 267-8) states in the following words: “ If two limiting 
processes, performed in a definite order on a function of two 
variables, lead to a definite value X, but, when performed 
in the reverse order, lead to a meaningless expression Y, we 
may agree to interpret Y as meaning X.” The property 
implied in this principle certainly belongs to many of the 
current definitions of sum; but it does not appear to have 
been a useful guide in the formulation of. any of the im- 
portant special definitions. It seems to allow too great a 
variety of possibilities to provide anything of marked value 
in the way of specific definitions. It is useful, however, as a 


unifying principle. ' 


$9. Applications to the Theory of Dirichlet Series. 


From Theorem VII it follows that Cesàro's methods of sum- 
mation are limited in a way which forbids their application to 
the problem of the analytical continuation of a function de- 
fined by a power series; but they have been of the greatest use 
in the study of the function on the circle of convergence of 
the power series which represents it. Owing to the delicate 
character of the convergence of a Dirichlet series it is natural 
to suppose that Cesàro's methods would find wider appli- 
cation here than in the theory of power series whose character 
of convergence is much more crude. "The first applications of 
this sort were made independently by Bohr and M. Riesz, 
who showed that the region of Cesàro summability of a Dir- 
ichlet series may be greater than its region of convergence, so 
that there exist regions of summability in which the series 
diverges while, nevertheless, Cesäro’s means afford the ana- 


* Quar. Journal Math., vol. 35 (1904), pp. 22-47. See also err and 
Chapman, ibid., vol. 42 (1911), pp. 181—215; Chapman, ibid., Map ge Sch 
pp. ae In the last paper pman treats a generalization of 8 
principle. 
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lytical continuation of the function defined by the series 
within its region of convergence.* 

Although Cesäro’s methods thus have an important appli- 
cation in the theory of Dirichlet series it appeared from the 
investigations of Riesz that a certain disadvantage still existed 
which might be overcome by the introduction of a new type 
of definition which should maintain certain features belonging 
to the definitions of Cesäro. Thus Riesz was led to introduce 
his definition by “typical means,” as given in §1 in connec- 
tion with relation (12). 

In the case when A, = m it has been shown by Riesz} that 
his definitions, for varying r, are equivalent to those of Cesäro, 
Knopp, and Chapman, when in each case the same value of r 
is taken. ; ] 

An excellent account of this method of summation and of 
its application tq tbe theory of Dirichlet series has been given 
by Hardy and Riesz.t For this reason we shall not attempt 
an exoosition of the matter. We state merely a few of the 
leading properties of the definition as developed by these 
authors. : 

'The definitions of Riesz are regular. If (1) is summable 
(RAr) to the sum s, it is summable (RAr’) to the same sum s, 
for every r’ greater than r. If (1) is summable (Hir), where 
l, = ein, then it is summable (Rr) to the same sum. If (1) 
is summable (Er), where X, = n, it is also summable (Ar) 
to the same sum where A, = log n. If pis any logárithmico- 
exponential function of A, and if (1) is summable (Er) then 
it is summable (Hur). Speaking roughly, we may say (in 
view of the last result) that the efficacy of the method (Ar) 
increzses as the rate of increase of the function X decreases.$ 

* Borel’s exponential method of summation is also applicable to Dir- 
ichlet series; see Hardy, Proc. London Math. Society, ser. 2, vol. 8 (1909) 
pp. 277-294. See also Hardy's paper on the so-called Abel's method of 
summation as applied to Dirichlet series, Quar. Journal of Math. vol. 47 
(1916), pp. 176-192. 

Paris Comptes Rendus, vol. 152 (911) pp. 1651-1654. 

“The General Theory of Dirichlet Series,” Cambridge University 
Press, 1915. This monograph should also be consulted for treatment of 
other matters relating to the summability of Dirichlet series. . 

§ We may refer to the following papers which appeared later than the 
Hardy-Riesz monograph: : t 

i, Palermo Rendiconti, vol. 40 (1915), pp. 44-70; 42 (1917), pp. 
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$10. Applications to the Expansion Problems Arising in the 
Theory of Difference Equations. 


This account of the general aspects of the theory of summa- 
bility we shall bring to a close by indicating briefly an impor- 
tant application the development of which lies mostly in the 
future. In several memoirs* which I have presented to the 
Society in the last two or three years I have given an outline 
of the main features of what appears to me to be the central 
expansion problem in the theory of difference equations. This 
problem’ has to do with series of the formt 

> setn) 
Oe arr 
where the quantities c, are independent of z and the function 
g(x) .is restricted mainly as to its analytic and asymptotic 
character in a certain, sector V including in its interior the 
positive axis of reals. The asymptotic form is as follows: 


ge) ae Hy a e) 


where P(z) and Q(z) are polynomials and the a’s are constants. 
It is assumed that g(x) is analytic in V when |æ] is sufficiently 
large but finite. 

The most important cases (and the ones arising most nat- 
urally from the theory of linear difference equations) are those 
in which P(z) is a linear function of x and Q(x) is a linear 
function or a constant. Certain special functions g(x) be- 
longing to the class thus defined give rise (see memoir IT) to 
factorial series and to some generalizations of them which play 
the fundamental réle in certain important recent investiga- 
tions (see references in memoir II). 

* These memoirs will be referred to by the numbers in the followin list: 

I. ions Amer. Math. Soctety, vol. 17 (1916), pp. 207-232 
II. Bulletin Amer. Math. Societ , vol. 23 (1917) pp: 407-425; 
III. ‘Amer. Journal of Math., vol. 39 1917), pp. 385-403. 


IV. Amer. Journal of Math., vol. 40 (1918 ‚pp. 113-126. 
1 A similar problem arises for series of the form 





S. g(nz) 
20 ge)? 


where g(z) has asymptotio properties similar to those defined in the text. 
These series are now being investigated by L. L. Steimley, a student in 
the University of Illinois. 


\ 
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So far the question of summability of series Q(x) has been 
treatec only for the case of factorial series; and the methods 
of Cesiro alone have been used for this purpose. Landau* 
has shown that the factorial series and the Dirichlet series 

= 0,81 SE. s 
Yet). ere’ Le 


have the same points of convergence (except for x -0,— 1, 
—2,...). The interior of the region of convergence of each 
series is tke portion of a plane to the right of a line R(z) = A 
where À is an appropriately determined constant and R(x) 
stands for the real part of z. Bohrt has established the exist- 
ence cf a sequence of real numbers Ag Ae, As, . - - (Ay 2 As 
>32...) such that each of the two foregoing series is 
summable (Cr) in a half-plane R(x) > X(r = 1,2,3,. . -) 
but nat for R(x) < X. Asn approaches infinity A, approaches 
a limit A. Bohr (l. e) has shown that the line R(x) = A 
plays a fundamental réle for functions defined by the Dirichlet 
series. Nörlundt has pointed out that the number A does not 
enjoy a similar property for the factorial series; this raises 
the question as to whether other methods of summation may 
do for the factorial series what the methods of Cesäro do for , 
Dirichlet series. 

The function f(z) defined by the foregoing factorial series 
has an asymptotic representation§ (in general divergent) of 
the form 





41,4 
ya) = d EE 


This series is summable by the exponential method of Borel||: 


* Münchener Sitsungsberichie, vol. 36 (1906), pp. 151-218. 

t Göttinger Nachrichten , 1904, pp. 247-202. Bohr states also several 
important properties of the regions of summability of different orders. 
He also derives similar results for the case of series of binomial coefficients. 

der Comptes Rendus, vol. 158 (1914), pp. 1325-1328. 

See Nielsen, Annalee Ecole Norm. Sup., ser. 3, vol. 2 (1904), pp. 449- 
re also the treatment of a more general problem in my memoirs 


|| Norlund, 1., c.; Paris Comptes Rendus. vol. 158 (1914), pp. 1252-1253; 
Acta Mathematica, vol. 37 (1914), pp. 327-387. A certain natural exten- 
sion of fac-orial series is treated here, the theory still being contained in 
that of the general series (x). 

Compare also in this connection, Pincherle, R. Accad. L. Rend., ser. 5, 
vol. 1€ (1904), pp. 518-519, and my memoir IV already cited. 
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and the sum obtained by this method is f(z): 


i fx) = Í ” Fd 


where 
F() = At Tet Set dÄ 


A number /| exists such that this integral converges when 
R(z) > l and diverges when R(x) < l. This number L plays 
a fundamental réle as regards the properties of the function 
f(x) defined by the factorial series. 

We have here in a special case two aspects of the general: 
theory of summability of the series Q(x), a theory, of impor- 
tance the development of which will lead to significant exten- 
sions of our knowledge of one of the most fundamental ex- 
pansion problems in analysis. Early in 1917, Mr. Charles F. 
Green, a student at the University of Illinois, was beginning 
work upon this subject, looking towards a doctor's disser- 
tation; but his labor has been interrupted by more pressing 
duties and he is now engaged as a. pilot in the aviation service 
with the American Army in France. 


UNIVERSITY or ILLINOIS. 


ON THE PROBLEM OF THE RESISTANCE 
INTEGRAL. 


BY PROFESSOR TSURUICHI HAYASHI. 


Tut problem of minimizing the resistance integral seems to 
be of three main varieties. 

1. Newton’s problem:* 

To-get a solid of revolution formed by revolving a curve 
passing through two given points about an axis which shall ex- 
perience a minimum resistance when it moves through a fluid 
in the direction of its axis. 

The solution is the well-known transcendental curve. 








* Philosophis Naturalis Principia Mathematica, 1887, Book 2, Section 
7, Prop. 34, Scholium. 
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2. Tarleton’s problem:* 

To get a solid of revolution on a given base with a given 
volume which shall experience a minimum resistance when it 
moves through a fluid in the direction of its axis. 

The solution is a hypocycloid of three cusps.t 

3. Euler's problem:f 

The full enunciation of this problem is found in Professor 
G. H. Light's paper in the July number of this BULLETIN, 
1918, volume 24, page 480. The solution can be easily ob- 
tained in its parametrical form, which is quite the same as 
that for Tarleton’s problem. So without using Professor 
Light’s method, we may use Todhunter’s method to show that 
the solution is a hypocycloid of three cusps. Todhunter’s 
method depends on the relation 


dy/dx = p = tan 6, 


and seems to be more easy and more natural. 
August, 1918. 


NOTE ON EDITIONS OF VON STAUDT’S GEOMETRIE 
DER LAGE. 


BY PROFESSOR R. C. ARCHIE ADD 


‘(1) The first editions of K. G. C. von Staudt’s Geometrie 
der Lage (G.) and Beiträge zur Geometrie der Lage (B.) were 
issued in 4 parts, paper covers, by “Verlag von Bauer und 
Raspe (Julius Merz)," Nürnberg, 1847-1860,$ each of the 
four perts having a separate title page. 

(2) An Italian translation of (G.), and of some paragraphs 
of (B.), was published in 1889. || 


* Philosophical Magazine, 4th series, vol. 34 (1867). 
+See Todhunter’s Researches in the Calculus of Variations, 1871, pp. 
196-198. Itis reproduced in Carll’s Calculus of Variations, 1881, pp. 144- 
146. 
t Scientia Navalis, Prop 63. 
$ (G2: 1847 (on the reverse of the tıtle eis: “Erlangen, gedruckt 
! pp. 6 4- 216). 5 ): 1856 ck von Junge & Sohn in 
Erlangen,” pp. 6+ 130), 1857 (“Druck von pes & Sohn in Erlangen,” 
y 1860 (“Druck der A E. Junge’schen Universitatsbuchdruck- 





EC e di Posizione di Giorgio Carlo Cristiano v. Staudt. Tradu- 
zione dal teceszo a cura del dott. M. Pieri, professore-all’Accademia mil- 
tare, preceduta da una studio del Prof C. gre sulla vita e le opere del 
v. Staudt. Torino, Bocca, 28 + 233 pp. 
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These editions are well known. There was, however, (3) 
another German edition, which seems entirely to have escaped 
the notice of the bibliographer and historian.* A copy of 
this edition has been recently presented to Brown University. 
In it title pages are lacking for each of the three parts of (B.). 
While the title page of (G.) is without date, the place of pub- 
lication is given: “Nürnberg, Verlag der Fr. Korn’schen Buch- 
. handlung."T 

The tota] number of pages in each of the four parts is the 
same as in (1), and the “Berichtigungen,” on pages 216 (G) 
and 283 (B.) are reprinted witliout corresponding changes in 
thetext. While there is in general a one-to-one correspondence 
in the content of pages numbered the same in (1) and (3), this 
is not absolute; for example, in (G.): pages III, 9, and 203 
(where a correction of the original has been made) ; and in (B.): 
pages 15, 47, 134-5, and 187. 'The print page of the new 
edition is slightly longer.and narrower than that of the old one. 

"The only clue I could find as to the date of this edition was 
in the British Museum catalogue, volume SQ.—States of the 
Church, London, 1896) which lists (G.) as published in “ Nürn- 
berg, [1883]." On appealing to the Museum for its authority 
in determining the date “[1883],” Mr. Alfred W. Pollard, the 
erudite keeper in the Library wrote in part as follows: “Our 
copy of K. G. C. von Staudt's Geometrie der Lage (Nürn- 
berg, Verlag der Fr. Kornschen Buchhandlung) cannot have 
been published later than 1883, as we paid for it on 6 July of 
that year, the invoice being dated 20 January. A young cata- 
` loguer (he came that June) cataloguing it in October assumed 
that it was a new book. I think it was really published be- 
tween 1877 and 1880. On the cover it advertises an Atlas- 
commentar of G. Wenz which I find in Heinsius dated 1877.1 
It also advertises Dr. L. Wóckel's Geometrie der Alten in einer 
Sammlung von 850 Aufgaben. This number 850 occurs in 
the eighth and ninth editions (published by Bauer and Raspe 
1869 and 1871) and in the tenth and eleventh (published by 

* For example: Poggendorff, Kayser (Bücher-Lexicon), M. Cantor 
(article on von Staudt in Allgemeine deutsche Biographie, vol. 35, 1893) 
KEN Encyclopédie (III. 1. 2. p. 207, 1915) refer to only the one edition of 


T On the reverse side is “Druck von E. Th. Jacob in Er 21 kr 
will be seen later (in connection with Wockel’s Geometrie der Alten) that 
Korn was probably the successor of Bauer and ; 

. In “ r" this date is 1876, which is, according to its catalogue, 
the date of the copy in the Library of Congress. 
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Korn, 1873 and 1876).t In-the twelfth edition (published by 
Korn in 1&80 it was increased to 856. On the supposition that 
Korn kept his advertisements up to date, von Staudt’s book 
must have appeared after Wenz's Atlascommentar of 1377* 
and before the twelfth edition of Wéckel’s Geometrie der Alten 
in 1880. Its probable date is thus a little before 1880.” 

Judging by typography, the new editions of (G.) and (B.) 
were published about the same time. 

Axrentry in the “ Katalog des mathematischen Lesezimmers 
der Universität Göttingen”t suggests that there may have 
been yet a third German edition of (G.) in 1846, since it has 
* Nürnberg [1846]” after the title. More probably however 
it is tke edition described above as without date, incorrectly 
catalogued. 


MATHEMATICAL PERIODICALS. 


Union Inst of Mathematical Periodicals. By D. E. Surrg and 
C. E. SEELY. (Bureau of Education, Bulletin 1917, No. 
9.) Washington, D. C., 1918. 60 pages. Price 10 cents. 


Tus union list is a guide to the location of certain period- 
icals. The compilers have stated: it was “prepared for the 
use of research students in mathematics in the universities of 
the United States. It is not intended to be a complete list 
of all publications of this kind; indeed, such a catalogue, while 
very desirable from the bibliographical and historical stand- 
point, would not ordinarily serve the purposes of the graduate. 
student in mathematics as well as a brief list of this nature. 
The selection has been made after consultation with a number 
of professors in those universities that have most to do with 
directing research work in mathematics in this country, and 
it represents the periodicals which, in the judgment of these 
advisezs, the students will be most apt to consult in his inves- 
tigations.” 

Of about 165 serial publications so selected, somewhat less 
than one half are wholly mathematical. In connection with 

* The number “850” occurs in the title from the fourth (1858) to the ' 
eleventh editions inclusive. 


T Beerbertet von K. Demenz. Mit einem Vorwort von F. Klein. Leip- 
zig, 1907, p 92. 


ES 
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the title of each periodical are given: (1) the series and volume 
numbers, with years and place or places of publication. In 
case some society or academy is publisher, this is also indi- 
cated; (2) an alphabetical list of certain libraries owning one 
or more of the volumes, and an exact statement of the volumes 
to be found in such libraries. 

The 52 libraries considered are situated in the following 
21 states: California, Connecticut, District of Columbia, 
Idaho, Illinois, Indiana, Iowa, Maryland, Massachusetts, 
Michigan, Minnesota, Missouri, Nebraska, New Jersey, New 
York, Ohio, Pennsylvania, Rhode Island, Texas, Virginia, 
and Washington. 

In the pamphlet are two main divisions headed * Mathe- 
matical Periodicals” and<“ Periodicals Partly Mathematical," 
and a detailed index. The arrangement of this whole is con- 
venient for ready consultation although an arrangement ac- 
cording to countries (as in Greenstreet’s list mentioned below) 
would have been more compact. There can be no doubt but 
that the list will be of great service to many students. 

Typical of comments, the number of which might be much 
extended, are the following: Among American periodicals 
listed The Mathematical Visitor (1878-1895), The Mathematical 
Review (1896-1897) and Bryn Mawr College Monographs, Con- 
tributions from the Mathematical and Physical Departments 
(1904, 1909) are conspicuous by their absence. While Journal 
de Mathématiques elémentaires (Vuibert) is considered, the 
much more important Journal de Mathématiques élémentaires 
(et spéciales) (Bourget, de Longchamps, etc., 1877-1901) is 
not. Nouvelle Correspondance mathématique (1875-1880) is 
listed but the more substantial Correspondance mathématique 
et physique (Quetelet, 1825-1839) as well as the most valuable 
Correspondance sur l'Ecole polytechnique (1804-1816) are not. 
Since continuations are sometimes indicated, why was it not 
also noted that Nouvelle Correspondance mathématique was 
continued as Mathesis, and The Analyst as the Annals of 
Mathematics? There is no reference to the immediate prede- 
cessors of Journal of the Indian Mathematical Club and of 
Conti’s Il Bolletino di Matematica whose early volumes, at 
least, were published at Bologna and not at “Roma (Rome).” 
It is surely misleading to refer to the Ladies’ Diary, 1704-1773, 
as “reprinted in 1775.” Without doubt the editors had in 
mind Hutton’s edition issued in 14 numbers 1771-1775, which 
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may hardly be.accurately termed a "feprint." To be con- 
sistently complete in this connection The Diarian Repository 
(1771-1774), and T. Leybourne’s Questions from The Ladies’ 
Diary (1817), should have been mentioned also. In the light 
of the quotation made above it is not clear how Dodgson’s 
Mathematical Repository (which is not a periodical and has 
nothing to do with Leybourn’s serial, page 21), The Ladies’ 
Diary, The Gentleman’s Diary, and Gentleman’s Mathematical 
Companion come to be listed in preference to such publications 
as Comptes rendus de l Association francaise pour D Avancement 
des Sciences, the Reports of the Association for the Improvement 
of Geometrical Teaching, Mathematisk Tidskrift, and Tidskrift 
for Mathematik. 

Great Britain has already published at least three lists simi- 
lar to our union list: (1) Royal Society, Subject Index, Pure 
Mathematics, which devotes 41 pages to indication of the dis- 
tribution of 701 serials in 23 libraries ; (2) Royal Society, Sub- 
ject Index, Mechanics, indicating in 58 pages the location of 
959 serials in 28 libraries; and (3) W. J. Greenstreet’s Cata- 
logue of Current Mathematical Journals (40 pages), compiled 
for the Mathematical Association and listing about 180 per- 
iodicals in 49 libraries. 

In this country, apart from printed catalogues of special 
libraries, the mathematician has had at his disposal till now 
but two lists: (1) H. C. Bolton’s “ Catalogue of Scientific and 
Technical Periodicals 1665-1895”* for 130 libraries in differ- 
ent parts of the country; and (2) a general list for 36 libraries 
in a limited district, namely, A List of Periodicals, Newspapers, 
Transactions, and other serial publications currently received 
in the principal libraries of Boston and the vicinity. Boston, 
Boston Public Library, 1897. 143 pages.f 

While grateful for what we have, it is to be hoped that some 
one will feel disposed soon to publish for America a union list 
of all serials indexed by the Royal Society Subject Index, Pure 
Mathematics, and by the A volumes of the International 
Catalogue of Scientific Literature. Such a list would include 
four or five times as many titles as the union list under review, 
but, with a scheme of abbreviations similar to that employed 
in the Royal Society Subject Index, its size need not be more 

* Second edition, Washington, 1897. (Smithsonian Miscellaneous Col- 
lections, No. 1076.) 


T A new edition of this work including three or four times as many titles, 
and referrirg to 72 libraries, is now ın course of preparation. 
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than twice as large. Considering the whole range of mathe- 
matics it is somewhat unsafe to claim that any large number 
of these titles is alone “desirable from the bibliographical and 
historical standpoint.” 

A similar list for mechanics, aeronautics, geodesy, ballistics, 
navigation, and astronomy is also a decided desideratum in 
these days. 


R. C. ARCHIBALD. 
July, 1918. 


NOTES. 


AT the annual meeting of the American Mathematical 
Society, to be held at Chicago on December 27-28, President 
Dicxson will deliver his retiring address, on “Mathematics 
in War Perspective." Abstracts and titles of papers intended 
for presentation at this meeting should be in the hands of 
the Acting Secretary, Professor E. J. Mouton, 909 Colfax 
Street, Evanston, Ill., by December 2. The meeting will be 
immediately preceded by that of the Mathematical Associa~ 
tion of America, and a joint session will be held on December 
27. 


THE seventy-first meeting of the American association for 
the advancement of science will be held at Johns Hopkins 
University, Baltimore, Md., December 27-31. G. D. BE- 
HOFF is vice-president, and F. R. MOoULTON secretary of 
Section A. 


THE opening (September) number of volume 20 of the 
Annals of Mathematics contains the following papers: “ Func- 
tions of limited variation and Lebesgue integrals," by G. P. 
Horton; “On the Teixeira construction of the unicursal 
cubic by N. AutsmiLtLer; “The functional equation 
fif@] = g(z)," by G. A. PFEIFFER; “The existence of the 
functions of the elliptic cylinder,” by Mary F. Curtis; “The 
gamma function in the integral calculus," by T. H. GRoNWALL. 


THE closing (October) number of volume 40 of the American 
Journal of Mathematics contains: “Theta modular groups 
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determined by point sets," by A. B. Coste; “On the asymp- 
totic solution of the non-homogeneous linear differential equa- 
tion of the nth order. A particular solution," by W. V. N. 
Garretson; “A collineation group isomorphic with the group 
of the double tangents of the plane quartic,” by C. C. 
BnaAMBLE; “Proof of Pohlke's theorem and its generalizations 
by affinity,” by Amnngotn Emcu; “Arithmetical theory of 
certain Hurwitzian continued fractions,’ by D. N. LEHMER. 


Tue following 24 doctorates with mathematics as major 
subject were conferred by American universities in the aca- 
demic year 1917-1918; the title of the dissertation is added 
in each case: I. A. BARNETT, Chicago, “ Differential equations 
with a continuous infinitude of variables"; R. F. BoRDEn, 
Illinois, “On the Laplace-Poisson mixed equation”; H. E. 
Bray, Eice Institute, “A Green's theorem in terms of Lebes- 
gue’s integral”; Teresa Comen, Johns Hopkins, “ An investi- 
gation of plane quartic curves”; H H. DaraxEm, Cornell, 
“On the automorphic functions of the group (0, 3; 2, 4, 6)"; 
H. D. Frary, Illinois, “The Green’s function of a plane 
contour"; G. H. HALLETT, Pennsylvania, “Linear order in 
three-dimensional euclidean and double elliptic space”; ANNA 
M. Howe, Cornell, “The classification of plane involutions 
of order three”; GLENN James, Columbia, “Some theorems 
on the summation of divergent series"; J. M. Kinney, 
Chicago, “The general theory of congruences without any 
preliminary integrations”; E. P. Lanz, Chicago, “Conjugate 
systems with indeterminate axis of curves”; J. E. McATEE, 
Chicago, “Modular invariants of a quadratic form for a 
prime power modulus"; F. R. Morris, California, “ Classi- 
fication of involutory cubic space transformations”; W. P. 
Ort, Chicago, “The general type of the brachistochrone with 
variable end points"; C. P. Pause, Wisconsin, “Modes of air 
motion and the equations of the general circulation of the 
earth’s atmosphere”; O. J. RAMBLER, Catholic University, 
“Three-cusped hypocycloids fulfilling certain assigned’ con- 
ditions”; JosEPHINE R. (Mrs. E. D.) Roz, Syracuse, “ Inter- 
functional expressibility problems of symmetric functions, with 
tables"; L. J. Rousz, Michigan, “ A contribution to the ques- 
tion of linear dependence in linear integral equations"; H. M. 
SHOEMAKER, Pennsylvania, “A generalized equation of' the: 
vibrating membrane expressed in curvilinear coördinates”; 
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L. S. SuivgLr, Chicago, “A new basis for the metric theory 
of congruences”; W. G. Bop, Chicago, “On the solution of 
certain types of linear differential equations in infinitely many 
variables; M. G. Smřra, Illinois, “On the zeros of functions 
defined by homogeneous linear differential equations contain- 
ing a parameter”: Mary A. SzwvTHER, California, “The 
hypersurface of the second degree in four-dimensional space”; 
J. S. TAYLOR, California, “A set of five postulates for Boolean 
algebras in terms of the operation ‘exception.’” 


THE Paris academy of sciences announces the award of the 
following prizes for work in pure and applied mathematics 
for the year 1918: Poncelet prize (2,000 francs) to JOSEPH 
Larmor, of Cambridge University, for the totality of his 
mathematical researches. Francoeur prize (1,000 francs) to 
P. MoNTEL, of the University of Paris, for his investigation 
of series of analytic functions. Lalande prize (540 francs) 
to À. BELOPSLKY, of the Pulkowa observatory, for his con- 
tributions to the application of spectrum analysis to ästron- 
omy. Valz prize (460 francs) to F. Sy, of the Algiers observa- 
tory, for the totality of his works on astronomy. Janssen 
prize (medal) to S. CHEVALIER, director of the Shanghai 
observatory, for his researches in physical astronomy. 


AMONG the mathematicians associated with Major Oswald 
Veblen at the Aberdeen proving ground are A. A. Bennett, 
Texas; H. F. Blichfeldt, Stanford; G. A. Bliss, Chicago; 
T. H. Gronwall; C. R. Dines and C. N. Haskins, Dart- 
mouth; Dunham Jackson, Harvard; H. H. Mitchell, Penn- 
sylvania; W. H. Roever, Washington (St. Louis). With 
Major F. R. Moulton in the ordnance department at Wash- 
ington are J. W. Alexander, Princeton; Thomas Buck, 
California; W. D. MacMillan, Chicago; J. F. Ritt and 
Caroline E. Seely, Columbia; H. L. Smith, Princeton; H. S. 
Vandiver, Philadelphia. Commissions in the ordnance de- 
partment of the army have been given to First Lieutenant 
Thomas Buck, Captain H. H. Mitchell, Captain Dunham 
Jackson, Major W. D. Macmillan. Dr. J. R. Musselman, 
Ulinois, has been appointed first lieutenant on the statistics 
branch of the general staff. Dr. D. F. Barrow, Yale, has 
entered the government service. Dr. J. N. Rice, Catholic 
University, is serving in the national army. Mr. J.J. Nassau, 
Syracuse, is in a regiment of engineers in France. Professor 
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Arnold Dresden, Wisconsin, sailed for France in September 
for service with the Red Cross. d 


Proressor W. R. Lona ey, of Yale University, is on leave 
of absence and is engaged in the ballistic division of the Dupont 
Company in Delaware. 


Mr. G. H. Scorr has been appointed professor of mathe- 
matics in Doane College. 


AT the. University of Illinois Dr. ELIZABETH B. GRENNAN 
and Dr. JosEPHINE GLAsGcow have been appointed instructors 
in mathematics and Mr. L. E. YAEGER assistant in mathe- 
matics. Mr. C. H. RICHARDSON, assistant in mathematics, 
has been appointed professor of mathematics in Georgetown 
College, Kentucky. 


Ar Cornell University Mrs. D. Naytor has been appointed 
instructo in mathematics. Instructor E. P. FnarxrGH has 
resigned to engage in the ordnance work at the Aberdeen 
proving ground. Seven members of the faculty have been 
temporarily transferred from other departments to assist in 
the mathematical instruction. 


ÀT the University of Missouri Mr. F. Duncan, Miss Z. 
FERGUSON, and Mr. A. Grossman have been appointed in- 
Structors in mathematics. 


Dr. F. D. Murnacuan, of the Rice Institute, has been 
appointed associate in applied mathematics at Johns Hop- 
kins University. 


At the University of Pennsylvania, Professor H. B. Evans, 
of the department of mathematics, has been made dean of 
the Towne Scientific School. 


Proressor L. Linpsey, of Syracuse University, has been 
promoted to an associate professorship of applied mathe 
matics. 


Dr. E. W. CHITTENDEN, of the University of Ilinois, has 
been appointed assistant professor of mathematics in the 
University of Iowa. 
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Proressor T. O. Watton, of William and Vashti College, 
has been appointed professor of mathematics i in the Colorado 
School of Mines. 


Ar the University of Rochester assistant professor C. W. 
WATKEYS has been promoted to a full professorship of mathe- 
matics. 


Proressor H. R. Paaren, of Berea College, has been 


appointed instructor in mathematics in the Armour Institute 
-of Technology. 


Dr. G. W. Surrg, of Beloit College, has been appointed 
instructor in mathematics in the University of Kentucky. 


Dr. W. G. Smon, of the University of Chicago, has been 
appointed instructor in mathematics in Adelbert College. 
( 


Dr. L. L. SILVERMAN, of Cornell University, has been ap- 
pointed assistant professor of mathematies in Dartmouth 
College. 


Pnorzssoz C. A. BARNHART, formerly of Carthage College, 
has been appointed professor of mathematics in the University 
of New Mexico. 


Dr. F. R. Morris has been appointed to an instructorship 
in mathematics in the University of California. 


Proressor J. H. Grar, of the University of Bern, died 
recently at the age of sixty-six years. 


Proressor S. LaTrES, of the University of Toulouse, died 
July 5, 1918, at the age of forty-three years. , 


Prorsssor C. Worr, of the University of Paris, died in the 
summer of 1018 at the age of ninety-one years. 


. Prorsssor O. Henrici, of the City and Guilds Technical 
College, London, died August 10, at the age of seventy-eight 
years. i 
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Mr. H W. Powe tt, tutor in mathematics in the college 
of the City of New York, died July 23, 1918. Mr. Powell had 
been a member of the American Mathematical rd since 
1907. 


eee H. G. Keeser, head of the department òf mathe- 
matics in the University of Florida, died October 5 at the age 
of fifty-two years. Professor Keppel had been a member of 
the American Mathematical Society since 1897. 


Cor. E. W. Bass, professor of mathematics at West Point 
from 1878 to 1898, died November 6 at the age of seventy-six 
years. 


Dr. ARTEMAS MARTIN, of the U. S. Coast Survey, died 
November 7 at the age of eighty- four years. Dr. Martin 
had been a meniber of the American Mathematical MT 
since 1891. 


NEW PUBLICATIONS. . 


I. HIGHER MATHEMATICS. i 


Apams (O. S.). General theory of the Lambert conformal conic projection. 
(U. 8. Coast and Geodetic p oped Publication No. 53.) 
Washington, Government Printing 


Bovrrovx (E.). See Gosior (E.). 


Ducxovr (J.). Temas elegidos de matemáticas elementales. La gerie de 
Taylor y la teoria general de las series infinitas, funciones de una 
variable real. Desarrollo de Jas ideas esbo par F. Klein en 
“ Matemáticas elementales desde un punto de vista superior” Buenos 
Aires, Centro Estudiontes de Ingenieria, 1917. 


Gonror (E.). Traité de logique. Préface de E. Boutroux. Paris 
Librairie Armand Colin, 1918. 8vo. 24+ 412 pp. Fr. 9.00 

Harnack (A.). See SmmnmT (J. A.). 

KLEIN (F-). See DUCLOUT (J.). 

Koran (J.. The history of statistics.’ New York, Macmillan, 1918. 
12 + 773 pp. $7.50 

McCumnon (R. B.) Introduction to the eo functions by R* B. 

Rusk 


McClenon with the editorial cooperation of . Boston 
Ginn, 1918. Svo. 9 + 244 pp. $1.80 


Monáívrx (G.). Allgemeine Beweise der ee des letzten Fermat- 
schen Satzes. Mit einem Anhang über Pythagoraische Zahlen. 
Prag, G. Morävek, 1916. 8vo. 18pp. M. 1.00 


ce, 1918. 38 pp. Paper. 
$0.10 
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Mounp (P. J). Kirkman-Systemen. (Diss. Leyden, P. J. Mulder, 
1917. 4to. 15 + 312 pp. 


Posr ans.) C.). Over de reductie van Abelsche integralen tot elliptische. 
jiss.). Leyden, E. J. Brill, 1917. 4to. 10 + 174 pp. 


Roya Society al e of Scientific Papers. Fourth series (1884 to 
1900), vol. —Marbut. Cambridge, University Press, 1918. 
4to. KENE £5 38.5 

Roax (W. J.). Bee McCıenonx (R. Bi 


Sarkar (B. K.). Hindu achievements in exact science. A study in the 
history of scientific development. New York, Longmans, 1918 
8vo. 14 + 82 pp. 


Scumrrmrs (G.). See Smrret (J. A.). 


Serrar (J. A.) und Scheffers (G.). Lehrbuch der Differential- und Inte- 
gralrechnung. Nach A. Ueberse’ . lter Band: Differen- 
tialrechnung. 6te und 7te Auflage. Leipzig, 'eubner, 1915. 17 Rs 
670 pp. Geh. M. 13 00 


Suae (F.). The fundamental equations of dynamics and its main coordi- 
nate ms vectorially treated and illustrated from rigid dynamics. 
Berkeley, University of California Press, 1918. 10 + 233 pp. 


II. ELEMENTARY MATHEMATICS. 


Auzia de) y Jamm D.) Elementos de trigonometria rectilinea y 
isi rica. Buenos Anta . Garcia Santos, 1 p 


(H.). Emenee Rechnen und bürgerliche ge 
‘fur die Unterstufe des Seminars. 3te Auflage. Drenden- Dh owt, 
Bleyl und Küeuimarer, 1917. Geh. . M. 2.85 


Fiscuur (P. B.) und Zünrxs (P.). Deutschland und der Weltkrieg. 
Tatsachen und Zahlen aus den Kriegsjahren 1913-1917. Leipzig, 
Teubner, 1917. 117 pp. Geh. M. 1.60 


HzssEeNBERG (G.). Ebene und sphärische Trigonometrie. 3te Auflage. 
Neudruck. ‘(Sammlung Goschen). Berlin, Goschen, 1917. 171 pp. 


Jan (F. D.). See Auz£a (F. de). 
Lmwwzs (N. J.). See Sorron (C. W.). 


Lmrzuann (W.). Aufgabensammlung und Leitfaden fur Arithmetik, 
Algebra und Analysis. Ausgabe A: Für Gymnasien. Unterstufe. 
Leipzig, Teubner, 1917. 261 pp. Geb. M. 2.80 


SryrrartH (W.) Allgemeine Arithmetik und Algebra. 5te Ce 
! .Blasewitz, Bleyl und Kämmerer, 1917. 174 pp. Geh. 


Surron (C. W.) and Lannzs (N...) Business arithmetic. —€—— Ee 
and Bacon, 1018. 8vo.6+466+8 pp. Cloth. 


Zinu (P). See Fischer (P. B.). 


+ 


T APPLIED MATHEMATICS. 


Apams (O. 8.). rojection tables for the United States. Wash- 
ington, Government teen Office, 1918. 8vo. 243 pp. Pa ST 
.25 


AnuNGHAM (W.). See Lxcxx (S. T. S.). 
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ANDERSON (M. H.). Elements of pilotage and navigation. 2d edition, re- 
vised. Portsmouth, Gieves, 1917. 5s. 


Bock (EL). Die Uhr, Grundlagen und Technik der Zeitmessung. 2te 
Auflage. Leipzig, Teubner, 1917. 121 pp. 


Bucx (P. C.) Acoustics for musicians. Oxford, Clarendon Press, 1918. 


152 pp. 7s. 6d. 
Carp (§. F.). Navigation notes and examples. 2d edition. London, 
Arnold, 1917. 108. 6d. 


Coos (C. H.). Simple rules and problems in navigation. 2d edition. 
New Orleans, Marine Publishing Company, 1918. 290 pp. adipe. 
.50 


Deets (C. H.). The Lambert conformal conic projection with two stan- 
dard parallels, including a comparison with the Bonne and potrvonie 
projeotions. Washington, Government Printing Office; 1918. yal 
8vo. 61 pp. and 7 plates. Paper. ; $0.75 


—— —. Lambert projection tables with conversion tables Supplement to 
The Lambert conformal conio projection with two standard parallels. 
Washington, Government Printing Office, 1918. Royal 8vo. E pp. 

aper. .15 


Grant (H. C. J.). Pocketbook of practical navigation. Portsmouth, 
Gieves Publishing Company, 1917. 7s, 6d. 
Lecky 5 T. 8.). Practical wrinkles in navigation. 18th edition revised 
by W. Allingham. Liverpool, Philip, 1917. 258. 


McKreapy (K.). Die Sternwelt (Meister der Naturwissenschaften, 
N. 11). Leipzig, Barth, 1917. M. 0.45 


NEUENDORFF (R.). Praktische Mathematik. Iter Teil, 2te Auflage. 
es Natur und Geisteswelt,' Nr. 341). Leipzig, Teubner, 1918, 


Nicuorts (—.). Concise guide to Board of Trade examinations for 
masters and mates. 14th edition. Glasgow, J. Brown, 1917. 10s. 6d. 


Rorra ee Grundlagen der Elektrotechnik. (Aus Natur und Geistes- 
Welt, Nr. 391). 2te Auflage. Leipzig, Teubner, 1917. 143 pp. 


ScHupkisky (A.). Leitfaden für den neuzeitlichen Linearzeichenunter- 
richt. Für die Hand des Schülers. Leipzig, Teubner, 1917. 39 pp. 
Geh. . \ M. 1.40 

Bopen (A.). Aufgabensammlung aus der reinen und angewandten 
Mathematik Iter Teil, fur die mittleren Klassen höherer Schulen. 
3te Auflage. Leipzig, Teubner, 1917. 8vo. 204pp. Geb. M. 2.80 

Tarts bel New guide to Board of Trade examinations in navigation 
an nautical astronomy. Glasgow, Munro, 1917. 88. 
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THE OCTOBER MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


Tee two-hundredth regular meeting of the Society was held 
in New York City on Saturday, October 26, 1918. War 
conditions and the prevailing epidemic cooperated to reduce 
the attendance, which included the following eleven members: 

Professor E. W. Brown, Professor F. N. Cole, Professor 
T. S. Fiske, Mr. T. C. Fry, Professor O. E. Glenn, Mr. S. A. 
Joffe, Professor Edward Kasner, Professor C. J. Keyser, Pro- 
fessor P. H. Linehan, Professor R. L. Moore, Professor H. W. 
Reddick. 

Professor E. W. Brown presided at the morning session, and 
Professor O. E. Glenn at the afternoon session. The Council 
announced the election of the following persons to membership 
in the Society: Professor R. A. Arms, Juniata College; Pro- 
fessor M. D. Earle, Furman University; Professor Ernest 
Flammer, Queen's University; Professor Gillie A. Larew, 
Randolph-Macon Woman’s College; Dr. Flora E. Le Stour- 
geon, Mt. Holyoke College; Professor John Matheson, 
Queen’s University; Dr. F. R. Morris, University of Cali- 
fornia; Professor Susan M. Rambo, Smith College; Dr. W. G. 
Simon, Adelbert College. One application for membership 
in the Society was received. 

A committee was appointed to audit the accounts of the 
Treasurer for the current year. A list of nominations for 
officers and other members of the Council was adopted and 
ordered printed on the official ballot for the annual election. 

A, committee was also appointed to collect subscriptions 
from members of the Society and others for the purpose of 
establishing at‘ Harvard University a suitable memorial of 
the late Professor Maxime Bécher, President of the Society 
in 1909-1910. 

The Chicago meeting in the EES holidays was desig- 

nated by the Council as the annual meeting of the Society 
for this year, the usual eastern meeting being cancelled. 
‘Members attending the Baltimore meeting of the American 
. Association were invited to read papers before Section A, 
- having previously registered titles and abstracts with the 
Secretary for record in the report of the annual meeting. 
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The Southwestern Section decided not to hold its usual 
meeting this year. The February, 1919; meeting of the 
Society will also be omitted. The usual meetings will be held 
in April. 

The following papers were read at the October meeting: 

(1) Dr. J.R McAree: “The transformation of a regular 
' group into its conjoint.” 

(2) Professor E. W. CmrrrTENDEN: “On the Heine-Borel 
property in the theory of abstract sets." 

(3) Professor GILLIE A. Larzw: “Necessary conditions for 
the problem of Mayer in the calculus of variations." 

(4) Professor D. M. Y. SOMERVILLE: “Quadratic systems 
of circles in non-euclidean geometry." 

(5) Professor M. B. Porter: “Derivativeless continuous 
functions." 

(6) Dr. G. H. HALLETT, JR.: “Concerning the definition of 
a simple continuous arc." 

(7) Professor R. L. Moors: “A characterization of J ordan ; 
regions by properties having no reference to their boundaries.” 

(8) Professor R. L. Moors: “Concerning simple continuous 
curves.’ 

(9) Professor EDWARD Kd “Fields of force and Monge 
equations." 

Dr. Hallett's paper was communicated: to the Society 
through Professor R. L. Moore. In the absence of the 
authors the papers of Dr. McAtee, Professor Chittenden, Pro- 
fessor Larew, Professor Somerville, Professor Porter, and Dr., 
Hallett were read bytitle. Abstracts of the papers follow below.' 


1. The statement that there is & transformation of order,2 
that transforms a regular substitution group into its conjoint 
occurs in the literature. In this paper Dr. McAtee exhibits 
such a transformation. 


' 9. Professor Chittenden's paper appeared in full in the No- 
vember BULLETIN. 


3. Since A. Mayer formulated that problem of the calculus 
of variations usually called by his name, considerable attention 
has been given to the deduction of the Euler-Lagrange equa- - 
tions of the problem as a first necessary condition. Little 
attention, subsequent to the original paper of Mayer, has been 
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paid to the necessary conditions analogous to those of Legendre 
and Jacobi or to the deduction of a necessary condition 
analogous to that of Weierstrass. It is the purpose of Pro- 
fessor Larew’s paper to inquire systematically into the question 
of necessary conditions. In the investigation of the corner- 
point condition for the so-called “discontinuous solutions,” 
the theorem on the necessary condition of Euler is extended to 
include arcs which are continuous, but which may have a 
finite number of corners. A formulation and proof is supplied 
for the necessary condition of Weierstrass, and the Legendre 
condition follows directly.. The Jacobi condition is deduced 
in much more simple fashion than usual by an application 
_ of the Euler equations and the Comer poni condition to the 
second variation. 


4. Professor Somerville’s paper discusses the quadratic. 

systems of circles with one or two parameters in non-euclidean 
geometry. The general one-parameter system consists of one 
of three systems of circles all having double contact with a 
fixed conic K. The limiting points are a pair of foci, and the 
limiting lines are a pair of focal lines of K. Coaxal and homo- 
centric systems are degenerate cases, and a third degenerate 
case consists of a system of equal circles. The two-parameter 
quadratic system is found to be composed of one-parameter 
„systems whose conic envelopes all have double contact with a 
fixed conic. A specialized system is noteworthy in which 
every circle cuts a fixed circle orthogonally; another system, 
. reciprocal to this, has the property that every circle is tan- 
gentially distant a quadrant from a fixed circle. 


5. Professor Porter’s paper deals with continuous functions 
‘which either have nowhere a derivative or only possess deriva- 
tives inside an interval or at a point.: A simple method is 
developed for constructing such functions in a large variety 
and it is shown that in the case of Weierstrass’s type the condi- 
tion that a be an odd integer is unnecessary. 


6. In a paper entitled “Curves in non-metrical analysis 
situs with an application in the calculus of variations," Amer- 
ican Journal of Mathematics, volume 33 (1911), pages 285-326, 
N. J. Lennes gives the following definition of a simple con- 
tinuous are. “A continuous simple arc connecting two points 
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A and B, A + B, is a bounded, closed, connected set of points 
[A] containing A and B such that no connected proper subset 
of [A] contains A and B." The purpose of Dr. Hallett’s 
paper is to show that the word "bounded" in this definition 
is superfluous. 


7. Schoenflies* has formulated a set of conditions under 
which the common boundary of two domains will be a simple 
closed curve. A different set has been given by J. R. Kline 
(cf. this BULLETIN, July, 1918, page 471). Carathéodoryt 
has secured conditions under which the boundary of a single 
domain will be. such a curve. In each of these treatments 
conditions are imposed (1) on the boundary itself, (2) regard- 
ing the relation of the boundary to the domain or domains in 
question. In the present paper Professor Moore establishes 
the following theorem in which all the conditions imposed are 
on the domain R alone: 

In order that a simply connected limited two-dimensional 
domain R should have a simple closed curve as its boundary 
it is necessary and sufficient that R should be uniformly con- 
nected im kleinen. i 

A point set M is said to be uniformly connected im kleinent 
if for every positive number e there exists a positive number 
ô. such that if Pı and P; are two points of M at a distance 
apart less than 6, they lie together in a connected subset of 
M every point of which is at a distance less than e from P}. 


8. Various definitions have been given of simple continuous 
arcs, simple closed curves and open continuous curves. In 
the present paper Professor Moore defines these terms from a 
point of view which, as far as he knows, is different from any 
hitherto employed for this purpose. He makes use of the 
notion of the boundary of a point set with respect to a point 
set that contains it. If M is a proper subset of N, a boundary 
point of M with respect to N is a point which is a point or a 
limit point of M and also a point or a limit point of N — M. 

Definition 1. A simple continuous closed curve is a con- 
tinuous§ point set M every continuous proper subset of which 
has two and only two Se points with respect to M. 

* Gottinger Nachrichten, 1 


p. 185. 
Mah. 3 vol. m (19121) p. 366. 
nnalen, P 


Cf. H. Hahn, Jahres Mathematker-Vereinigung, 
vol. 23 (1914), pp. 318-322. 


A set of points is said to be continuous if it is closed and connected. 





9 
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Definition 2. À simple continuous open curve is & con- 
tinuous point set M every continuous bounded subset of 
which has just two boundary points with respect to M. 

Definition 3. If A and B are two distinct points, a simple 
continuous arc from A to B is a continuous point set M 
containing A and B such that (1) no continuous subset of 
M has more than two boundary points with respect to M, 

- (2) a subset K of M has just two boundary points with respect 
to M if and only if K contains neither A nor B. 

He shows that these point sets may also be defined in the 
following simple manner. 

Definition l'. A simple continuous closed curve is a con- 
tinuous bounded point set which is disconnected by the omis- 
sion of any two of its points. 

' Definition 2’.. A simple continuous open curve is a con- 
tinuous point set which is disconnected by the omission of 
any one of its points. 

Definition 3°. If A and B are two distinct points, a simple 
continuous arc from A to B is a continuous bounded point set 
which contains A and B and is disconnected by the omission 
of any one of its points other than A or B. 

Every simple closed curve as defined in 1 or 1’.is in one-to- 
one contihuous correspondence with a circle. Every simple 
continuous open curve as defined in 2 or 2’ is in one-to-one 
continuous correspondence with a straight line and every 
simple continuous arc as defined in 3 or 3’ is in one-to-one 
continuous correspondence with a linear interval. As has 
been shown by Dr. G. H. Hallett, Jr., in Lennes’s definition 
of a simple continuous arc the condition that the point set in 
question should be bounded is superfluous. In Definition 3’ 
this is not the case. 


9. After observing that the 5 trajectories defined by a 
general field of force in space cannot all satisfy a Monge 
equation, Professor Kasner raises the question under what 
conditions this is possible for ©* of the trajectories. It is 
shown that the Monge equation must be linear (that is, 
Pfaffian) and that it must define a null system. The direction 
of the force vector at any point must be in the null system. 
All forces of this type are determined explicitly. 

. F. N. Coz, 
Secretary. 


H 
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ON THE EVALUATION OF THE ELLIPTIC TRAN- 
SCENDENTS s AND my. 
BY PROFESSOR HARRIS HANCOCK. f x 
' Wirt Halphen* write | 
f(s) = 4$ — gos — ga = 4(s — 61) (8 — a) — 63) = 8 


where es is a real quantity and e, es are conjugate imaginaries 
such that e; — e is a positive pure imaginary. The dis- 
criminant A = g — 2793? is here negative. The elliptic dif- 
ferential equation in this notation is ds*/du? = As? — ges — gs, 
whose integral is ‘ 


u= EH 


If the lower limit of this integral be considered as a function 
of the integral, that is of u, we may write 8 = pu. 
As is well known, the quantity ws is defined by: 


2 E) ds 
1 = f Aus) frm Eech 
UI EEE Pwa = er, os 
If further we write ' 
fals) = 4 — gos + gs = Ais + ex) (s + ex) (s + ex), 
the quantity ws’ is defined through the relations 


We ds ; t 
2 SS ech Í, — H , = , , , = 0. 
( ) i 8 VAs) $05 63, P We 
Note that wy is a pure imaginary 
It may be shown that the three half-periods 
w = $w — we’), Wa, ws = $w: + s), 
correspond to the quantities e, es, 63 above, the relations being 
the same as are those for w, o” = w + w’, w’ in the usual 
notation where all three of the roots e, es, es are real. 
Write 
d 
du tu = = PU, 


* Fonctions Elliptiques, vol. 1, chap. 6. 
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note that f(— u) = — fu and that the quantities yı and ge 
are defined through the relations fw, = nı and {ws = ms. 
Further write 


m = $08 — n), m = mt m). 


In practically all the text books on this subject it is shown 
that the two half-periods w, and ws play with respect to the 
function fu the same röle, when the discriminant is negative, 
as is played by the half-periods w and w’ when the discrimi- 
nant is positive; and the constants yı and ns which correspond 
to these half-periods are connected with ge and gel by the 
same relations which connect wı, ws with ws, we’. The values 
of m and gel may be derived as follows: 

In my monograph on Elliptic Integrals, page 51, formulas 
` (39) and (40), it is shown that 


[38 
Ne ais F À 











(3) 
LA pif ha 6-9 
wee 
where ] 
P-3-3 4^ M’ = (p — a) + oè; 
and - 
dz 
aes Va = 2)[@ — p)? tel 
tb ee ad 
4M M+(@-2)’ J’ 
where 





all lare, pipa EE 
k =3t9 M `’ kyk =l, 2kk! = FF 
These two formulas may be made the foundation of the 
whole so-called Weierstrassian theory, with negative dis- 
criminant. > 
To save the reader the trouble of deriving them and simply 
as a verification, write 


selena] 
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or 
_M=@—a)_ Bee 
enu- T 5 (cra) CE PW ere p is put = amu. 


It follows at once that 





ar cosg = sin e dz 
EE E 1+ cos e? ae = eM ead oT 
2M"*(1 + cos?) + 2(@ — p) M sin?e 
— p)? 2 
Ee (UF cos o)? 


These values substituted in (3) cause that integral to become 





f a where A? —— 
Vhs - Bine "6 ^73 3 M 


The indicated transformation reduces the integral (4) to the 
corresponding Legendre normal form. 
Note that when æ = æ, then e — Än. From (3) and (4) 
it follows at once that 
K , (EI 
(5) wg VM’ € VM’ 
where 


K T dr X ee dr 
"A V1—k? sin? el = V1 — bi sin? e 


k? and K^ having the values already indicated. 

If one wished to evaluate an elliptic integral of the second 
kind in which there appeared a denominator, as in the integrals 
(8) and (4), similar reductions would transform it into the 
corresponding Legendre normal form and its value could be 
taken at once from the Legendre tables. 

If however the Weierstrassian formulas are introduced, we 
may proceed as follows: From the definition above 


tu = — f pudu; 


or, since Pu = s and 
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we may write* 


E sds 
fu = ar< 
VAs — gos — gs 


with suitable choice of the constant in the lower limit. 
If we pute; = p + is, e3 = p — ig, itis seen that 


SIN sds 
a VS pHo) 2 die — 8)(8 — e)(s — es) 








KZ sds 
iG Jr 24(s — la — H 
Observe that the left-hand integral is 
fes — Fon = $m + m) — äis — m) = gel, 
In the right-hand integral put e = p — ı and it follows that 


— gel = OS NM 
(6) m L 24(8p — HUF Ae — 2) 


To evaluate this integral write with Lucien Lévyf (see page 
95) 





s- l 
wea 
We have at once 
3p + ü , 
jp ppm € — PH Gef 
or d 
3p t 


ege eer? 2aB = a 5 


1 
aê + g? are 


As the sign of « is arbitrary, we shall take it positive; while 
the sign of £, from the second of the formulas just written, is 
the same as the sign of t. ‘This may be indicated by the nota- 
tion er, 

*See for example Schwarz, Formeln, etc., p. 87. 


Précis élémentaire de la ‘Théorie des Fonctions Elliptiques, published 
by Gauthier-Villars, Paris, 1808. 
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It follows at once that , ‘ 
_ Lei e+e 
"E Ware 
8- „Net V9p? + t — 3p. 
E +ë 


Write (p — die + 48) in the form at — Bp + ilap + Bt) 
and put gel = A + iB. From formula (6) it is seen that 


to dL 
t-e 2V2 VOp? + tog? — t 
x [ev 8p + Vp? + F — pe. N V9? +B — 3p], 


+o di 1 
Bl 248 Api 3-8 A — B 
X Lo*3o + Wr tete N 9p? +B — 3p ]. 


If we write A in the form 
Lf 
Y = 0 


and in either of these integrals make the substitutions t = — 7, 

it is seen that the one is the negative of ‚the other, so that 

A= 0. This was evident à priori, since m = Une ) is a pure 

imaginary, ¢ being an odd function and ws’ a pure imaginary. 
It also follows that 

5 to at 


i Jæ ap +E T —# 
x Lane + A953 + E + t| Op? + 8 — 3p ]. 


In this expression put 9p? + 2 = x”, and it becomes, if 
i> 0, 


wo (7 G-3e 
q) Ä t L. A2(x — 3p)(M* — z*)' 


C a 


i 
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where * 
M? = 9p? + o. 
To evaluate the integral (7), writez = — t + p, and we have 
=> r =p—H 
(8) "uf (t+ p)di "T 
i t= 2V(E— WE — t) — ta) 
where ; 


L=p+M, k=- än b=r-M ht GO. 
Write i 

e di 
un NAG — WG — t9 


so that t= pu, an elliptic function with half-periods, say, 
w, o, ell = oH a’. 

The above transformations, although somewhat compli- 
cated, are instructive and are due to Lévy, loc. cit., pages 96 
and 97. In the next substitution, however, he makes a rather 
curious mistake: For du he writes the value just given and 
‚associated with it he writes t = p(u + w”). This of course 
vitietes his results, which are repeated under the heading 
“ Principal Formulas,” page 221. The formula (8) becomes* 


"= 8 f. (gu 4- p)du 


= AB[— tw! + tu" + pa! — pw] = V2(n — po). 


The values of 7 and 7’ expressed in the Legendre normal forms 
are given in most text-books; see for example Schwarz, loc. 
cit.; page 34. Schwarz fails, however, to give the correspond- 
ing values of ga and ge. 

It is seen that 


=n _ SS _ i,K’ BS E | 
E- sein 2) 


_ NR, Se es 


* Here again we must be careful regarding the sign of di/du=+V . 
See, for example, Appell et Lacour, Fonctions Elliptiques, p. 72. 




















] 
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The integral in formula (8) may be again calculated as fol- 
lows: Write* 


80 that 
M — z = (M — 3p)sinty, 


£ — 3p = (M — 3p) cos? o, M + z= 2M[1 — k^? sin?o], 
where 


k’? = 3-25, dz = (3p — M)2 sin g cos e dq. 


The integral in question becomes 





ef © =Wsintto+M—%, . 
JM Vi — Eine S 
e ET IE kPsin?o 
d 
. 2M dp _ due ce M — 2p Ei 
4M Een — k"sin?p 4M 
iip - Te as above. 
Note that a = — 2p. It is seen at once from formulas (1) 


and (2) above that 7.’ is had from y3 by changing the sign of 
es and raultiplying the value of o, by — i and putting E for k. 
We thus have 


m= else. (: = 7) x |, 2p=—&, — M3—9pi-l-g?, 


we dioe (14) Re], 


nol — 10s = 1[2E K' + 2E'K — 2KK] = ie. 


The relation to the fight is, of course, Legendre's celebrated 
formula. 





* Beo formula (17), page 45, of my monograph mentioned above. 
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One can judge from the present paper the little value of 
the Weierstrassian formulas when the applications of the gen- 
eral theory are involved or whenever any kind of numerical 
computation is desired. One sees also how easy it is to intro- 
duce errors in the calculation. The book of Lévy already 
mentioned is in most respects an excellent work, certainly 
from the standpoint of applied mathematics, much of the 
material being new; but when a substitution involving an 
elliptic function in the Weierstrassian form is introduced, the 
book is not free from errors. For example, not to mention 
many inaccuracies, besides the mistake already cited, it is 
seen that on page 82 of Lévy’s book a + ea + ey +0. The 
same error is found on page 156, while in the calculation of 
fu, the functions introduced on page 104 are incorrectly given. 
At the end of my larger work, volume 1, the Weierstrassian 
functions are put in juxtaposition with those of the older 
theory and it is seen that thereby nothing new is added. 

UNIVERSITY op CINOINNATI, 

June 14, 1918. 


ON PLANE ALGEBRAIC CURVES WITH A GIVEN 
. SYSTEM OF FOCI. 


BY PROFESSOR ARNOLD EMOH, 


(Read before the American Mathematical Society, April 27, 1918.) 


1. Let: 
(1) . $(,9,w) = 0 
be a curve of class n, and 
(2) uk + 0 + wf = 0 


a line with the coordinates u,v, w, and z' = EI, y' = n/t 
current cartesian coordinates. Then 


(3) , —l-ġ— int (zt iyt-0 


is à line which passes through the point (z, y) and the circular 
point I with the slope d, The coordinates of (3) are u = — 1, 


H 
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v= — i, w = z+ iy. Consequently, if these satisfy (1), 
then the line (3) will be a tangent of (1); and as it passes 
through the point (2, y), this point will be a focus of the curve. 
Hence, to find the real foci of (1), we have to determine real 
values of x and y in such a manner that 


(4) é(— 1,— i, x + iy) = 0. 


In other words, we have to solve the equation of the nth 
degree in w, 
(5) di 1, = D w) = 0. 
The n complex roots of this equation interpreted in the car- 
. tesian plane are the required foci.* These are also obtained 
by writing (4) in the form f(a, y) + ig(z, y) = 0, where f and 
g are real polynomials in x and y, and by finding the inter- 
sections of f and g. In this manner we get n? solutions of 
which n are real and correspond to the n roots of (5). The 
remaining n(n — 1) imaginary solutions are the associates of 
the n roots of (5). 

2. Conversely, when the foci 21, 22, *  *, Za of a curve are 
given in a complex plane, we can easily form the equation 


n 


(6) ALG — a = + art art. , . F an = 0, 


I= 


with these as roots. The curve of the nth class with these as 
foci has the form 


d= w+ (antt oam 1+ (a210?+ Ggsrut agu jw? 
(7) + (ant + aavu + au? + aww t 
+ asit + aniu + +. + Onti" = O. 


The foci are conversely obtained by putting in this equation 
u = — 1,v = — i, and solving for w. In this manner from 
(7) we get 


ap + (ian — anju + (— an + tan + oaala" 
+ (ias + asn — tas — ayw +. 
+ (— Ham — (— 9)" loa LU ant o 
+ (— Yon = 0. 


* Siebeck: “Ueber eine neue analytische Behandlungsweise der Brenn- 
punkte,” Crelle's Journal, vol. 64, pp. 175-182 (1865). 


(8) 
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In this equation we can determine real values of the aj 

Gj, k = 1, 2,3, - - - , n) in an infinite number of ways in such 

a manner that (8) becomes identical with (6). For any such 

a set of a's (7) represents a curve of the nth class with the 
given points as foci. 

To 'obtain the coordinates of (7) in projective point’ co- 

` ordinates £, y, ¢, we must eliminate w, v, u between (7) and 
the three equations 

l EP 0$ db 
(9) E S n= à» ' 
as is well known. 

3. When an n-ic F(z, y) = 0 is given, the foci may be found 
by making the substitution y = ir + c, and by establishing 
the discriminant for the equation F(z, ix + c) = O in z. This 
leads to an equation in e whose roots determine the foci. If 
cy = A, + +B, is such a root, then, as c = y — iz, the co- 
ordinates of the corresponding focus are z = — Br, y = Ap. 

Another method for finding the foci of an n-ic is suggested 
by the foregoing results: Establish the equation (u, v, w) = 0 
corresponding to F(x, y) = 0 by the well known method of 
elimination, as suggested above for the converse case. 

4. As an example éonsider the circular cubic* 


(10) F= (£? + y9)z- yz? = 0, 


whose cartesian equation is obtained by putting z= 1. The 
equation of the equivalent curve of class (6), in line coordinates 
u, v, w is obtained by eliminating z, y, z between (10) and 
(11) u= OF/Ox = 3z? + y, v= Zonk w= us, 
After this rather tedious process the required equation be- 
comes 
(12) 4w® + 24uvw! — (ut — 30u*v? — 270%)? 

— 4u®o(u? + 99?) = 0, 
Setting u = — 1,9 = — 1, this reduces to 

Y 
(13) w + biw — w* = 0, 
* Seo Annals af Mathematics, vol. 14, pp. 57-71 (1912). 
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whose roots are wi, 2 s 4— £4V2(1+%)(—3+ N8), 
ws = 0, w = 0. The coordinates of the foci F; of the cir- 
cular cubic (10) are therefore 


Fa=p= 2-3%, FKa=n=-2+4%), 
Bo=yp=-2-3%), Filmy = y = 2+ $12), 
Fils = ys = 0), Felts = ys = 0). 
Fs and Pe coincide with the origin, and form a quadruple focus 
which lies on the curve. It is called quadruple, since it may 
be considered as the intersection of two two-fold tangents at 
the isotropic points. 

The foci Fi, Fa, Fs, F4 of a circular cubic lie on a circle, which 
in this case degenerates into a straight line, the bisecting line 
of the first and third quadrant. 

b. Confocal conics.—Let Fı(1,0) and F:(— 1, 0) be the foci . 
of a system of confocal conics. Then the determining equa- 


tion is w? — 1 = 0, and the system of curves of the second 
class with these foci is 


w? — au®— (a — 1)? = 0. 
The corresponding cartesian equation is 
a? y? 


a "ol 


l, 


which, for a variable a, represents a system of confocal conics. 
6. A certain class of curves, admitting the nth roots of unity 
as foci. The equation determining these foci is 


(14) ww" —1=0, 
and the corresponding cyrve of class n has the form 
(15) w^ — (a + ayo lu + atu? 
Logg, H aut) = 0, 
in which, when n is even, say n = 22, 


a(— D* + e(— D? H a(— 1 m1 
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For an even X, this becomes 


.«— drt o — =]. 
For any X, there is œ — as+ og— «-- = 0. When A is odd, 
then — a - os — wa + --- — 1. When n is odd, say n = 2) 
+1, then œ — ar: + u — -= 0, and a; — ag d- og — :-: 
= 1, when A is odd; — a + a4 est, = 1, when A is 


even. F 
We shall, in particular, consider the case where (15) has 
the form’ 

(16) ‚wette, 


in which n and k must both be either even or odd in order that 
(16) may reduce to (14) for u = — I, v = —li, 

a rather complicated process of elimination the car- 
tesian equation of this special class of curves with the nth 
roots of unity as foci becomes 
GEZ 
Q7) ty = (— pen. 


ap, (n — 2h)*™’ 
which is an nic. For n= 3,k = 1, we get the cubic 
hyperbola xy? = — 4/27. The condition for a proper n-ic 
in (17) is evidently n — 2k > 1,n 23. 

Uxsvarsıty op Dom, 


! 


QUADRATIC SYSTEMS OF CIRCLES IN 
NON-EUCLIDEAN GEOMETRY. 


BY PROFESSOR D. M. Y. SOMMERVILLE. 
(Read before the American Mathematical Society, October 20, 1918.) 
$ 1: The equation of any circle can be written 
Qu n kS — oà = 0, 
where S — 0 is the equation of the absolute, and 
a = lz + my + nz Se 0 


is the equation of the axis, the center being the absolute polar 
of this line. 
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If the circle belongs to a one-parameter system, the coeffi- 
cients k, l, m, n will be functions of the single parameter X. 
The degree of the system is the number of circles which pass 
through a given point, and its class is the number of circles 
which touch a given straight line. 

If 


S = ag? + +--+ 2foysat = (Sk)? = 0, 
Y= A£ + +++ + 2Fomt + ++ = (Zi)? = 0 


represent the point and line equations of the absolute, the 
line equation of the circle (1) is 


(2) ES — (bon? + com? — 2fomn)? — +: 
+ 2( fo? + aomn — honl — golm)nt + ::: = 0, 
which may also be written 
IG — kA}? — (ZCA4L + Hm + Gn)é}? = 0. 


The system of circles will be of the first degree only if l, m, n 
are constant, and k = (añ + b)/(cX + d); it is then also of 
the first class. Hence the only linear system of circles is a 
concentric system. 

$2. If 1, m, n are of degree r in ^, while E is of degree 2r 
or 2r + 1, the system is of degree 2r or 2r + 1 respectively, 
and its class is also 2r or 2r + 1. Hence the degree and class 
are in general the same. 

$3. We shall confine our attention now to a quadratic 
system. The most general form may be written 


(3) (pM + 24 + 7)8 — (Aa + pY = 0, 


where o and f represent distinct fixed lines, and p, q, r are 
given constants. If the lines o and f coincide, the equation 
of the system reduces to 


(pM + 29 + r)S — (A+ Ka E 0. 


For all values of A this represents a system of circles with axis 
a, i. e., a concentric system. ‘Though apparently a quadratic 
system, it is really linear, for two values of A correspond to 
each circle. 
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The lines œ and 8 may be replaced by any two distinct 
lines through their point of intersection without in.any way 
altering the system; they might, for example, be the tangents 
to 8, or a pair of conjugate lines with regard to S. 

The axes of the circles form a pencil of lines Aa + 8 = 0 
through the fixed point 4 = (of), and the centers are collinear 
on the line a, the absolute polar of 4. 

$4. Envelope of the system. Writing the equation (3) in the 
form 


M(pS — o?) + 2A(gS — o8) + (r8 — p) = 0, 

‘the equation of the envelope is 

(aS — aß)! — (pS — è) (S — 8) = 0, 

LÉI — pr)S* + (ro? + pp — 2gaB)S = 0. 
Hence the envelope consists of the absolute S and a conic 
(4) K = (pr — q)8 — (ro? — 2908 + p) = 0. 
` The equation (3) nm be written in the form 
(E) (PN + 2g + K+ Ia + r)a — (A+ BI? = 0, 


which shows that every circle of the system has double contact 
with the conic K, and the chords of contact all pass through A. 

$5. Limiting lines. In general there are two circles of the 
system which degenerate to coincident lines, limiting lines. 
The values of A are the roots of the equation pA” + 29A +r = 0, 
and the two lines are ro? — 2ga8 + pg? 0. These form a 
pair of common chords of S and the conic envelope K, i. e., 
a pair of focal lines of K. Their point of intersection A = (af) 
is therefore a center of K, and its absolute polar a is an axis 
of K. Hence the line of centers of the circles is one of the axes 
of the conic envelope, and the point of concurrence of the axes of 
the circles is the corresponding center of the conic envelope. 

The two limiting lines are a pair of focal lines of K; the centers 
of these two degenerate circles are a pair of director points of K. 

§ 6. The pairs of corresponding chords of contact of the circles 
with S and K form an involution whose double lines are the 
limiting lines. 

To the line Aw + B = 0 corresponds the line 


l (qA + r)a — (PA + 98 = 0 


1. e., 
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OF, SN ; 

na t B = 0, 
so that 

BDA + q) + (A +r) — 0, 
1. e, 


pM T ga + uw) +r = 0, 


a symmetrical lineo-linear relation. The double elements are 
then given by , " ; 


(ORE pM 3r 0, 


' the roots of which correspond to the two limiting lines. 
If the roots of the equation (6) are c, d, and the limiting lines 
are y, ô the equation of the system of circles can be written 


A —090 —48— (y —d) — 6A— oc) P= 


‘Then we find that 
| K=8 4 4b, 


and the equation of the system can be written also 
a — Q( — AK — {YA — d) + 60. — o»? = 0, 


which verifies that the two chords of contact of any circle of 
the system with S and K are harmonic conjugates with regard 
to y, à. 

From this symmetrical relationship it follows that if one 
circlé has as chords of contact with S and K the lines u and v 
respectively, there is another circle of the system which has 
as chords of contact v and u respectively. . 

$ 7. Limiting points. Sand K have four common tangents. 
Any;two of these taken together form a degenerate circle . 
having double contact with S and K. But of these pairs 
just pne pair have their centers on the given line of centers 
of the system of circles. Hence there are two circles of the 
system which degenerate to a line pair (point circles) and their 
centers form a pair of foci of the conic envelope K. We shall 
call these two points the limiting points of the system. 

§ 8.. Associated systems. Let A, B, C be the three centers, 
a, b,,c the corresponding axes of the conic K, and let f, f'; 
g, 9; h, W be the focal lines through A, B, C respectively; 
F, Fi; G, G';. H, H' the foci on a, b, c respectively. Then 
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there are three systems of circles, one with limiting points 
2 5 and limiting lines f, f’, the second with limiting points 
‚@',etc., 
$9. Horocycles. In general the system contains two horo- 
cycles, corresponding to the two values of À which make the 
line Aa + 8 = 0 a tangent to S. These values of X are the 
roots of the quadratic E 


NL)? + 2A) + (Zh)? = 0. 


§10. Degenerate systems. "The discriminant of the conic 
envelope 


. K=(pr— NS — (ra? — 2qaB + pf) = 0, 
where 
S = (aobocafogohokeyz)?, 
a = hig + my + mz, fett my + mz, 


and 
is 
(7) (pr + PHAolpr — di — SCH + Zeta 


= Ch + (Simna = Manı)?] = 0, 


Ao being the discriminant of S. 
If'pr — g? = 0, the equation of the conic envelope reduces to 


ro? — 2gaß+ pë = 0, 


which now represents two coincident lines. As an envelope, 
the conic degenerates to two points. Put p = k, q= k, 
r = 1; then the equation of the system of circles (3) becomes 


(kX + 198 — Qa + BF = 0, ' 


i. e, 
MES — o3) + 2A(kS — ap) + (S — 8*) = 0.. 
Now 
BS — of = ES — e) + (28$ a), 
and 


kS — aß = k(S — B") + 8(k8 — o). 
Hence the three conics KS — o? = 0, kS — a8 = 0, S — 8*—0 


have two points in common, their common chord being 
«& — kB — 0. All the circles of the system therefore pass 
through these two fixed points, and this point pair is the 
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degenerate conic envelope K. We have then a coazal system 
of circles. 

When the other factor of the discriminant (7) vanishes, the 
conic envelope reduces to two distinct lines, and we have a 
homocentric system of circles with two common tangents. 
Multiplying the factor by Ao, the condition can be expressed 
in the form 


|Aop — (Zih)?IlAor — (Zhle)?] — [Aog — (hl)? = 0. 


§11. The system will be specialized also if the conic 
envelope is a circle. If K is a circle the common chords 
ro? — 2qaß + pf? = 0 must either coincide or be tangents 
to the absolute. In the former case, however, K degenerates 
to these two coincident straight lines, or, as an envelope, to a 
point pair. . 

The equation of the tangents from the point (af) to the 
absolute is 


of (Zl — 2e8 (20.05) + EIN? = 0. 
Hence the conditions that K should be a circle are 


p= kth)’, q= KOMA), r= Fän, 


Then 
pr — È = PAd(Shmine — many)”, 


and the discriminant of K, (7), becomes 
kA? [ (Sting — manı)?? (kAo — 1). 


In this case therefore K does not in general degenerate further 
unless the point (af) lies on the absolute. Hence the conic 
envelope may be a circle, but cannot be a horocycle. 

When K is a circle its axis is the line of centers of the circles 
of the system. The common chords with S and K, being 
harmonic conjugates with regard to the two common tangents 
of S and K, are at right angles. The chords of contact with 
K all pass through (of) and are therefore perpendicular to the 
axis of K. Hence all the circles of the system have equal 
radii. The system therefore consists of & system of.equal 
circles with collinear centers. The limiting points reduce to 
the two absolute points of K, and the limiting lines to the 
absolute lines of K. 
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812. Taking two conjugate lines through (of) and the 
absolute polar of (o) as the triangle of reference, the equation 
of the general quadratic system of circles can be written 

(+ 2A + Na+ P+ A — Ort ENER 
Let the radius be p, then - 

(aa + y» pM + 29 E fr 

= 25 = G = 
8) droe tw Xl oC 
Hence there are in general two circles of the system with a given 
radius. ; 
. Let-the parameters of the two circles be Au and As, which 
are the roots of the equation 
m ^ MH ANF WA+ e- ë) =o. 
Then 





A+ Ae = — 2g[(p — éi 
MM = (r— e)p- e. 
Eliminating c?, we get | 
Ad — $(p — Ou + Al — 9 = 0. 


Hence the parameters of pairs of equal circles are connected by 
an involutorial homographic relation. 

There are two coincident pairs of equal circles, whose param- 
eters are the roots of the equation 


qi —(p—-70*^—4-70, 


and it is easily verified that these are the circles of maximum 
or minimum radius. The radii of these two circles are found 
by expressing the condition for equal roots in the equation 
for X, (9); we get then the equation 


c — (p4- rne-4 (pr — 9) - 0. j 


if these two values of the radius are equal, all the radii will be 
equal. The conditions for this are q = 0 and p = r. Equa- 
tion (8) cannot then be satisfied except for a particular value 
of c. 
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|; 
If there are three circles of the system with equal radit, all the 
circles of the system must have equal radii. 
$18. Two-parameter system of circles. There is no linear 
two-parameter system of circles. The general quadratic sys- 
tem can be written in terms of the homogeneous parameters 
A, p, v 


(10) (aX + b? + 09% + fay + 29A + 288 
' — Aa + uB + vy = 0, 


where a, B, y represent three straight lines. 

If the lines a, B, y are concurrent, so that y = la + mg, 
then, putting A + ly = M, p+ m» = p', the equation can be 
reduced to the form 


+ + 2f'u'v! + --)8 Die up = 0. 


This represents a system of circles in which the only restriction 
is that the center lies on a fixed straight line, the polar of (a). 

If a, B, y are coincident the circles are concentric with 
center the pole of a. 

Passing to the general case in which a, 8, y form a triangle, 
we can transform the equation by a linear transformation so 
that the triangle a, B, y is transformed into a self-conjugate 

triangle of the absolute. Taking this as triangle of reference 
the equation can be written in the form 


(11) ` PS — (Ax + uy + va) = 0, 
where 

So yt a i 
and 


Py = ad? + but + o + 2fuy + Qgvd-+ Zhu. 


The center of the circle is therefore (A, u,v). When‘:u:r, 
are given, the circle is fixed, hence, with a given point as center 
there is one and only one circle of the system. 

The line equation of the circle (11) is found to be 


Out PAEH + 19 — OE un D = 0, 
‚or : ` 


23) ` Pod — (AE + un + vf)? = 0. 
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814. Locus of limiting points and envelope of limiting lines. 
The discriminant of (11) is 


P,— M — pr — yÀ 
.—M Pı- wë — Dies 0 
| — — w P—» 


i. e., 
PHP — Av Éis D or PPP) = 0. 
If P, = 0 the circle (11) degenerates to two coincident lines 


Az + uwy-+vz=0. The line equation of the envelope of these 
limiting lines is therefore 


a£ + by? + of? + Qfnt + 2gt£ + Qhtn = 0. ' 


The point equation of the envelope of limiting lines is therefore 
3) Sr = Ax + By + Cz + 2Fys + 2822 + 2Hzy = D. 


The locus of the absolute poles of these lines, or centers of the 
circles which degenerate to coincident lines, is the reciprocal 
of Si' with regard to S, and its point equation is 


(14)' Si = az? + by! + ez + 2fys + 2g2z + hay = 0. 


The circle (12) degenerates to two distinct straight lines, or a 
point circle, if Po = 0. The center being (X, u, »), the equa- 
tion of the locus of point circles is therefore 


(15) . Som S— 8, = 0. 


The envelope of the axes of the point circles is the reciprocal 
of (15) with regard to S, and its point equation is thus found 
to be ` 


(16) Bel = 81 + Sy’ + (1 = Za)S = 0. 
§ 15. Horocycles. The circle will be a horocycle if the line 
Az + uy + va = 0 is & tangent to S, i. e., if 
V+ w+ - 0. , 


Hence through any point there’ pass four horocycles of the 


system. 
H 
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$16. Consider the circles of the system whose centers lie 
on a given line lz + my + nz = 0. We shall call this a row 
of circles. 
We have d 
, A = m+ n» = 0. 


Eliminating v, we get 
béie? + än + but) — Qn(gd + Su) + mu) 
Leila + mp)}S — [naz + uy) — (A+ my)? = 0. 
This is a one-parameter system of circles 
(17) [(an?—2gnl--cP)--2(hn?— gmn—frl-+clm) dp ` 
` +(bn?— 2fmn--em?)u*)8 — [(nz — Ig) M4- (ny—ma) P= 0, 

having as envelope the conic 
(18) T=(AP+ Bm?+ On?+2Fmn-+2Gnl+2Hlm)S 

— Za* (om? — 2fmn-- bn?) J-2Zyz( fP--amn— hnl— glm) — 0. 
This is a two-parameter quadratic system of conics. Two of 
the foci of T are limiting points of the system of circles and 
therefore lie on the conic So, and the corresponding directrices 
` touch the conie So’; the two corresponding focal lines are 
limiting lines of the system and therefore touch the conic 


S1’, and the corresponding director points lie on the conic Si. 
$ 17. The two lines 


Zeiten? — 2fmn + bn?) — 2Zyz( fF + on — hnl — glm) = 0, 


which pass through the point of intersection of nz — lz = 0 
and my — mz = 0, i. e., the point (l, m, n), are in fact the 
tangents from this point to the conic S;', and the equation 
of the conic envelope can be written 


T — (AB + --. +2Fmn + -- (A8 — Sy’) 
2M — [e(4l-+ Hm 4- Gn) + 
Hence the conic E T all have double contact with the fixed 
conic AS — EIN = 
If the conic’ S’ din with the absolute S, the conics T 


are all circles. In this case all the circles of the system have 
equal radii. 
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We shall consider in the next section what rows of circles 
with equal radii exist in the general system. 
§ 18. Let p be the radius of the circle ° 


Piet + +e) — Att uy t v2? = 0. 
Then i 
ae Qa + uy + va)? E Pi 
PU (GP EYE PETA) Viet 
If the center (X, u, v) is given, the radius is in general deter- 


mined, so that with a given center there is in general just one 
circle of the system. ' p will, however, be indeterminate if both 


P,=0 and X+ Ptr. 





Hence if the center is at one of the four absolute points on the 
conic S; or So the radius is indeterminate. 

Consider the locus of centers of circles with a given radius. 
The equation of the locus is 


(aa®-+ by? + ez 2fyst Qgze+ Aha — (+ y’+2°) cos? p= 0. 


Hence the locus is a conic homothetic with S; and So. 

Putting cos? p = r, the values of r for which this conic 
breaks up into a pair of straight lines are the roots of the 
equation 


ar k` g 
h b-rf = 0 
g f c—r 


This equation has three real roots, hence there are three pairs 
of rows of circles each with equal radii. , We shall call the lines 
of centers of these circles the equiradzal axes. 

The three pairs of equiradial axes are common chords of S and 
Sa, 1. e., the pairs of focal lines of the conic Sı (or So). The axes 
of these rows of circles are concurrent in three pairs of points 
which are the director points of S1 (or So), or the foci of Sy’ (or So’). 

These results are easily proved also directly by taking as the 
triangle of reference the common self-conjugate triangle of 
S and Si, so that the equation of the system becomes 


(aX + but + cy?) (a? + g* + 3%) — (Aw + uy + va? = 0. 


\ 
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The three pairs of equiradial axes are then given by 
| (a — Dy — (e — ajè 0, 
(b — c) — (a — bje = 0, - 
(c — ajz? — (b — c)y? = 0, 


the radii being respectively cos! va, cos! vb, cos ve. 

If b = c, the conics S; and S, have double contact with S 
and are concentric circles. In this case the last two pairs of 
axes coincide with x = 0, which is the axis of S; or So, and the 
first pair reduces to y? + 2 = 0, which consists of the absolute 
tangents of S, or Sp. ar 

$ 19. The discriminant of the conic envelope T is: 


KM d 0, 
where 


2 = DAP + 2XFmn, 
Zo = (ZAP + 2ZFmn) + (Zal + 2Zfmn) — ZB(Za — 1). 


When Z,.- 0, T degenerates to a point pair. Since 3, = 0 
is the line equation of the conic Sı, we see that the circles 
whose centers all lie on a tangent to 8, form a coaxial system, 
the commen radical axis being the absolute polar of the 
point of contact of this tangent. 

Wher. Zo = 0; T degenerates to a line pair. Since Zo = 0 
is the line equation of the conic So, we see that the circles whose 
centers all ite on a tangent to So form a homocentric system, 
the common homothetic center being the point of contact of 
this tanzent. . 

§ 20. T will degenerate to a point pair for every row of 
circles if 2, vanishes identically, i. e., if P, is a perfect square. 
Then all the limiting lines pass through one point, and the 
locus of point circles So becomes a circle with this point as 
center. In this case we can prove that every circle of the 
system cuts the circle So orthogonally. 


letaq=p,b=@,c=1,f = qr, g = rp, h = pq, then 
— T = Zeie — qn)? + 22ys(pn — #1) (ql — pm) 
= [2(rm — qn). 
Hence the point pair lies on the line Z(rm — qn)z = 0 which 
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Ze through the fixed point (7, q, *), the center of the circle 
0. 


The polar of (p, q, r) with regard to the circle 
(Ep)? Dat — (ZAz)? = 0 
Ep: Dpr — ZA = 0. 


Now forming the equation of a pair of common chords of this 
circle and the circle 

So = (Zpz)* — Ze, 
we have ` 


(Zp) Za? — Lac + [(Zpx)*? — Za*](Zpr)? 
= (Zpe)’(ZpA)? — (Eze). 


Hence one of the common chords is Zpz:ZpÀ — ZA = 0, 
which is the polar of (p, g, r). Hence the circles cut ortho- 
gonally. l : 

$21. T will degenerate to a line pair for every row of circles 
of the system if Zo vanishes identically. This is the condition 
that Po should be a perfect square. 

Now every point on a circle is tangentially distant a quadrant 
from its axis, and if two circles are such that the length of one 
of their common tangents is a quadrant, say the circles are 
quadrantal, each of the points of contact of this tangent must 
lie on the axis of the other circle. The same will be true for 
the other common tangent belonging to the same pair. If 
these two tangents intersect in 0, the polar of 0 with regard to 
each circle is the axis of the other circle. ` 

Since the line equation of the system of circles is 


Pod — (AE + m + yp = O, 


the analytical work in deducing the conclusions from the 
conditions that Po should be a perfect square is exactly the 
same as that of the last section. Hence if this condition is 
satisfied, the locus of point circles consists of two coincident 
straight lines, the envelop of limiting lines is a circle, of which 
the locus of point circles is the axis, and every circle of the system 
is quadrantal with respect to this circle. 


VICTORIA UNIVERSITY COLLEGE, 
WauLıneron, N. Z., 
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CONTINUOUS SETS THAT HAVE NO CONTINUOUS 
SETS OF CONDENSATION. 


BY PROFESSOR R. L, MOORE. 


(Read before the American Mathematical Society, October 27, 1917.) 


JANISZEWSKI has shown* that if A and B are two distinet 
points then every bounded set of points that is irreducibly 
continoust from A to B, and has no continuous set of con- 
densation,t is a simple continuous arc from A to B. In the 
present paper I will establish the following result. 


THEOREM. Every bounded continuous set of points that has 
no continuus set of condensation is a continuous curve.t 


Procf. Suppose M is a bounded continuous set of points 
that has no continuous set of condensation. It has been 
shown by Hahn§ that every bounded continuous set of points 
that is connected “im kleinen” is a continuous curve. I shall 
proceed to show that the point set M is connected, “im 
kleinen.” Suppose that it is not. Then there is a point P 
belonging zo M and a circle K with center at P such that within 
every circle whose center is P there exists a point which does 
not lie together with P in any connected subset of M that lies 


*B. Janiszewski, “Sur les continus irréductibles entre deux points,” 
Journal de D Ecole Polylechnique, 2e série, vol. 16 (1911-12), pp. 79-170. 

TA sat of points is said to be connected if, however it be divided into 
two mutually exclusive subsets, one of these subsets contains a limit 
point of the other one. A set of points is said to be continuous if it is closed 
and connected and contains more than one point. A continuous 'set of 
points containing the two distinct points A and B is said to be irreducıbly 
continuous from A to B if it contains no other continuous set that contains 
both A and B. The continuous set N is said to be a continuous set of 
condensation of the continuous set M if N is a subset of M and every point 
of N is & limit point of MN. 

t A continuous curve is the set of all points {(z, y)} satisfying the equa- 
tions z = fit), y  fa(t) (0 t = 1), where fı(t) and f(t) are continuous 
functions of €. case there do not exist, in the interval (o tz 1), two 
distinct numbers é and t such that fi(h) = fi() and falh) = Bal, then 
this curre is a stmple continuous arc. 

$ Hans Hahn, “Ueber die allgemeinste ebene Punktmenge, die stetiges 
Bild einer Strecke ist," Jahresbericht der Deutschen Mathematiker-Vereini- 
gung, vo.. 23 (1914), pp. 318-322. A set of points M is said to be connected 

‘tm kleinen’ (cf. Hahn, loc. cit.) if for each point P of M and each circle 
K with center at P there exists, within K, another circle X”, with center at 
P, such that if X is a point of M within K’ then X and P lie together in 
some connected subset of M that lies entirely within K. 


` 
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entirely within K. Let Ki, Ks Ks, ::- denote an infinite 
sequence of circles with center at P such that the radius of 
K, is r[2n, where r is the radius of K. ‘For every m there 
exists, within K,, a point X, such that X, and P do not lie 
together in any connected subset of M that lies entirely within 
K. Let K denote a definite circle, with center at P, that lies 
within K and encloses Kı. By a theorem due to J: aniszewski,* 
M contains at least one point set that is irreducibly continuous 
from X, to P. Let t4, denote one such set. The set in is & 
subset of M and M has no continuous set of condensation. 
It follows that t, has no continuous set of condensation. 
Hence, by the first of the above mentioned theorems of 
Janiszewski, t, is a simple continuous aret from X, to P. 
This arc can not lie entirely within K. Let Y, denote the 
first point, in the order from X, to P, that it has in common 
with K. The interval X,Y, of the arc t, lies, except for the 
point Y,, entirely within K. There exists m such that if 
n = m then X,Y, has no point in common with XıYı. For 
otherwise there would exist an infinite subsequence Aii 


- X Ya, XNald, o of the sequence X Yı, XaYa, XsYs, +- such 


that, for every n, X,Y, has a point in common with X;Yi. 
The point set composed of the point 27 together with the sum 
of the arcs X Y, E: Eu, Xs Ys, XsYs Sep would then be a 
connected point set lying within K and containing both P 
and X;. Thus a contradiction would be obtained. Similarly 
there exists ns, greater than f, such that if n = n then Xn Yn 
has no point in common with Xn, Ya. There exists nz greater 
than n, such that if n > ns then X,Y, has no point in common 





*&. Janiszewski, “Sur le géometrie de lignes cantoriennes," Comples 
Rendus, vol. 161 (1910), pp. 198-201. . 

+ It may be of interest to note that in order that a bounded continuous 
set of points M should be a continuous curve it is not sufficient that every 
two points of M should be the extremities of a simple continuous aro lying 
wholly in M. ‘To see this consider the following example. . 

Example. Let AB denote the interval from (0, 0) to (0, 1), in a rec- 

of coordinates, and let By, Bs, Bs, * denote the pointa 
0,1,0, 5,0, 20,7 respectively. e point set composed of the 
intervals AB, I ÄB,, AB;, -+> is a bounded, continuous set of points 
M every two points of which can be joined by an aro that lies in M. But 
M is not connected “im kleinen” and is therefore not a continuous curve. 

However in my p& “A theorem concerning continuous curves," 
this BULLETIN, vol. 23 (1917), pp. 233-236, I pro the truth of the con- 


. verse proposition that every two points of a continuous curve are the ex- 


tremities of at least one simple continuous arc lying in the point set 
constituted by that curve. 
à 
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with X,,¥,, If this process is continued there will be ob- 
.tainec an infinite sequence of ares X,Y, aan X, Y, 
“++ no two of which have any point in common. For each 1, ` 
the arc X, Y, contains, as a subset, an arc W,,Y,, which 
lies between the circles K and Kı, except for the points Wn, 
and Y, which lie.on K, and E respectively. There exist 1) 
on K an infinite sequence of distinct points Y', Y;', Yy’, Pai, 
-++, 2) or K an infinite sequence of distinct points W', Wy’, 
Wy, V, «++, 3) an infinite sequence of distinct arcs Wy Yy’, 
WyYy, Wy Yy, --- all belonging to the set Wn, Yn, Wak ai 
WR ---, such that Y is the Sequential limit point of the 
sequence Yy’, Kat, Ys’, --- and W' is the sequential limit point 
of the sequence W,, Wy, Wy, «++. No two of the arcs 
BK, Wal Yd, WF Yy, --» have a point in common. It 
easily “ollows that there exists a closed connected point set N, 
containing Y' and W', such that every point of N is a limit 
point of the point set constituted by the sum of the arcs 
Wr Yi, We! Y's, Ws Ye, «+. The point set N is a continuous 
set of condensation of the set M. 
Thus the supposition that M is not'connected “im kleinen” . 
leads to a contradiction. It follows that M is a continuous 
curve. 


UNIVERSITY op PENNSYLVANIA, 
PHILADELPHIA, Pa. 
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DERIVATIVELESS CONTINUOUS FUNCTIONS. . 


BY PROFESSOR M. B. PORTER, 
(Read before the American Mathematical Society October 26, 1918.) 


THERE is no more interesting illustration of the refinement 
of geometric intuition through the influence of the arithmetiza- 
‚tion of mathematics than that presented by the history of func- 
tions of this type. No less a mathematician than Ampère, not 
to mention Duhamel and Bertrand, thought he had actually 
proved that continuous functions had derivatives for all save 
a finite number of arguments. Darboux in his paper on 
“Discontinuous functions” published in the Annals of the 
Ecole Normale for 1875, though dated January 20, 1874, in 
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connection with his example of a function of this class mentions 
only one auditor, M. Bienaimé, who said that he was uncon- 
vinced by Ampére’s, proof. Darboux makes no mention of 
Weierstrass’s work published in 1874 in Crelle on the function 
Za”cos b"z and was doubtless not aware of it. Du Bois- 
Reymond was so awestruck by Weierstrass’s curve as to pro- 
voke some rather jocular remarks by Wiener in the introduc- 
tion to his paper on Weierstrass’s curve in the 90th volume 
of Crelle’s Journal. 

It does not seem to have been noticed by writers who have 
considered these functions, especially of Weierstrass's type, 
that a considerable simplification of treatment was possible 
by a more obvious choice of the öx used in the incremental 
ratio and that other advantages might result from such an 
innovation. 

We begin by treating in detail a Weierstrass function 


Wie) = Ja" sinb” re |a|« 1, b integral. 
H 
Setting | 
Be = Al), k integral, 


we get by applying the mean value theorem to the first N 
terms and a trigonometric identity to the last term, 


(1) SEG = 53 (ab)* cos b*r(z + 08) 





2o kr à k 
` + r(al)" sin 7r; cos (b a +5)" 
Evidently the absolute value of the first N terms is less than 
Sais < labi" 
Een 
“if |ab|> 1. As to the last term in (1), if we ‚suppose that 


k IA $5, which implies that 4 is a factor of b, it is, in absolute 
value, 


(2) 2 lab” g p eos (bre +f) x 
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In this expression we can find two values of k, kı and ks, 
such that 


40 n kı 1 : 
1°. 12 cos (bre +5 m2 75 oe 
25. 2 cos( oret) r 2 — 1 


where k, and kz have opposite* signs. 
Thus for these values of k 


viii. ms (vs + d r| = oe 
The last term of (1) will thus dominate in sign and magni- 
tude the first N terms if 
|ab| > 1 + žr. 
Hence the right and left incremental ratio which we oi 





cons:dering will become infinite with N but will always have/ 
oppcsite signs. / 
This proves that W(x) has a derivative for no value of . 
Making use of the remark at the end of the footnote, we 
can Drove that, except possibly for a set of z-points of Borel 
measure zero (null set), W(x) has neither a backward nor a 
forward tangent.  . ; 
To do this suppose z written in system radix b, i. e., 


b; b 
c= bE tate, 


where bı, bs, ete., <b. All those ais in which any one of 
the digits 0, 1, ---, b — 1 fails to occur infinitely often form 
a null set. Hence, except for the points of the ‘null set [x] 


*This can be seen at once from a diagram. Divide the angle 2r 
into & equal parts. If for Sees bar lies in the first octant, one and 
possibly more values of k can be found between 1 and Ab so that 1? holds; 
while one or: possibly more values lie between 0 and — b/4 for which 2 
holds. Similarly for the other octants. 

Moreover it is clear that if b*zx has its terminal line between Ix and 
(I + 1/b)r, I integral or zero, a positive ki can be found for which 1? 
holds and another positive ks for which 2° holds. If b’rz lies between 
g +Ê — 1)/b)r and (I + Us, two negative En can be found for which 

° and 2° hold respectively. ; 
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for which b; = 0 and b; = b — 1 fail to occur infinitely often, 
the right and left incremental ratios have each for their upper 
and lower limits + © and — respectively. The set E 
is made up of a countable number of perfect null sets and is 
. everywhere dense on the line; it is consequently not closed. 

At the points of [z] W(x) might possibly have vertical 
cusps but not elsewhere. 

It will be noted that the signs of the individual terms of 
our series are of no significance and hence can be arbitrarily 
changed to + or —. This conclusion does not seem to follow 
from Weierstrass’s proof. 

Weierstrass (also Dini and others) unnecessarily require that 
‚b be an odd integer; our restriction that b be a multiple of 4 
can evidently be removed if |ab| > 9, and the proof just given 
will remain valid. 

The formation of an extensive oe of such functions 


Wa) = Puti sin m TT or Ka COS nET, 
0 0 


i, integral, is easy. We require: 
1°. Uniform convergence when | S x < L. 

. 2°. i, must divide 2,4; and for an unlimited number of n's 
their ratio must either be divisible by 4 or increase 
indefinitely with n. 

3°. > Un (2) must be uniformly convergent by Weierstrass's 
0 ` D 


G test, Se S L. 


N-1 
4°. Ze 3. [ius (2) |< |¢yuy(z)| in the interval of convergence 
H 
of We). 


These conditions are merely sufficient and 2° and 4° admit 
of certain obvious modifications. Functions which fulfill 
these conditions will have no derivatives in the interval (IL). 

The following specimens will suffice: 


i >” S (nimz) jal> 1+ Er. 


n|cos 
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lal>1+$r (Dini). 


3. £1:8:9--- (dn F 1) 22 15-9. (An 1)) re : 
a>1 tv (Dini). 





75 denote any non-terminating decimal, 





Poo 
c Q, sin 3. 
Z io cos 1er). 
1 ai 
5 See (nla”rx), where |a] is an integer > 1. 


6. 2 onsin bass, |a|«1, |ab|>1-+ 87, has a derivative 
0 


for x = 0 but for no other value of z. 


™ (nlx) has derivatives between — 1 and + 1 and 
noderv^ vesif |z|> 1+ an. 


Lerch gives a theorem* which shows that this last function 
has no derivatives for any rational points for which |x|= 1. 
It is easy to show that it can have a finite derivative for no 


point |z|>1+ 5° 


A HALF CENTURY OF FRENCH MATHEMATICS. 


Les Sciences Mathématiques en France depuis un Demi-Siecle. 
Par Eve Picarp. Paris, Gauthier-Villars, 1917. 24 pp. 
Is the first decades of the last century the home of the sci- 

entide spirit was in France. Paris was the capital of the 

Republic of exact truth. Interest in scientific discovery and 

creation was widespread among her people. The spirit of 

literature flourished alongside the spirit of exact researches 


* Lerch, Crelle's Journal, vol. 108, p. 130 dius die Nichtdifferentiier- 
barkeit gewisser Funktionen"). 
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and both found place in the same creative intellect. Out of 
this union of elements, too much separated in other countries, 
there grew up a tradition of literary excellence in scientific 
exposition which abides to the present and contributes in no 
small way to the comfort and delight which every one must 
feel in reading a French scientific book or memoir. 

From the extreme precision and abstract character of math- 
ematics it probably does not lend itself as readily to literary 
form as most other sciences; but, even here, the French have 
found a method of presentation which renders delightful both 
the books and memoirs of her masters. On account of their 
preéminence in this respect it is probably this which first comes 
to mind when one thinks of the last half century of French 
mathematics. . 

Yet the actual and detailed contributions of French investi- 
gators to the body of recent discoveries in mathematics looms 
large in quantity and bears the distinguishing mark of the 
highest quality. Indeed, leading mastery in the art of pres- 
entation can grow out of nothing other than a penetrating 
insight into the secrets of a subject. 

Judged in the light of the excellence of French exposition 
that which is current in America is seen to fall well below 
the standard to which we should seek to attain. Among us 
there is & dearth of expository treatments, both of the sort 
by which one may get his introduction to a chapter of modern 
mathematics and of. that by which he may obtain a well- 
rounded initial view of a comprehensive subject. Our mem- 
oirs are often printed in such condensed form that even prac- 
tised mathematicians must waste in reading them time which 
might have been saved by the use of larger space in setting 
forth a more illuminating exposition. There is also a tendency 
: towards the publication of matter which is not sufficiently 
well digested in thought. Results at the half-way stage to- 
wards the goal of an investigation are harder to understand 
than those of the ultimate reach which come of a more pene- 
trating analysis. Too many memoirs appear profound be- 
cause. the writers have not discovered the simpler and more 
fundamental truths. The French are at present the leading 
masters in avoiding this defect and attaining the opposite 
virtue. 

The production of work of great value requires extended 
continuity of spirit and effort. In recent French mathematics 
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this truth is illustrated by the intimate relation of later dis- 
coveries' to the earlier work of Fourier, Cauchy, and Galois. 
A prozound study of nature was the source of the fruitful math- 
ematical discoveries of Fourier, who found in physics the first 
origins of his great analytical theories and who developed anal- 
ysis primarily for its usefulness to him as a physicist. His 
work, admirable for its clarity, contained the germ of import- 
ant methods since employéd in the fuller development of the 
theory of differential equations and of the expansion of arbi- 
trary functions. At the opposite extreme was Galois with 
his investigation of the theory of algebraic equations and their 
groups. His researches were far removed from practical ex- . 
perience and even from contact with any theory of nature. 
He wes engaged in problems belonging to the most abstract 
of pure mathematical disciplines. Between these two and 
reaching to both extremes was found the prodigious activity 
of Cauchy, whose researches extended to every domain of 
pure and applied mathematics. His greatest creation was 
that oi the theory of functions of a complex variable. 

During the past hundred years—and no less in its latter 
half tkan in its former—the theory of functions of a complex 
' variable has been in great honor among the French. To an 
extent unusual in our generation we have here a vast subject 
dominated by the spirit of a single people. It is significant 
of the character of French thought that this theory of functions 
of a complex variable is perhaps the most elegant theory of 
like extent in the whole domain of mathematics. 

The pamphlet under review is reprinted from a work pub- 
lished in 1916 with the title Un Demi-Siécle de Civilisation 
francaise (1870-1915) and thus covering the period between 
the present and the last great war fought by France. After 
an introduction of three pages, Picard gives here a brief anal- 
ysis of the French mathematics of the period, presenting his 
matter under the following headings: analytic functions 
(pages 4-9); differentiäl equations (pages 9-14); theory of 
numbers, algebra and geometry (pages 14-19); theory of func- 
tions of real variables and theory of assemblages (pages 19— 
23); some final remarks (pages 23-24). 

During the last fifty years &n important part of French 
mathematical effort has been devoted to the theory of func- 
tions both in its general aspects and as regards certain special 
classes of functions. Among those who have been’interested 
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in the general theory we may cite the names of Laguerre, 
Poincaré, Picard, Appell, Goursat, Painlevé, Hadamard, Borel. 
The demonstration of the Cauchy theorem concerning the 
zero value of an integral along a contour had formerly assumed 
the continuity of the derivative; Goursat has shown that this 
hypothesis is unnecessary. Picard has established the fact 
that in the neighborhood of an isolated essential singularity 
a function takes infinitely often every given value with the 
possible exception of at most two values; many authors have 
drawn various consequences from this remarkable theorem. 
We may also call attention to the developments, in series of, 
polynomials, of Appell and Painlevé, to the functions with 
' Iacunary spaces of Poincaré and Goursat, and to the more 
recent developments of Montel. Concerning the fundamental 
character of a power series on the circle of convergence are to 
be found Hadamard’s classic and far-reaching investigations. 
Laguerre’s study of entire functions, Borel’s treatment of 
summable series, and Poincaré’s work on multiform functions 
are other matters to which attention should be directed. 

In our period the most important work dealing with special 
classes of functions has been that of Poincaré on automorphic 
functions. The fuchsian functions afford a means of uniform 
parametric representation of any algebraic curve, “certainly 
one of the most profound results obtained in analysis in the 
last fifty years.” 

In recent years Borel has made a penetrating study and 
comparison of the notion of analyticity i in the sense of Weier- 
strass and of that of monogeneity in the sense of Cauchy, and’ 
has reached the conclusion that the latter is the essential one. 
'The detailed investigations on which this conclusion is based 
are set forth in Borel's Lecons sur les Fonctions monogénes uni- 
formes, 1917. "The essential results, however, were announced 
at the Cambridge Congress in 1912. 

In the hands of Picard the method of successive approxima- 
tion has been a useful tool in the study of differential equa- 
tions. Poincaré has introduced the general notion of asymp- 


totic representation for the solutions of difference equations - 


and of differential equations in the neighborhood of an ir- 
regular singular point. Poincaré has shown how linear alge- 
braic differential equations may be integrated by means of 
thetafuchsian series. Painlevé has done fundamental work 
in the classification of non-linear differential equations with 
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fixed critical points. Poincaré has devoted several memoirs 
to the study of curves defined by differential equations and 
has mede particularly notable contributions to the theory of 
the diferential equations of physics. The work of Darboux 
on differential geometry is everywhere recognized as of leading 
importance. The same author has also created a new method 
of intezrating partial differential equations; Goursat has de- 
voted several papers to elucidating the questions suggested by 
this method. 

The methods created by Hermite have given to the theory 
gf numbers a new and broader horizon. The work of Jordan 
on the theory of forms has realized important progress in the 
general theory of algebraic forms of higher degree. Poincaré 
has left his mark on the theory of quadratic forms. Jordan 
has mede a profound study of the epoch-making ideas of 
Galois. Halphen has extended the theory of twisted alge- 
braic curves. Cartan has contributed to our knowledge of 
the structure of groups and to the determination of. simple 
groups. 

A considerable number of memoirs, of unequal value, have 
been devoted to the theory of assemblages. Picard believes 
that some of these are without interest to mathematics and 
characterizes their theory as a sort of metamathematics from 
which paradoxes are not absent. Of the important work in 
the theory of assemblages one may select for mention that of 
Borel on measure, that of Lebesgue on integration, and that 
of Baire on the classification of functions. 

Somezimes mathematical researches are presented with an 
excessive formalism and symbolism, incapable of leading to a 
new fact and of being utilized in other researches than in those 
in which they were created. But when these last conditions 
are not realized one can think that there is no real scientific 
progress. In this respect it seems that French mathematics 
has wisely restrained itself within proper bounds and has not 
created & chapter of science which affords merely an exercise 
in logic. Whenever our science has a tendency to become too 
formal let us turn again to the work of the great creators, such . 
as Fourier, Cauchy and Poincaré, and learn from them anew 
how to create other chapters in that body of mathematics 
which is not a strange and mysterious science, but an essential 
part of the structure of natural philosophy. 

R. D. CARMICHAEL. 


f 
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Elementary Mathematical Analysis. By Jonn WEsLEY Young 
and Frank Mosr Moraan. New York, The Macmillan 
Company, 1917. 548 pp. 

Tms book is intended to meet the need which has been 
felt by many during the last years, of a more unified course 
in freshman mathematics which, without unduly neglecting 
matters of technique, places more than the usual emphasis 
upon a genuine understanding of the mathematical concepts 
and methods. The book has its faults, as have most books, 
but, in the opinion of the reviewer, it is a fine contribution 
to the problems in hand and is really a class room text. 

The central theme is the idea of functionality. This 
idea is skillfully kept before the reader’s mind, though in 
the consideration of some topics, as that of trigonometric 
relations, it is rather lost sight of. This seems to be inherent 
in the situation and it is possibly unwise and somewhat 
artificial to insist that everything in such a course must 
associate itself immediately with the idea of functionality, 
. important and far reaching as that idea is. 

The material of the book is presented under five general 

. headings. 

In Part I (Introductory Conceptions) thirty-two pages are 
devoted to the general subject of functions and their repre- 
sentation and thirty-one pages to algebraic principles and 
their connection with geometry. Great pains is taken to 
familiarize the reader with the notion of functionality and 
with the geometrical representation of functions. Many con- 
crete examples are exhibited in detail. Under the second 
heading is given an elaborate discussion of numbers and their 
geometrical representation, a statement of the fundamental 
laws of algebra and a review of elementary algebraic technique. ` 

In Part II two hundred and twenty-nine pages are devoted 
to the elementary functions: the linear function; the quad- 
ratie function; the cubic function; the function z^; the 
trigonometric functions with a special chapter on trigonometric 
relations; the logarithmic and exponential functions; numer- 
ical computation, including logarithmic solution of triangles, 
the slide rule, logarithmic paper; the implicit quadratic 
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functions. Under the last title equations of the second degree 
are classified according to their graphs. Thus the way is 
prepared for the conic section as the locus of a point which 
moves so that its distance from a fixed point is always equal 
to a constant times its distance from a fixed line. 

Part III consists of 118 pages devoted to applications to 
geomet-y and contains a thorough treatment of the straight 
line, the circle, the conic sections, polar coordinates, and 
parametric equations. » 

In Part IV seventy-two pages are devoted to the considera- 
tion of such algebraic topics as permutations, combinations, 
probability, the binomial theorem, complex numbers, the 
general polynomial, the theory of equations and determinants. 

Part V (forty-five pages) is a short treatment of the elements 
of solid analytic geometry. 

The idea of slope as the limit of Ay/Az is introduced very 
early in Part Il and is used wherever pertinent throughout the 
book. In addition to familiarizing the reader with this funda- 
mental idea, the use of the slope facilitates the consideration 
of the various curves and enables the authors;to make more 
of the subject of maxima and minima than is usual in a fresh- 
man course. ' 

The trigonometric functions are defined at once for the 
general angle. The addition formulas are proved by means 
of the formulas for the rotation of axes, which have been 
previously considered. The chapter on logarithms is intro- 
duced.by a careful, intuitive discussion of the exponential 
function, well calculated to give the reader a correct feeling 
as to the significance of exponents positive, negative, zero, 
rational, irrational. 

The avowed purpose of the authors to place “more emphasis 
on insight and understanding of fundamental conceptions and 
modes of thought” is well carried out both in the text and 
in the problem lists. In the text are numerous questions 
tending to make the student read more thoughtfully and the 
problem. lists contain many exercises of various degrees of 
difficulty which focus on the fundamental principles under 


consideration rather than on manipulation or technique. 


However there is a sufficient number of problems of all kinds 
and the lists are properly graded. 

In the opinion of the reviewer, Part I is too long and (esve- 
cially chapter two). contains too much discussion not well 
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chosen to introduce the subject to students during their first 
days in college. Chapter three, on the linear function, and 
certain parts of the sequel likewise seem to be somewhat 
verbose and indirect. 

The book is well adapted for use by students who enter 
with trigonometry as well as by those who enter without 
trigonometry. The reviewer has felt that the program out- 
lined in the preface is somewhat too ambitious and still 
believes that the average class will have some difficulty in 
covering the ground indicated. "This emphasizes the need for 
greater brevity and directness in certain parts of the text. 
However by careful selection the needs of almost any class 
can be satisfied. 

In the preface the authors announce the book as somewhat 
of an experiment and suggest a possible revision. It is too 
much to expect that, in these'troublous times, such a revision 
may appear soon but it is to be hoped that it may not be 
delayed too long. In view of the experience of the authors 
themselves with the present book, a revised edition would 
surely be a finished product. The reviewer is, with the 
authors, in doubt as to the advisability of including more 
calculus in the text. Probably this can be determined only 
by experiment. 

The book is attractive in print and in appearance and the 
figures are good. There are minor errors but the reviewer has 
made no effort to list these. 

"Any teacher who is interested in the matter of a.more 
unified course for the freshman year would do well to give 
this book a careful examination. Any teacher of freshman 
mathematics who is interested in securing, on the part of his 
students, a better understanding and appreciation of the 
principles and methods of mathematics will find much here 
that is helpful whether or not he is interested in this particular 
type of course. 

A. D. Dronen, 
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NOTES. 


THE concluding (October) number of volume 19 of the Trans- 
actions of the American Mathematical Society contains the fol- 
lowing papers: “Spiral minimal surfaces,” by J. K. WHITTE- 
MORE; “On the group of isomorphisms of a certain extension 
of an abelian group," by L. C. Maraewson; “Concerning the 
zeros of the solutions of certain differential equations," by 
W. B. Frre; “Differentiation with respect to a function of 
limited variation," by P. J. DawrELL; “Linear integro-differ- 
ential equations with a boundary condition," by M. T. Hv; 
“On scalar and vector covariants of linear algebras," by OLIVE 
C. HAZLETT. 


At the meeting of the Edinburgh mathematical society on 

November 8, the following paper was read: By J. E. A. STEG- 

_ GAL, “Notes on the homographic transformation of the cubic 
and biquadratic." 


THERE hes recently been issued by the Bureau of Education 
at Washington a Bulletin on the training of teachers of mathe- 
matics for secondary schools of the countries represented in - 
the International commission on the teaching of mathematics. 
This Bulletin has been prepared by Professor R. C. ARCHIBALD, 
of Brown University. It is a work of nearly three hundred 
pages, giving in great detail the requirements set by the var- 
ious governments for a teacher of secondary mathematics. 
The Bureau of Education has a limited number of copies for 
free distribution to those who are particularly interested in 
the work, and copies can be obtained from the Superintendent 
of Documents, Government Printing Office at Washington, 
D. C., at 30 cents each. 


Harvard University. The winter term of the graduate 
School of arts and sciences will begin January 2 and close March 
20. The spring term will begin March 28 and close with Com- 
mencement Day, June 19. It is expected that a summer term 
of eleven weeks will be arranged, so that a student beginning 
his work in the winter may complete a full year of residence 
by September. Those to whom fellowships or scholarships 
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had been assigned for the academic year 1918-19, but who, 
because of national service, resigned these, should apply 
promptly for reappointment. A certain number of fellow- 
ships and scholarships are now vacant, for which applications 
will be received. 


Proressor C. CARATHÉODORY, of the University of Göt- 
tingen, has been appointed professor of mathematics at the 
University of Berlin, as successor to the late Professor G. 
FRoBENIUS. 


Proressor G. C. Evans, of the Rice Institute, has been 
commissioned captain of ordnance in the United States Army 
and sent to France on a special mission. 


LiEUTENANT T. R. HorrcRorr has been released from the 
teaching:staff of the school of artillery at Camp Taylor, and 
has resumed the duties of his professorship of mathematics at 
Wells College. During his absence the position was filled by 
Mrs. Holleroft. ' i 


Dr. T. M. Smeson, of the University of Wisconsin, has 
been made professor and head of the department of mathe- 
matics at the University of Florida, as successor to the late 
Professor H. G. KEPPEL. 


Prorzssor J. W. Young, of Dartmouth College, has been 
made director of the instruction in mathematics given under 
the National war work council of the Young Men’s Christian 
Association. During his absence and that of Professors Has- 
KNs and Buz, also engaged in war work, the administration 
of the department of mathematics is in the hands of Professor 
F. M. Morgan. 


Dr. S. D. ZELDIN, of the College of Hawaii, has been ap- 
pointed professor of mathematics at Olivet College. 


Proressor W. O. MENDENHALL, of Earlham College, has 
been elected to the presidency of the Friends University, Wich- 
ita, Kansas. i 

\ 

Mr. C. A. Hurcumson has been appointed instructor in 

mathematics at the University of Colorado. 
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Dr. J. E. McArsr, of the University of Illinois, died De- 
: cember 2, 1918. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS, 


Bau (R. J. T.). See Frost (P.). 
Bzmwmprcr (H. Y.). See KARPINSKI (L. C.). 
CALHOUN (J. W.). See KARPINSKI (L. C.). 
Cores (R.). See KOWALEWSKI (A.). 


Curis (C. E.) Matrices and determinoids. Volume 2. Cambridge 
University Press, 1918. 24+555 pp. 428. 


Donar (A.). fee Ltzsen (H. B.). 
Fischer (L. A.). See HumwxiNGTON (E. V.). 
by Ei Ke Eeer om 1915. 10:210 bic H, 
Gaves (C. F.). See KOWALEWSKI (A.). 
GraNANO (E.). Essays in scientific synthesis. Translated by W. J. 
Greenstrest. Chicago, Open Court, 1918, 235 pp. $2.00 
Gremnsrruet (W. J.). See GraNANO (&.). 
JacoBr (C. G. J.). See Kowargwskr (A.).: 


KanPmgxr (L. C.), BeszprcT. CH. Y.) and Canmoux (J. W.). Unified 
mathematics. Boston, Heath, 1918. 8 + 522 pp. $2.80 


Kowanmwski (A.). Newton, Cotes, Gauss, Jacobi. Vier grundlegende 
Abhandlungen über Interpolation und gen&herte Quadratur. Heraus- 
gegeben von A. Kowalewski. Leipzig, Veit, 1917. Geh. IO EB cad 


LüssgN (H. B.) Einleitu ng in die Infinitesimalrechnung (Differential- . 
und a chnung) sum Selbstunterricht. Mit Rücksicht auf das 
Notwendigste und Wichtigste. Neu bearbeitet von A. Donadt. 9te 
Auflage.. Leipzig, F. Brandstetter, 1916. 8vo. 7--440 pp. M.8.00 


Nuwron (1. Bee KowALEWBKI (À.). 


Pma (K.) Omid och Smärre Skrifter utg. af Boströms- 
forbundet, 38 40). Dal bet olm, A. B. A. Johansen, 1913- 
14. 8vo. 126 + 108 + 184 pp. Kr.1.50+1.2542.00 


Ransom (W. R:). Freshman mathematics brief, simple, practical for the 
Freshman college classes. New York, Longmans, 1918: 320 PR on 


Towo (L. O. de). Elementos de aritmética universal. Tomo 2: Co- 
ordina-oria, determinan algoritmos ilimitados. Madrid, Librerfa 
de la Vda é Hijos de Murillo, 1916. 8vo. 421 pp. Pes. 14.00 
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Voten (A.). Die Teilbarkeit der Potenzsummen und die eer? des 
Fermat’schen Problems. Eine zahlenteoretische Untersuchung 
Frankfurt a.M., M. Diesterweg, 1916. Sen. 12+105 pp. M. 2.00 


IL ELEMENTARY MATHEMATICS. 


ArnzÁA (F. de). Nociones de geometría plana. Buenos Aires, A. Garcia 
Santos, 1917. 


Goxmz Rx (A.). Tratado de trigonometria plana, circular y hiperbolica. 
emorias de la Real Academia de Ciencias, Madrid.) Madrid, 
Fortanet, 1917. 4to. 318 pp. 


Kma (W. J.). A condensed geometry review with answers. Annapolis, 
Md., C. G. Feldmeyer, 1918. 8vo. 35 pp. 


Mtıum (H.) Die Mathematik auf den Gymnasien und Realschulen. 
Ausgabe A: Fur Gymnasien. 2ter Teil: Die Oberstufe. 4te, um- 
gearbeitete Auflage. Leipzig, Teubner, 1917. 144-360 pp. 


Torzo (L. O. de). Tratado de álgebra. Tomo 1: Parte elemental. 
Seg. edition. adrid, Libreria General de Victoriano Suárez, 1914. 
8vo. 114-302 pp. Pes. 10.00 


——— Tratado de trigonometria rectilinea y esférica. Seg. edition. 
Madrid, Libreria General de Victoriano Suárez, 1914. 8vo. poe 
es. 8.00 


II. APPLIED MATHEMATICS. 


ARRHENIUS (S.). The destinies of the stars, by S. Arrhenius. Authorized 
laden from the Swedish by J. E. Fries. New York, Ke 


Atrwoop (E, L.). Textbook of theoretical naval architecture. 9th im- 
pression. New York, Longmans, 1918. 8vo. 12-494 pp. $3.50 
Beco (A.). Applications industrielles de l'électricité. Transmission, 
distribution, et utilisation de l'énergie électrique. Paris, Librairie de 
l'Ecole spéciale des Travaux publics, 1917. 8vo. 231 pp. Fr. 12.00 


Dzvrmns (R.). Le moteur à explosions. Préface de C. Faroux. Paris, 
Dunod et Pinat, 1917. 8vo. 8--422 pp. Fr. 8.25 


Donner (À.). See FESTSKRIFT. 


Doraror (E.). La mécanique appliquée, théorique, numérique et 
graphique. Paris, Dunod et Pinat, 1918. 4to: 613 pp. Fr. 39.00 


'Fanoux (C.. Dee Devisen (R.). 


Fuerexeirt tillegnad Anders Donner hans gore d den 5 nov. 
1914 af forne elever. Helsingfors, J. Simellii Arfvingars Boktryckeria- 
Ktiebolog, 1915. 4to. 410 pp. 


Fries (J. E.). See Annne (8.). 


Furst (A.) unD Moszkowskı (A.). Das Buch der 1000 Wunder. Mun- 
chen, A. Lange, 1917. Geh. M. 6.00 


Hoss (A. or Practical shipbuilding. A treatise on the structural 
design and building of modern steam vessels. Volume 1: Text. 
Volume 2: Diagrams and illustrations. 6th impression. New York, 
Longmans, 1918. $20.00 


Huntivaton (E. V.). Handbook of mathematics for engineers by E. V. 
Huntington with tables of weights and measures by L. A. Fischer. 
New York, McGraw-Hill, 1918. 8vo. 191 pp. $1.50 
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HUTCHINSON W.). Advanced textbook of magnetism and electricity. 
‚London, University Tutorial Press, 1917. 

Kara (G. W. C). Tables of physical and chemical constants and some 
mathematical functions, 3d edition. New York, Longmans, 1918. 
8vo. 8-+153 pp. 32.25 

——— X-rays. London, Longmans, 1917. 

mn). Theorie und Methoden der Statistik. Ein Lehr- und 
un, ür Studierende und Praktiker. Tubigon, Mohr, 1913. 
8vo. 124-640 pp. 

Low (D. A). A pocketbook for mechanical engineers. 7th impression. 
New York, Longmans, 1918. 8vo. 8-+740 pp. $3.00 

Mavunprr (E. W.) The stars and how to identify them. London, 
KeLy, 1918. 63 pp. 

Moszkowskı (A.). See Fürst (A.). 


Promoen (H. C.). An introductory treatise on dynamical astronomy. 
Cambridge, niversity Press, 1918. Royal 8vo. 188. 


BanourEN (W. J. A.). “On the determination of the principal laws of 
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THE DECEMBER MEETING OF THE SAN FRAN- 
CISCO SECTION. 


Tue thirty-second regular meeting of the San Franeisco 
Section, postponed from October 26, was held at the Uni- 
versity of California on Saturday, December 14, 1918. The 

total attendance was thirteen, including the following nine 
\ members of the Society: 


Professor B. A. Bernstein, Professor Florian Cajori, Pro- . 


\ fessor M. W. Haskell, Professor Frank Irwin, Professor D.N. 
Lehmer, Professor W. A. Manning, Dr. F. R. Morris, Professor 
oe Noble, and Dr. Pauline Sperry. 

e chairman, Professor Manning, opened the meeting, 
er way to Professor Cajori, the newly elected chair- 
man. ‘At the election of officers the following were chosen 
for one year: ‘Chairman, Professor Florian Cajori; Secretary, 
Professor B. A. Bernstein; Programme committee, Professor 
L. M. Hoskins, wos W. A. Manning, and Professor B.A. 

' Bernstein. 

It was decide ‘to to Wold the next fall meeting on Saturday, 
“October 25, 5, 1919 at the ersity of California. 

The Following papers were read 

(1) Professor LORIAN Casori: © 
Playfair’s axiom.’ 

(2) Professor Fro RI: “On the Aristotelian tract, 
De lineis insecabilibus.”’ 

(3) Professor M. W. Haskeu: Triangles i cribed and cir- 
cumscribed to a plane cubic.” 

(4) Professor D. N. LzmwER: “A non-tentative Sec? of 
solving the indeterminate equation Ax + By + Cz desc 

(5) Professor E. T. BELL: “A partial isomorph ot ne 
‚nometry.” 

(6) Professor E. T. BELL: “Arithmetical paraphrases (I).” 

(7) Professor E. T. BELL: “ Arithmetical paraphrases (II); 
elliptic and theta series.’ 

(8) Professor E. T. BELL: “Arithmetical paraphrases (IID; 
chiefly for the doubly periodic functions of the first, second, _ 
and third kinds." 

(9) Professor E. T. BELL: Arithmetical paraphrases (IV); 


class number formulas." 






note on the history of 
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Professor Bell’s papers were read by title. Abstracts of 
the papers follow below. 


1. Professor Cajori points out that Playfair’s axiom on 
parallel lines, now usually attributed to William Ludlam 
(1785;, was used by Joseph Fenn in Dublin, in 1769. 


2. “he De lineis insecabilibus enumerates 5 arguments, 
current in Aristotle’s day, in favor of the existence of indi- 
visible lines, 22 considerations showing the invalidity of those 
arguments, and 26 considerations tending to disprove the 
view that a line is made up of points. Some of the arguments 
are rigorous. In Professor Cajori’s opinion the tract deserves 
a place in the history of mathematics. 


3. Professor Haskell shows that there are twenty-four 
triangles :nscribed and circumscribed to a non-singular cubic. 
These twenty-four triangles occur in four sets of six each, 
corresponding to the four inflexional triangles, so that in each 
set three are triply in perspective with the other three, the 
centers of perspective for each pair being three collinear 
inflexions The vertices of each pair lie on a conic. 

For a cubic with a double point, the total number of triangles 
is two, which are real if the double point is isolated and 
imaginary otherwise. A cuspidal cubic has no such triangle. 

Further, with respect to each inflexional line there is a six- 
point involution on the cubic, determined by a pencil of conics, 
where each set of six points are the vertices of two triangles 
triply in perspective with respect to the inflexions lying on 
the geen line. These two triangles become coincident in 
three 2ases, the vertices then being sextactic points. 


4. The solution of the indeterminate equation Az + 
By = n by means of the regular continued fraction repre- 
senting A/B furnishes an example of the very few non-tenta- 
tive methods available in the theory of numbers. Professor 
Lehmer uses the theory of continued fractions of higher 
orders to obtain all the solutions of the equation Az + By + 
Cs d e =n. 

The paper will be offered to the American Journal as part 
of & memoir on continued fractions of higher orders, an abstract 
of which has already been inserted in the Proceedings of the 
National Academy of Sciences. 


L 
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5. Professor Bell defines a function to be even or odd in a 
set of variables according as it does not ‘or does change sign 
when the signs of all the variables are changed simultaneously. 
Let X;, Y; denote sets containing as, b; variables respectively; 
then 

fan, Xs, ka? X, ttt, Y.) 


is defined to be even in each X, odd in each Y, and its parity 
is the symbol ` 


ie, dey ++, abs, bas «++, ba) 
whose significance is obvious. If 
a= l= ba @= 1, -+-,r37= 1,8) 
the parity is written - 
; "pui. 
It is shown that any function whose parity is 
Pio, Ga, +++, abi, bs, +++, ba) 


is linearly expressible in terms of 2" properly chosen functions 
F, whose parities are all of the form 


2(1*|15), 
aT B- x, 


where 


and 
r= (tat ta) + (it bt +b) — EEN 


An arbitrary function (one neither odd nor even in any set of 
its variables) of k variables is similarly expressible, the number 
of the being 2*. These results are useful in the arithmetical 
applications of the elliptic and theta functions. 


6. From 1858 to 1865 Liouville published intermittently & 
series of eighteen memoirs, “Sur quelques formules générales 
qui peuvent étre utiles dans la théorie des nombres,” wherein 
he gave without proof many remarkable theorems which he 
and others applied to various questions of interest, including 
class number formulas. Proofs by extensions of the method 
used by Dirichlet in proving Jacobi’s four square theorem 
have been given for most of Liouville’s general results by 
H. J. S. Smith (1865), T. Pepin (1889-90), G. B. Mathews 


D 
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(18923, and E. Meissner (1907). But, as remarked by Bach- 
mann (1910): “Eine zusammenhängende systematische Her- 
leitung und Verbindung dieser Formeln (Liouville’s), welche 
ihren Quell und die Prinzipien klarlegte, nach denen die in 
den Formeln auftretenden Argumente der Funktionen, auf 
welche sie sich beziehen, zu wählen sind, würde sehr wert- 
voll sein.” By means of the theorems in his first paper and 
another simple principle, Professor Bell shows that the classical 
expansions in the theory of elliptic and theta functions may 
be paraphrased directly into theorems of the Liouville kind; 
moreover that a simple method is thereby provided for the 
discovery at will of new results of the same general sort. 
Liouv:lle’s formulas are nearly all paraphrases of Jacobi’s 
expansions in the Fundamenta Nova and in the memoirs on 
rotation. ; 


7. In his,second paper on paraphrases Professor Bell pre- 
pares and collects elliptic and theta expansions in a form 
suitable for paraphrase, and gives sixteen’ trigonometric 
identities basic for Liouville’s numerous (unproved) theorems 
on the quadratic forms of certain primes. The series are 
classified according to the forms of the divisors d, 6 appearing 
in the sine, cosine coefficients of the powers of q. Similar 
series for sets of non-doubly periodic theta quotients, such as 
Biehler’s, Hermite’s, and Humbert’s, are also given. 


3. In his third paper on paraphrases, Professor Bell applies 
the methods of his first to a few of the series in the second. 
Among other results it is shown that all the formulas in Liou- 
ville’s fifth memoir (and many more) are immediate para- 
phrases of a few classic formulas relating to the doubly periodic 
functions of the second kind. Illustrative of the simplicity 
of the method, the formulas of Liouville’s sixth memoir follow 
at onc2 from Jacobi’s series for sn*u. 


9. Frofessor Bell’s fourth paper on paraphrases applies 
the method to the series for non-doubly periodic theta quo- 
tients given by Hermite (1862) and extended by G. Humbert 
(1907). The resulting paraphrases involve class numbers 
and arbitrary functions odd or even in one or more variables. 
It is shown how such paraphrases are related to the number of 
representations of an integer as a sum of 3, 5, 7,9, 11, => 
squares. B. A. BERNSTEIN, 

Secretary of the Section. 
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THE SCIENTIFIC WORK OF MAXIME BOCHER. 


BY PROFESSOR GEORGE D. BIRKHOFF. 


Wıra the recent death of Professor Maxime Böcher at only 
fifty-one years of age American mathematics has suffered a 
heavy loss. Our task in the following pages is to review and 
appreciate his notable mathematical work.* 

His researches cluster about Laplace’s equation Au = 0, 
which is the very heart of modern analysis. Here one stands 
in natural contact with mathematical physics, the theory of 
linear differential equations both total and partial, the theory 
of functions of a complex variable, and thus directly or indir- 
ectly with a great part of mathematics. 

His interest in the field of potential theory began in under- 
graduate days at Harvard University through courses given 
by Professors Byerly and B. O. Peirce. There is still on file 
at the Harvard library an undergraduate honor thesis entitled 
“A thesis on three systems of parabolic coördinates,” written 
by him in 1888. Under the circumstances it was inevitable 
that he should use formal methods in dealing with his topic, 
but a purpose to penetrate further is found in the concluding 
sentences. No better opportunity for fulfilling such a purpose 
could have been granted than was given by his graduate work 
under Felix Klein at Göttingen (1888-1891). 

In the lectures on Lamé’s functions which Klein delivered 
in the winter of 1889-1890 his point of departure was the 
cyclidic coördinate system of Darboux. This sytem of co- 
ordinates was known to be so general az to include nearly all 
of the many types of coördinates useful in potential theory, 
and Wangerin had shown (1875-1876) how solutions of La- 
place’s equation existed in the form of triple products, each 
factor being a function of one of the three cyclidic coördinates. 
After presenting this earlier work Klein extended his “ oscil- 
lation theorem” for the case of elliptic coördinates (1881) to 
the more general cyclidic coórdinates. By this means he was 
able to attack the problem of setting up a potential function 
taking on given values over the surface of a solid bounded by 


* An account of his life and service by Professor Osgood will appear 
in a later number of the BULLETIN 
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six or fewer confocal cyclides. This function was given by a 
series of the triple “ Lam&’s” products discovered by Wangerin. 

Klein also aimed to get at the various forms of series and 
integrals previously employed in potential theory as actual 
limiting cases, and thus to bring out the underlying unity in 
an extensive field of mathematics. 

The task which Bécher undertook was to carry through the 
program sketched by Klein. He did this admirably in his 
first mathematical paper “Ueber die Reihenentwickelungen 
der Potertialtheorie," which appeared in 1891 and which 
served both as a prize essay and as his doctor’s dissertation 
at Göttingen.* But the space available was so brief that 
he was only able to outline results without giving their proofs. 

One must look to his book with the same title,t published 
three years later, for an adequate treatment of the subject. 
Here is also to be found original work not outlined in his dis- 
sertation. It was characteristic that he did not call atten- 
tion explicitly to the new advances although these formed 
his most important scientific work in the years 1891-1894. 
We turn now to a consideration of this book, which thus con- 
tains nearly all that he did before 1895. 

Besides giving the classification of all types of confocal 
cyclides in the real domain and of the corresponding Lamé’s 
products, as sketched by Klein, Bécher determined to what 
extent the theorem of oscillation holds in the degenerate cases 
and found an interesting variety of possibilities. 

The difficulties presented by these degenerate cases are de- 
cidedly greater than those of the general case when the singu- 
lar points 2; (i = 1, 2, 3, 4, 5) of the Lamé’s linear differential 
equation are regular with exponents 0, 1/2. A very simple de- ` 
generate case is that arising when two such points coincide in 
a single point and one of the two intervals (mi, ma), (my, na) 
under consideration ends at this point. By an extension of 
Klein's geometrie method, he proved that the theorem of 
oscillation fails to hold even here. 

More specifieally, the facts are as follows. In the general 
ease the oscillation theorem states that for any choice of in- 
tegers m, n (m, n = 0) there is a unique choice of the two ac- 


This paper appears as (2) in the chronological list of papers given st 
the end of the present article. Hereafter footnote references to papers 
ar ye by number. 
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cessory parameters in the differential equation, yielding solu- 
tions w, Us such that u, vanishes at m; and ms, and m times 
for m, < x < ms, while ug vanishes at n; and n4, and n times 
for n <z<m. If now, for instance, m lies at the double 
singular point o = e» while m < Mmi < es < e, < m < m 
< 6s, there exist such solutions ‘u, ua only if n > ra where Tm 
is an integer increasing indefinitely with m. But, to compen- 
sate for this deficiency of solutions of the boundary value 
problem, Bécher found it necessary to introduce solutions 
tp, Us; dependent on n and a continuous real parameter k 
such that an vanishes at ms and infinitely often for m; < x 
< m although remaining finite, while us vanishes at m and 
na, and n times for m < 2 < na. 

The corresponding expansion in Lamé's products presents 
a remarkable form under these circumstances, for it is made 
up of a series and an integral component. In ‘another 
case this type of expansion takes the form of an integral 
augmented by a finite number of complementary terms, as 
he had pointed out in an important paper “On some appli- 
cations of Bessel's functions with pure imaginary index,"* 
published in 1892 in the Annals of Mathematics. 

Although dealing satisfactorily with the oscillation theorem 
in the case specified above and other similar cases, Böcher did 
not discuss adequately the case in which three or more singu- 
lar points unite to form an irregular singular point.[ Indeed 
it appears that he fell into an erfor of reasoning as follows. 
If the irregular point be taken at t = + o» the Lamé’s equa- 
tion has the form 

dy 


dB ey, 


where in the case under consideration ¢ has a limit eu + 0 
as t becomes infinite. The lemma which Böcher then sought 
to provef was that there always exists a solution y finite for 
t > T and not identically zero. His proof for the case po > 0 
is essentially correct. Here he interpreted the equation above 
as the equation of motion of a particle distant y from a point 
O of its line of motion and repelled from it with a force gy. 





* (7). In ing, attention may also be called to a slightly earlier article 
(8) on Ke 
ës Kay p. 179. 
Bee (15), p. 177. 
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The gist of the argument employed is that one can find an 
initial velocity of projection toward O just sufficient to carry 
it into that point as a limiting position. This part of the 
lemma constitutes a very simple and interesting theorem 
concerring a special type of irregular point. In the case 
go < 0, however, using a similar dynamical interpretation, he 
argued* “we have infinitely many oscillations as we approach 
t = + »o, and since the attractive force is not infinitely weak, 
the amplitudes of the oscillations remain finite.” This argu- 
ment appears insufficient although the lemma as stated for 
Lamé’s equation is probably correct.[ To satisfactorily com- 
plete the discussion it would seem to be necessary to call in 
the explicit analytic theory of the irregular singular point, since 
the corresponding theory of the regular singular point is re- 
quired in the simpler cases.t 

In his book Bécher considered the boundary problem under 
periodic conditions, when the interval between two adjacent 
singular points is taken an even number of times and is re- 
garded as closed; this case arises, for example, when the solid 


, In the potential problem is a complete ellipsoid. Here the 


function e in the linear differential equation above written is 
an even doubly periodic function with real period. By the 
aid of these properties of p he reduced the new boundary prob- 
lem to ane of the ordinary type. ; 

Likewise in treating the roots of Lamé's polynomials he 
made a distinct advance by extending the dynamical method 
of Stieltjes from the real axis to the complex plane. Thus he 
was able to prove that the roots of these polynomials lie within 


, the triangle whose vertices are the three finite singular points 


, of the corresponding Lamé's equation. 


Finally we may note that at the end of his book he obtained 
all Lam®’s products satisfying the equation Au + ku = 0. 
The determinative effect of the dissertation and book upon 
the direction of Bócher's later researches was very great. In 
the first place he had used sphere geometry and the algebra of 
elementary divisors as essential tools in analysis; his resulting 
interest in the fundamental parts of geometry and algebra 
never subsided, and some of his research lies in these fields. 
"d {15 p. 178. The translation is not literal. 
-8 connection see (7), p. 150, footnotes. 
Since the above was written Professor Osgood has disposed of the 


question st issue by elementary means. See his note in this number of 
e BULLETIN. 
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But, more important still, he was brought into contact with 
open mathematical questions. The most vital of these ques- 
tions from the purely mathematical point of view was doubt- 
less the very difficult analytical question of convergence and 
representation presented by the series of Lamé’s products. 
This was the outstanding problem which Klein emphasized,* 
but to which Bécher seems never to have given particular at- 
tention. Another more practical direction of effort. was af- 
forded by the task of giving rigorous and accessible form to 
the work of Sturm and Klein on the real solutions of ordinary 
linear differentia] equations and then going on further in this 
overlooked but attractive field of research. It was primarily 
to this task that he now turned. 

In 1897 he published an article in the Brosi showing the 
immediate usefulness of Sturm's theorems for fixing the dis- 
tribution of the roots of Bessel's functions with realindex. A 
year later in the same place he presented the fundamentals of 
Sturm's work in simplified rigorous form, and gave the first 
analytic proof of Klein's theorem of oscillation. 

Reference should also be made to his article on the boundary 
problems of ordinary differential equations which appeared in 
the German mathematical encyclopedia in 1900. This article 
together with his address on “Boundary problems in one di- 
mension” before the Fifth International Congress of Mathe- 
maticians in 1912 give an excellent account of this field to the 
latter date. 

Bócher wrote a considerable ‚number of other papers in this 
same field. Perhaps the most important of these are the 
three to which we will refer first and which appeared in the 
beginning volumes of the Transactions. 

His paper "Application of & method of d'Alembert to the 
proof of Sturm's theorems of comparison" (1900) contained 
an elegant proof of what Bócher had called the theorems of 
comparison. His method was entirely different from Sturm's, 
being based on the Riccati’s resolvent equation, and was very 
simple. 

In the second of these papers “On certain pairs of trans- 





* See the concluding es of his 1889-1890 lectures on Lamé’s func- 
tiona and Be pee tod Ocher’s book (15). 


He» qn n. | 
o o0 32 ` (88), (42 r (46), (48), (49), (50), (55), (65), (81), (85), (92), (93), l 
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cendental functions whose roots separate each other’’* (1901) 
his starting point was the linear differential equation 


y" + py + gy = 0, 
and a pair of linear forms in y, y, 
$= ex'— gy, Y= fy’ — hy. 
These latter satisfy a “homogeneous Riccati’s equation” 
(pula — esi) (PV — OY) + AS + BOY + CY = 0, 


and Bécher considered the relation of the roots of &, Y. 

He notes first that d, Y cannot vanish together unless 
€iVs — oan = 0, for otherwise y = y' = 0. In order that 
®, Y cannot vanish together it is thus sufficient to assume 
eis — ow #0. Also if 6 = 0, then & + 0 if C + 0, by the 
above equation. A like remark holds for Y. Hence the roots 
of 4, Y are simple if A + 0, C + 0. 

Under these hypotheses between any pair of adjacent roots 
of ® there must be a root of Y. For if Y has no such root the 
homogeneous Riccati’s equation at these roots shows that d' 
has one and the same sign at both roots, which is impossible. 
Likewise between any pair of adjacent roots of ¥ there must 
be a root of d. >` 

Hence the roots of ®, V separate each other if 


pits — go, +0, A +0, C+ 0. 


This is she third theorem of the paper. The sixth theorem 
gives similar conditions sufficient to ensure cyclical separation 
of the rcots of three linear forms. 

Here Böcher not only achieved greater generality and sim- 
plicity than Sturm but, as I wish to point out, he has reached 
a maximum of generality. 

For, let yı, ya be any pair of linearly independent solutions 
yielding the values dj, &4 and Yı, W4 of Band Y. Then 


$ = of + aah, Y= oh tal 


are the general values of $, V. If d, &, are regarded as the 
homogeneous coordinates of a point P in the projective line, 
® vanishes if P coincides with E = (— 0,0); similarly V 
vanishes if Q = On, V5) coincides with the same point E. 


* See also (100). 
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Clearly the roots of &, Y will only be distinct for all values 
of o, pa if eis — papi # 0. Moreover, if these roots are to 
separate each other for all values of e, cs, the points P, Q must 
pass any point E in alternation. This is only possible if P, Q 
never reverse their direction of motion; in other words the 
Wronskians of $, ®: and of du, V, must be of invariant signs. 
Taking into account the fact that mys’ — yı'ya is not zero, 
this gives precisely the conditions A + 0, C + 0. 

'This same geometric interpretation shows a similar gener- 
ality in the other theorems. ' 

Of like completeness is the third paper "On the real solu- 
tions of systems of two homogeneous linear differential equa- 
tions of the first order" (1902), where he treated analogous 
questions and also derived comparison theorems. 

It was a matter of primary interest with him to vary proofs 
of known theorems as well as to discover new theorems. 
illustration in point is afforded by bis treatment of the ele- 
mentary separation theorem for the roots of linearly inde- 
pendent solutions yi, ys of an ordinary linear differential 
equation of the second order. 

Here he first gave a very brief proof* based on the func- 
tion yılye: if y, vanishes at a and b but not for a < z < b, 
while y; is not zero for a S x < b, then the derivative of uil ys 
is of one sign for a < z < b since yıya' — yi'ys + 0. This is 
impossible. By this argument and a like argument based on 
yalyı it follows that the roots of yı, y2 separate each other. In 
the same-placet he isolates a geometric proof implicitly given 
by Klein depending on the fact that if yi, 1 be taken as homo- 
geneous coördinates of a point in the projective line then 
Yıya' — Yı'ya + 0-is the condition that this point moves con- 
tinually in one sense. Later he gave a second analytic proof 
based on the function 


L 


Wo oW. 
n n’ 
and also a second geometric proof* based on the vector 


yı + V— 1gys in the complex plane which will rotate continually 
in one sense if yy? — ysyi! + 0. 





* (26), p. 210. 
T" p. 210. 


(99), pp. 46-47. 
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It was not easy for him to believe that the methods of 
Sturm were inadequate to deal with any particular boundary 
problem in one dimension. The problem for periodic con- ` 
ditions, which had been formulated by him in his encyclo- 
pedia article, was first successfully attacked by Mason in 
1903-1904 by means of the calculus of variations. In a 
very interesting note published in 1905,* Böcher showed that 
the principal result fell out immediately by the methods of 
Sturm, and that these methods were applicable under much 
more general conditions. Likewise in his address before the 
Fifth International Congress of Mathematicians alluded to 
above he noted that the equation o 


d ( , du 


(A a parameter) comes directly under. the case treated by 
Sturm after division by |A| even if g changes sign. This sim- 
ple remark disposed of the necessity of treating this case sep- 
arately, as had been done earlier. ` 

Bécher was interested in all phases of the theory of ordinary 
linear differential equations with real independent variable. 
Having seen the gap in the theory of the regular singular 
point for real independent variable when the coefficients are 
not analytic, he proved that theorems analogous to those 
given by Fuchs in the complex domain are true.[ It Was 
necessary here to replace the power series treatment by a var- 
iation of the method of successive approximation which has 
been seen later to afford a new approach to the theory of the 
regular singular point in the complex domain. 

He also did some work in the field of fundamental exist- 
ence theorems for linear differential equations.[ He showed 
that it is sufficient to impose the condition of integrability 
(joined with other conditions) upon the coefficients in ‘place 
of Peano’s condition of continuity, § and thus advanced beyond 
. Peano. Bécher seems also’ to have been the first to prove 
that the solutions of a linear differential system are contin- 
uous functionals of the coefficients.|| 





E, uo, i. 
32), (37), (56). 


56), p. 311. B? 
|| (56), p. 315; (55), p. 208. 


1919.] THE SCIENTIFIC WORK OF MAXIME BOCHER. 205 


In 1901 he published a paper on “ Green's functions in space 
of one dimension,” in which he pointed out that the Green’s 
function for the equation of Laplace in one dimension y" = 0, 
exhibited by’ Burkhardt in 1894, might be extended to the 
general nth order ordinary linear differential equation with 
fairly general boundary: conditions. These extended Green’s 
functions have turned out to be of great importance. Later 
he returned to the subject of Green’s functions with the most 
general linear boundary conditions and set up these functions 
for linear difference equations.* Also he extended the notion 
of adjoint boundary conditions to very general cases. 

We have now referred briefly to the most important of 
his researches on ordinary linear differential equations with 
real independent variable. In this domain his best work 
is perhaps to be found. Directly springing from this field 
were his researches on linear dependence of functions of a 
single real variablef—an ‘important topic which he was the 
first to isolate sufficiently from the field of linear differential 
equations. 

His paper on “The roots of polynomials which satisfy cer- 
tain linear differential equations of the second order” § lies in 
the field of ordinary linear differential equations with a com- 
plex variable. Here he generalizes further the extension of 
the method of Stieltjes which he had employed in dealing 
with Lamé’s polynomials. : 

The series arising in mathematical physics had been Bécher’s 
point of departure. , Indeed it is the existence of these series 
which constitutes the main importance of the boundary value 
problems of linear differential equations. Nevertheless he 
gave special attention only to Fourier's series which he took 
up in an expository article in the Annals of Mathematics for 
1906.|| Here he called attention to the remarkable phenom- 
enon exhibited by a Fourier’s series near a point of discontin- 
uity, previously noted by Gibbs and called “Gibbs’s phenom- 
enon” by Böcher who gave the first adequate treatment of it. 

His contributions to the theory of the harmonic function 
in two dimensions are elegant and distinctly important. 


* (81). 
85). ; 
e , (45), (47), (61), (97). 


9 
| (87) Bee also (89). E 
(60} erence may also be made here to the short note on infinite series 
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The first of these occurs incidentally in his paper “ Gauss’s 
third proof of the fundamental theorem of algebra."* It con- 
sists in a proof of the average value theorem by means of 
Gauss’s -hecrem for the circle, which in polar coordinates r, o 


is 
Ze Ou 
Í 3, de = 0. 


Integrating with respect to r from 0 to a and reversing the 
‘order of integration, we get 


f [ (u(a, p) — u(0, ¢})dy = 0, 


whence the average value theorem follows at once. This 
very neat proof was probably suggested by the artifice used 
by Gauss in his third proof of the fundamental theorem of 
algebra. : 

The “Noże on Poisson’s integral” (1808) gives a more nat- 
ural interpr2tation of Poisson's integral than had been stated 
before. By the average value theorem a harmonic function 
is the averaze of its values on any circle with its center at the 
given point. He generalized this theorem in the spirit of 
the geometry of inversion and thus reached a visual interpre- 
tation of Poisson's integral which may be formulated as fol- 
lows: ‘The value of a harmonic function at any point within 
& circle is the average of its values as read by an observer at 
the point who turns with uniform angular velocity, ifthe rays 
of light to Lis eye take the form of circular arcs orthogonal to 
the given circle. ` 

According to Riemann’s program, the theory of harmonic 
functiors requires a development independent: of the theory 
of functions of a complex variable. In 1905 Bécher demon- 
stratedf that a harmonic function could not become infinite 
at a point unless it was of the form C log r + v, where C is a 
constant, r is the distance from a variable point to the given 
point and t is harmonic at that point. This theorem corre- 
sponds zo tae fundamental theorem in functions of a complex 
-~ variable which states that if f(z) becomes infinite at the iso- 
lated singular point z = a, then f(z)-is of the form (z — a) g(x) 
where r is & positive integer and g(z) is analytic and not zero 


: m p. 206. 





1919.] THE SCIENTIFIC WORK OF MAXIME BÖCHER. 207 


at z= a. He demonstrated further that a similar theorem 
holds for large classes of linear partial differential equations. 

Another extremely interesting paper “On harmonic func- 
tions in two dimensions” appeared in 1906. Here he defines 
u to be harmonic if it is single valued and continuous with 
continuous first partial derivatives and satisfies Gauss’s the- 
orem for every circle. If u possessed continuous second paT- 
tial derivatives also it would then follow at once by Green's 
theorem-that u is harmonic in the customary sense. But it 
is the merit of Bécher’s paper to have proved that u is har- 
monie in the ordinary sense without further assumptions. On 
the basis of the definition máde, the average value theorem is 
first deduced as outlined above. Also if s’, n are the new 
variables s, n after an inversion (taking circles into circles) 
we have 


along corresponding circles, since ds’/dn’ = ds/dn (the inver- 
sion being conformal). Thus w is “harmonic” in the trans- 
formed plane also, so that the definition is invariant under 
inversion. Hence Poisson's integral formula, which comes 
from the average value theorem by inversion, also holds, and 
u is harmonic in the ordinary sense. 

He also determined the precise region of convergence of 
the real power series in x, y for any harmonic function u(z, y).* 

In connection with his papers on harmonic functions in two 
dimensions it is natural to call to mind his early paper “On 
the differential equation Au + Ku = 0” (1893), which is taken 
in two dimensions. The “u-functions”’ so defined give a gen- 
eralization of harmonic functions which he treated by means 
of the fact that u(z, y)e™ satisfies Laplace’s equation in three 
dimensions. A similar method had been employed earlier by 
Klein. 

Practically none of Bécher’s work lies directly in the field 
of functions of a complex variable.t 

We have still to consider his contributions in the fields of 
algebra and geometry. In the early paper on the fundamental 
theorem of algebra cited above he made clear how, by taking 
for granted a few theorems in functions of a complex variable, 





* (74). 
i ve (78), however. 
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an immediate proof could be given; and then he went on to 
show that by elimination of these theorems, the proof could 
be given a second more fundamental form and finally a third 
form due to Gauss and involving only distinctly elementary 
theorems. In a second paper* he simplified Gauss’s proof 
very considerably by replacing Gauss’s auxiliary function 
zf'/f by 1/f. Here f = 0 is the given equation. 

Here and elsewhere he succeeded in simplifying an appar- 
ently definitive proof. This kind of work was congenial to 
Bócher, who believed that mathematics was capable of almost 
indefinite simplification, and that such simplification was of 
the highest consequence. i : 

In the paper with the title “A problem in statics and its 
relation to certain algebraic invariants” (1904) he employed a 
dynamical method similar to his extension of the method of" 
Stieltjes in order to develop an interpretation of the roots of 
covariants as the positions of equilibrium of particles in the 
complex plane. Thus if fı, f; are polynomials of the same de- 
gree in the homogeneous variables 21, zs, the vanishing of 
their Jecobian determines the points of equilibrium in the 
field of Žorce under the inverse first power law due to particles 
of “mass” 1 at the roots of fı and of “mass” — 1 at the roots 
of fa in the 2/23 plane. 

We shall not refer to his geometrical paperst save to men- 
tion the one entitled “Einige Sätze über projective Spiegel- 
ung” (1893) in which he proves that conics in different planes 
may be projectively reflected into each other through a pair of 
lines in four ways, and also that the general collineation of 
space, may be represented as the product of a rigid motion 
and a projective reflection through a pair of lines. 

Besides this original research he undertook various more or 
less didactic articles with characteristic unselfishness.t How- 
ever, just as in the article on Fourier’s series, matter of an 
original cast is nearly always present. : 

The same may be said of his books,$ even of the most ele- 
mentary. We have already considered his book on the series: 
of potential theory. Of the others, the most significant are 
his Algebra, where a satisfactory exposition of the elementary 





* (18). . ' 
®) (8), (12), (13), GE ` 
N ix Sex SA (08), (67), (70), (73), (83), (92). 

(15), (71), (77), (84), (95), (99). 
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divisor theory is given, his Cambridge tract on integral equa- 
tions,* and his Paris 1913-14 lectures “ Lecons sur les M&thodes 
de Sturm.” In the last is given the first complete discussion of 
the convergence of the series used in the method of successive 
approximations. This furnishes another good instance of 
Böcher’s power to seize on important theorems which have 
been missed although near at hand. In concluding this brief 
survey it is worth while noting that a few of his papers are 
fairly popular in character. T 

In a recent one of these, “ Mathématiques et mathématiciens 
Français” (1914), while speaking of the characteristics of , 
American creative work in all fields (page 9), Bócher says “Ce 
qu'il y a de plus caractéristique dans la meilleure production 
intellectuelle américaine, c'est Ia finesse et le contróle voulu des 
moyens et des effets. La faute la plus commune dans ce que 
nous avons fait de mieux, ce n'est pas l'excés de force, mais 
plutót son défaut" and later (page 10) “Ce que je viens de 
dire se rapporte aussi bien aux mathématiques qu'à toute 
autre branche de la production intellectuelle en Amérique." 
There can be no doubt that this characterization is applicable 
to his own mathematical production. His papers excel 
in simplicity and elegance, and nearly all of them treat sub- 
jects of great importance to marked advantage. The useful- 
ness of his papers is exceptional,t 

In amount and quality his production exceeds that of any 
American mathematician of earlier date in the field of pure 
mathematics. 

Because of this fact and the weight he has added to our math- 
ematical traditions in other ways, Maxime Böcher will ever 
remain a memorable personality in American mathematics. 


List or BécuEr’s Wees 
1888. 


(1) The meteorological labors of Dove, Redfield and Espy. American 
Meteorological Journal, vol. 5, No. 1, pp. 1-18, May. 





* In connection with this, attention should be called to a short note on 
integral equations listed as (84) below. 


e Qu Qu un (82), J (82), (00), (91). His first paper “On the meteorological 
labors of y” was a youthful essay, written about 
the time of Poe mild from ard University. 
This is brought out clearly in Professor Osgood’s Lehrbuch der 
mentheorie, vol, 1. 
|| Substantially as compiled by him. 
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y 1891. 


(2) Über die Reihenentwickelungen der Potentialtheone. Gekrönte 
Preisschrift und Dissertation. Göttingen, Kastner. 4 + 66 pp. 


1898. 


(3) On Bessel’s functions of the second kind. Annals of Mathematics, 
vol. 6, No. 4, pp. 85-90, Jan. 
(4) Pockels on the differential equation Au + ku = 0 [Review]. Annals 
Mathematics, vol. 6, No. 4, pp. 90-92, Jan. 
(5) Geometry not mathematica {Letter to editor]. Nation, vol. 54, No. 
1390, p. 131, Feb. 
(6) On nine-point conic. Annals of Mathematics, vol. 6, No. 5, p. 132, 


(7) On some applications of Bessel’s functions with pure imaginary index. 
- Annals of Mathematics, vol. 6, No. 6, pp. 137-160, May. 
(8) Noze on Ce nine-point conic. Annals of Mathematics, vol. 6, No. 7 
. 178, June. 
(9) Co eation as & mode of motion. Bulletin of the New York Mathe. 
matical Society, vol. 1, No. 10, pp. 225-231, July. 


1898. 


(10) On the differential e ER Au + ku =0. American Journal of 
Mathematics, vol. 15, No. 1, pp. 78-83, Jan 

(11) Abit of mathematical history Bulletin of the New York Mathematical 
Soctety, vol. 2, No. 5, pp. 107-109, Feb. 

(12) Some propositions concerning the geometric representation of imagi- 
naries. Annals of Mathematica, vol. 7, No. 3, pp. 70-72, March. 

(13) Einige Satze uber Gees Spiegelung. "A ische Annalen, 
vol. 43, No. 4, ppt 598-80 

(14) Chapter IX, Historical Sne p. 267-275. An Elementary Treat- 
ise on Fourier’s Series and erical, Cylindrical and Ellipsoidal 
Harmonics. By W. E. Byerly. Boston, Ginn 


1894. 
(15) Uber die Reihenentwickelungen der Potentialtheorie. Mit einem 
Vorwort von Felix Klein. Leipsig, Teubner, 8 +- 258 pp. 
1896. 


(16) Hayward’s Vector Algebra [Review]. Bulletin of the American Math- 
ematical Society, ser. 2, vol. 1, No. 5, pp. 111-115. Feb. 

(17) Gauss's third proof of the fundamental orani of algebra. Bulletin 
of wi American Mathematical Society, ser. 2, vol. 1 ‚No. 8, pp. 205- 


May. 
(18) Deg of Gauss’s third proof that every algebraic equation 
has B root: poe Mathemaites, vol. 17, No. 3, pp. 


(19) General ec ral equation of the second degree [Set of formulas on a card]. 


University 
1896. 
(20) On Seeërei" theorem concerning complex integrals. Bulletin of the 
N athematical Society, ser. 5, vol. 2, No. 5, pp. 148-149, 


(21) er functions [Review]. Bulletin of the American Mathematical 
Soctety, ser. 2, vol. 2, No. 8, pp. 255-265, May. 
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(22) Linear differential equations and their applications; ort by T. 
S. Fiske of a lecture at the Buffalo Colloquium]. oe of the 
American Mathematical Society, ser. 2, vol. 8, No. 2, pp. 52-55, No 

(23) pec ple Linear Differential quations view]. ulletin of the 

American Mathematical Society, ser. 2, vol. pp. 86-92, Nov. 

(24) EE of linear differential H y “the second order. 

ridge, Harvard University Press, 23 pp. 7 


1897. 


(25) Schlesinger’s Linear Differential Equations [Review]. Bulletin of the 
merican Mathematical Society, ser. 2, vol. 3, No. 4, pp. 146-153, Jan. 
(26) o certain methods of Sturm and their application to the roots of 
Bessel’s functions. Bulletin of the American Mathematical Society, 

ser. 2, vol. 3, No. 6, pp. 205-213, March. 
(27) Review ‘of Te and Woods: Plane and Solid Analytic Geometry. 
ullelin of the American Mathematical Society, ser. 2, vol. 3, No. 

9, pp. 351-352, June. 
1888. 


(28) Examples of the construction of Riemann’s surfaces for the inverse 
of rational functions by the method of conformal representation. 
e C. L. Bouton with an introduction by Maxime Böcher. Annals 

Mathemalıcs, vol. 12, No. 1, pp. 1-26, Feb. 

(29) The roots of polynomials which satisfy certain linear differential 
equations of the second order. Bulletin of the American Mathe- 
matical Society, ser. 2, vol. 4, No. 6, KE March. 

(30) The theorems of oscillation of Sturm and Klein (first pene), Bulletin 
of oc m Mathematical Society, ger. 2, vol. 4, No. 7, pp. 295- 
31 p 

(81) The ti theorems of oscillation of Sturm and Klein (second Deene dd 

leiın of the American Mathematical Society, ger. 2, vol. o. 8, 
p. 305-370, May. 

(32) Note on some poins in the theory 5 linear differential equations. 
Annals of M. ue 12, No. 2, pp. 45-53, May. 

(83) Note on Poisson’s in , Bulletin of the American Mathematscal 
Society, ser. 2, vol. 4, os 9, pp. 424-426, June. 

(84) Niewen owski'g |! Geometry [Review]. Bulletin of the American Math- 
ematical Society, ser. 2, vol. 4, No. 9, pp. 448-452, June. 

(35) m theorems of oscillation of Sturm and Klein (third papar: Bul- 

letin of the American Mathematical Society, ser. 2, vol. 5, No. 1, 
pp. 22-43, Oct. 
1899. 


(36) Burkhardt’s Theory of Functions [Review]. Bulletin of the American 
Mathematical Society, ser. 2, vol. 5, No. 4, pp. 181-185, Jan. 

(87) On singular points of linear difrentie equations with real coefficients. 
Bulletin of the American Mathematical Society, ser. 2, vol. 5, No. 6, 
pp. 275-281, March. 

(88) An elementary proof that Bessel’s functions of the zeroth order have 

an infinite number of real roots. Bulletin of the American Mathe- 
matical Social y, ser. 2, vol. 5, No. 8, pp. 385-388, May. 

(89) Examples in the. theory ‘of functions. Annals of Mathematics, ger. 2, 
vol. 1, No. 1, pp. 37-40, Oct. 


1900. 


(40) Sn oints of linear differential equations of the second 
er whose coefficients are not eege E eR Transactions 
of the American Mathematical Society, vol. 1, No. 1, pp. 40-52, Jan.; 

also No. 4, p. 507, Oct. 
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(41) Some theorems concerning linear differential equations of the second 
order. Bulletin of the American Mathematical Society, ser. 2, vol. 
6, No. T, pP. 279-280, April. 

(42) Application ofa method of EV Alembert to the proof of Sturm’s theo- 
tems of comparison. Transactions of the American Mathematical 
Society, vol. 1, No. 4, pp. 414-420, Oct. 

(43) = near near depose endence of functions ‘of one variable. Bulletin of the 

athematical Society, ser. 2, vol. 7, No. 3, pp. 120-121, 


fre 

(44) Randwertaufgaben bei gewöhnlichen ‘Differentialgleichungen. En- 
cyklopàdie der mathematischen Wissenschaften, II A 7a, pp. 487- 
463, Leipzig, Teubner. i 


1901. 


(45) The theory of linear de endong Annals of Mathematics, ser. 2, vol. 
2, No. 2, pp. 81-86, 

(46) Gzeen's functions in Eege one dimension. Bulelin of the American 

Mathematical Society, ser. 2, vol. 7, No. 7, pp. 297-298, April. 

(47) Cartain cases in which the vanishing 'of the Wronskian is a sufficient 
condition for linear dependence. Transactions of the American 
Mathematical Society, vol. 2, No. 2, „pn. 120° 139-149, April. 

(48) An elementary proof of a theorem o ransactions of the 
American Mathematical S. , val. 2, No. 2, pp. 150-151, April. 

(49) Non oscillatory linear differenti equations of the second order. Bul- 
letin of the American Mathematical Society, ser. 2, vol. 7, No. 8, 

pp. 333-340, May. 

(50) On certain pairs of transcendental functions whose roots separate 
each other. Transaclions o ae American Mathematical Society, 
vol. 2, No. 4, pp. 428-436, 

(51) On "Wronskians of functions of & m args Bulletin of the Amer- 

ican Mathematical Socwly, ser. 2, vol. 8, No. 2, pp. 58-68, Nov. 

(52) Ficard's Traité S ADAE view]. Bulletin « of the American Math- 
ematical, Socety, ser 2, vol. 8, No. 3, pp. 124-128, Des: 


190£. 


(53) Some applications of the method of abridged "notation. Annals of 
Mathematics, ger. 2, vol. 3, No. 2, pp. 45-54, Jan 

(54) Eeview of Schlesinger: Einführung i in die Theorie der Differential- 
gleichungen mit einer unabhangigen Variabeln. Bulletin of the 
American Mathematical Society, ser. 2, vol. 8, No. 4, pp. 168-169, Jan. 

(55) On the real solutions of two homogeneous linear differential equations 
of the first order. Transactions of the American Mathematical So- 
ciely, vol. 3, De ‘pp. Pe April. 

(56) On systems of lin erential equations of the first order, American 
Journal Mathematics, vol. 24, No. 4, pp. 311-318, Oct. 

(57) Review of Gauss’ Wissenschaftliches Tagebuch. Bulletin of the Amer- 
ican Mathematical Soctety, ser. 2, vol. 9, No. 2, pp. 125-128, Nov. 


1908. 
(58) The Elements of Plane Analytic Geometry. By George R. Briggs 
vised and. enlarged by Bécher. New York, Wiley, £3 4 + 


(59) Singular points of functions which satisfy partial differential equa- 
tions of the elliptic . Bulletin of Ak American Mathematical 
Society, ser. 2, vol. 9, No. 9, pp. 455-465, June. 
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(60) On the uniformity of the convergence of certain absolutely conver- 
gent series. Annals of Mathematics, ser. 2, vol. 4, No. 4, pp. 159- 
160, July. . 
1904. ' 
(61) Contribution to Sprechsaal fur die Encyklopädie der Mathematischen 
His ger eer, Archiv der Mathematth und Physik, vol. 7, No. 
. 18 e 


(02) The eet conceptions and methods of mathematics. Address 
delivered before the Department of Mathematics of the Interna- 
tional Congress of Arts and Science, St. Louis, Sept. 20, 1904. SC 
letin of the American Malhemalıcal Society, ser vol. 11, No. 

115-135, Dec. Also in Congress of Arts and Boe Univereat 
Exposition, St. Louis, 1904, vol.1. Boston, Houghton and Miffiin, 
: — 1905, pp. 456-473. ` 

(63) A problem i in statics and its relation to certain algebraic invariants. 
Proceedings of the American Academy of Arts and Sciences, vol. 40, 
No. 11, pp. 469-484, Dec. 


1805. 


(64) Linear differential equations with discontinuous coefficients. Annals 
af Mathematics, ser. 2, vol. 6, No. 3, pp. 97-111 (49-63), April. 
` (85) Sur les équations différentielles linéaires du second ordre à solution, 
ériodique. Comptes Rendus de D Académie des Sciences, vol. 140,, 
a. 14, pp. 928-931, April. 
(66) A problem in er pone with a moral. Annals of Mathe~ 
matics, Ber 1, pp. 44-48, Oct. ` 


1906. 
(67) een to the theory of Fourier’s series. Annals of Mathematics, 
7, No. 2, and No. 3, pp. 81-152, Jan. and April. 
(68) Dn s harmonic functions in two dimensions. Proceedings of the Amer- 
Tan Ardeny of Arts and Sciences, vol. 41, No. 26, pp. 577-583, 


(69) Review of Picard: Sur le Parepa ment de l'Analyse, etc. Science, 
n. 8., vol. 23, No. 598, p. 912, 
(70) Another proof of the theorem ing artificial singularities. An- 
nals of M Mathematics, ser. 2, vol. 7, No 4, pp. 163-164, July. 


1907. 
(71) Introduction to Higher Algebra. By Maxime Böcher. Prepared for 


lan with the cooperation of E. P. R. Duval. New York, 
acmillan, 11 + 321 pp.* 


1908. 
(72) Review of Bromwich: Quadratic Forms and their Classification by 
a Invariant Factors. Bulletin of the American Mathematical 
Society, ser. 2, vol. 14, No. 4, pp. 194-195, Jan. 
(73) On the St forced vibrations of systems with one degree of freedom. 
Annals of Mathematics, ser. 2, vol. 10, No. 1, pp. 1-8, Oct. 


1909. 


(74) On the the EE of convergence of power-series which represent two- 
onal harmonic functions. Transactions of American 
Eiere Soctety, vol. 10, No. 2, pp. 271-278, April. 


* A German translation appeared in 1909: Einführung in die hohere 
Algebra. Deutsch von Hans Beck. Mit einem Geleitwort von Eduard 
Study. Leipzig, Teubner, 12 + 348 pp. 


H 
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(75) Review of Runge: Analytische Geometrie der Ebene. Bulletin of the 
American Mathematical Society, ser. 2, vol ER No. ne Pp. 30-33, Oct. 

(76) Review of d'Adhémar: Exercices et ms d ulletin of the 
American Mathematical Society, ser. 2, vol. 16, Nes 2, pp. 87-88, Nov. 

(77) An introduction to the study of integral tions. ridge 
Traccs in Mathematics and Mathematical Physics, No. 10, Cam- 
bridge, England, University Press, 72 pp.* _ 


1910. 


(78) On sem:-analytic functions of two variables. Annals of Mathematics, 
` ser. 2, vol. 12, No. 1, pp. 18-26, Oct. 
(79) Kowalewski’s Determinants [Review]. Bulletin of the American 
Mathematical Society, ser. 2; vol. 18, No. 3, pp. 120-140, Dec. 


1911. 


(80) The pudlished and unpublished work of Charles Sturm on algebraic 
and differential equations. Presidential address delivered before 

the American Mathematical Society, April 28, 1911. Bulletin of 

the American Mathematical Society, ser. 2, vol. 18, No. 1, pp. 1-18, 


Det 

(81) Boundary problems and Green’s functions for linear differential and 

eae uations, Annals of Mathematics, ser. 2, vol. 13, No. 2, 
7 Cc. 

(82) Graduate work in mathematics in universities and in other institutions 
of like grade in the United States. General report: United States 
Bureau of Education Bulletin, No. 6, 2rd 7-20. in Bulletin of the 
SE Mathematical Socwty, ser. 2, vol. 18, No. 3, pp. 122-137, 


1818. 


(83) On linear equations with an infinite number of variables. By Maxime 
Böcker and Louis Brand. Annals of Mathematws, ser. 2, vol. 13, 
No. 4, pp. 167-186, June. 

(84) A simple proof of a fundamental theorem in the theory of egal 
cud Annals of tege ser. 2, vol. 14, No. 2, pp. 84- 


1918. 


(85) Applications and generalizations of the co ao repta of adjoint systems, 
ransachons o ane Amancay Mathen: Society, vol. 14, No. 4, 
pp. 403-420, 
(86) Doctorates conferred by American universities [Letter to the editor], 
Scrence, n. 8., vol. 38, No. 981, p. 546, Oct. 
(87) Boundary poe ems in one dimension [A lecture delivered Aug. 27, 


1912]. ga of the Fifth International Congres of Mathe- 
matzcians, Cambridge, England, University Press, vol. 1, pp. 
163-195. 

: 1914. 


(88) The infinite regions of various geometries. Bulletin of the American 
a Basel) ser. 2, vol. 20, No. 4, pp. 185-200, Jan. 

(89) On Gibbs's phenomenon. Journal fur ‘die reine und angewandte Math- 
ematik, vol. 144, No. 1, pp. 41-47, Jan. 





* A second edition app in 1914. 
t Ses vol. 22, (1915) No. 1, p. 40, Oct. 
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(90) Mathématiques et mathématiciens français. Rerue I niernationale de 
ee ere vol. 67, No. 1, pp. 20-31, Jan. 

(91) Charles Sturm et les mathématiques modernes. Revue du Mois, 
vol. 17, No. 97, pp. 88-104, Jan. 

(92) Ona small variation which renders a linear differential system incom- 
patible. Bulletin of the American Mathematical Socwly, ser. 2, vol. 
21, No. 1, pp. 1-6, Oct. 

(93) The smallest characteristic number in a certain exceptional case. 
Bulletin of the American Mathematical Society, ser. 2, vol. 21, No. 1, 
pp. 66-99, Oct. 


1916. 


(94) Trigonometry with the theory and use of Jogàrithms, By Maxime 
öcher and H. D. Gaylord, New York, Holt, 9 + 142 pp. 
(95) Plane analytic geometry with introductory chapters on the differ- 
ential us. New York, Holt, 13 + 235 pp. 


1916. 


(96) Review of Gibb: A Course in Interpolation etc. and Carse and Shearer: 
A Course in Fourier’s Analysis etc. Bulletin of the American Mathe- 
matical Society, ser. 2, vol. 22, No. 7, pp. 359-361, April. 

(97) On the Wronskian test for linear de dence, Annals d Mathematics, 
ser. 2, vol. 17, No. 4, pp. 167-168, June. 

(98) Syllabus of a Brief Course in Solid Analytic Geometry. Lancaster, 
New Era Press, 10 p. f 

(99) ns sur les méthodes de Sturm dans la théorie des équations dif- 

érentielles linéaires et leurs développements modernes. Professées 
à la Sorbonne en 1913-14. Recueillies et rédigées par G. Julia. 
Paris, Gauthier-Villars, 6 + 118 pp. 


1917. 


(100) Note supplementary to the paper “On certain pairs of transcendental 
functions whose roots se te each other.” Transactions of the 
American Mathematical Society, vol. 18, No. 4, pp. 519-621, Oct. 


1918 


(101) Concerning direction cosines and Hesse’s normal form. ‘American 
Mathematical Monthly, vol. 25, No. 7, pp. 308-310, Sept. 
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ON A THEOREM OF OSCILLATION i 


BY PROFESSOR WILLIAM F. OSGOOD. 


Iw his book on series which represent the potential function 
Bécher makes use of the first part of the following theorem.* 
All the variables are real. 


THEOREM—Let e(t) be continuous and monotonic in the inter- 
val T € t < œ, and let (t) be always greater numerically than 
a certain positive constant y: ` 


e|» v. 
If et < 0, an arbitrary solution of the differential equation 


d 
E — e(t)y, 


‘oscillates an infinite number of times in any interval T ET 
S t « c, in which it is considered, the amplitudes of the oscil- 
lations remaining finite. 

If, furthermore, y(t) remains finite, the amplitudes of the oscil- 
lations do not become less than a certain positive constant. More- 
over, the amplitudes vary monotonically, increasing when e(t) 
Increases algebraically, and decreasing in the opposite case. 


Bécher states the theorem without the restriction that e(t) 
be morotonie, and outlines a suggestive dynamical proof. 
Professor Birkhoff's comment in the foregoing article led me 
to examine critically both theorem and proof. It is easy to 
See] that the theorem is not true under Bócher's hypotheses. 
He needed the theorem, however, only in the restricted form 
above given. Moreover, he does not state the last paragraph 
of the theorem, this extension not being requisite for his 
purposes. - 

As regards this extension, it is not difficult to show thai, if 
€(t) is not required to remain finite, the amplitudes of the os- 
cillations may become infinitesimal, when t becomes infinite. 








EU die Reihenentwickelungen der Potentialtheorie ; Teubner, 1894, 


p. 178. 
1 Cf. infra. 
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Proof. Let 
P= D = — et Pan D, 
To integrate the differential equation 
(1) l St = — py, 


proceed in the usual manner: - 


We will now introduce with Bécher the dynamical interpre- 
tation of the equation (1) as representing Newton’s second 
law of motion for a, particle of unit mass acted on by a cen- 
tral attractive force whose intensity, in absolute units, 19 py, 
and moving in a right line through the center of force O. Here, 
t represents the time, and y the distance, measured algebra- 
ically, of the particle from O. 

We will determine the constant of integration for two par- 
-tieular cages. 

Case A. The particle is projected from O in the sense of 
the increasing y with an initial velocity v = c. Then 


dun? 
(2) SEET 


The amplitude 5 of this half-oscillation is given by putting 
dy/di = 0, y = h. Hence 


(2) . IN > T. 


Case B. The particle is released from rest at the point 


y=h>0: Then, " 
a) ~2f 
= = 2 dy. 
($ , pudy 


The velocity c with which it reaches the center of force is 
given by the equation 
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A 
è= af pydy, 
0 


which is of the same form as (2). 

Thus both cases lead to the same formal relation (2) be- 
tween c and h. 

Consider, now, an arbitrary solution y of (1) in the interval 
T Et St< o, and suppose 


y lay > 0. 


Since the force is attractive and its intensity is at least yy, the 
particle will be pulled in to the center of force, and the given 
solution will vanish at a definite instant* t = tọ >. 

It is sufficient, then, to consider a half-oscillation, i. e., an 
excursion from the center of force back to that point. Let 
the particle be projected at the instant t = fo from O with 
velocity v in the direction of the positive vie, 

I. Let the monotonic function p(t) decrease. Then 


' pA >y, po) 2 y. 


Corresponding to Case A, we have for the motion away from 
O to rest 


| pih? f _ 0 


Hence 





* The argument can be equally well carried through analytically. The 
curve cor-esponding to the solution in question, y = f(t), is concave down- 
ward, sinze diy/di* <0. If f’(t’) > 0, the curve must have a maximum 
en to the initial level, y = f(t) =b. For, while it is above that 

evel, 
dëuldë = — py < — yb = — k. 
Consicer the parabola for which d!y/d?* = — k, and which is tangent 
initially to the above curve: 
G) Y =b HPU- t) — klt = ty. , 
Then the given curve will lie below the parabola so long as it lies above 
the line y = b. For, by Taylor's theorem with the remainder, 
Gi) y -b HPO- E) cr 3f" ME-1 CKL 
Hence 
Y—y-i[py — kl: t — ty, 


and the bracket is positive so long as y = b. 

Thus -he curve y = f(t) cuts the line y = b a second time, and at this 
point the slope is negative. From now on the curve lies below its tangent 
at this point, till it cuts the axis of t. 
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Vo Dn 
h SS. 
C7 4p 7 Vy 
Corresponding to Case B, we have for the motion back* to O 
D 2 Au ty) 
(4) pi>, f pydy =->. 
2 à 2 
From (3) and (4) we infer that 
% S vo. 

It thus appears that, as the motion continues, the successive 
values vo, 9.94, - - - never increase, and hence h, remains 
finite, since 

Dën Dn 
Rast < UP SZ EN 
vy 7 Vy 


To show that h, remains greater than a certain positive 
constant, we replace (3) and (4) by the new relations 


h? 1 03 

(5) bU > + ("ni - 
2 Ay 2 

(6) BY «p WEEK 

0 
Hence, 

Vo Ta Du 

h 2 —=, —2—, 

* 7 Apo Vp. "` Npo 


On writing down the corresponding relations for the further 
half-oscillations and taking vs, always to mean the numerical 
value of dy/di at O, 








we obtain 








* p, considered as a function of y, is multiple-valued; but in each of the 
cases A and B we are dealing only with a single-valued branch of the func- 
tion. 
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and thus the theorem is proven for the case of a decreasing 
function p(t), the corresponding function e(t) increasing. 
Finally, h, increases monotonically, ) 


Z Im, 


since fron (5) and (6) 


FELT 
etc. 


II. Wken p(t) is an increasing function, the proof is given 
in a similar manner. Instead of (3) and (4) we now have 


Pohi? p 2m. 
(7) 2 S: j Pydy =g; 
h? Au 2 
(8) BDL f mit. 
Here, we Lave 
ro Da Do 
E TON Ya po 
ence 
Von Do 
< -= <=, 
Jm SE = d, 


and h, remains finite. 
To show that A» does not fall below a positive constant, 
write 


ps f — OC. 
hà 1 t3! 
(10) P «p WEEK 
0 
Hence 
. Da vo D 
h 2 -= 2 —=, n Z vo 
rE o = Ny te Z vo 
and thus H 
9o 
han Z -F 
e dy 
From :7) and (8) it follows that 
Da Vo 
—shs—, 
4p Apo 


etc. 
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Hence 


hs S hn, 


and h, decreases monotonically. 

Physical Interpretation —A physical interpretation of the 
problem just discussed is given by the small oscillations of a 
simple pendulum, the cord of which, in Case I, is gradually 
lengthened, monotonically, remaining finite; while in Case II 
the cord is monotonically shortened, never becoming less than 
a positive fixed length. 

The same physical picture is useful, too, for showing that 
the theorem, stated without restriction on (t), is false. For 
the way a child swings higher and higher is to lengthen the 
equivalent simple pendulum on the downward arc, and sud- 
denly to shorten it as the upward arc begins. 

Bécher’s theorem (b), L c., namely that, when e(t) is con- 
tinuous and 

0<g Soft) SG, 


there is one and only one solution which remains finite, and 
this vanishes at infinity, is correct without any further re- 
striction on the function e. An elementary analytic proof 
can be given by the aid of the law of the mean and Taylor’s 
theorem with the remainder, carried through the term of the 
second order. 


HARVARD UNIVERSITY, 
CAMBRIDGE, Musteren, 
December 8,1 
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PROOF OF A PROPERTY OF THE NORM OF A 
CYCLOTOMIC INTEGER. 


BY MR. H. 8. VANDIVER. 
(Read before the American Mathematical Society April 27, 1918.) 


Kummer in his first proof of the general law of reciprocity 
between two ideals in a regular cyclotomic algebraic field 
gave a theorem* which forms a link in his chain of reasoning. 
Let 


* Abhandlungen Berlin Academy, 1859, p. 119, formula (7). 
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w(t) = Go + aiz + asa? + --- + Gp 2a? 7, 


o = do + aio t + asso? ?, 
where ao, Gi, -::, aps are integers, p is a prime, a —' e?" 
and w is prime to p. Write 


Dic [Ee], 


and let N(w) be the norm of w. Then we shall prove that 
e(1)*1 N(w) 
p 


which result was given by Kummer in the article cited. 
Kummer’s proof depended on certain expansions in logarithmic 
series. In the present paper we proceed from another point 
of view. Put 





(1) ËCH (mod p), 


N(w) = e(o)e(o)- - -w(ar), 


In this relation œ may be replaced by an indeterminate x 
if we add a suitable multiple of qr! -+ r2 + ...-r1. 
Letting x = e, we may then write 


Q) AP) o) = Nw) + FIIR, 


where X is a rational integral function of e, Put a- 0 
in this relation; we obtain 
(3) pX(1) + N(w) = (sl). 


Taking logarithms in (2), differentiating (p — 1) times with 
respect to v, and setting v = 0 we have, if V= (e? — 1)/(e"— 1), 


(IF 2»3-p 391 es + (p — 073)D, 10) 








© [lm )l. 
=| yar ais], Gen». 


since D,(V) = 0 (mod p) for S < p — 1 and 


[NV + V X],-, = 0 (mod p), 
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w and therefore N being prime top. We have further 


o [$92] — xa] |=- 20 ees 2: 


Comparison of (5), (4) and (3) ioe the theorem (1). 


PHILADELPHIA, 
April, 1918. 


TRAJECTORIES AND FLAT POINTS ON RULED 
SURFACES. 


BY MR. J. K. WHITTEMORE. 


(Read before the American eng Society April 28 and October 
‚1917. 


4 


$1. Introduction. In the following paper we determine the 
flat points* of a ruled surface with real rulings, and prove 
a new property of the orthogonal trajectories of the rulings. 
This property may be extended to any isogonal trajectory of 
the rulings, not itself a ruling, and may be regarded as a 
generalization of Bonnet’s familiar theorem. f 

Let S be a ruled surface with real rulings, g any such ruling, 
C an orthogonal trajectory of the rulings, generally not a 
straight line; let the coordinates of any point of C be zo, Yo, 20, 
and consider these as functions of v, the arc of C. When C 
is not a straight line let the direction cosines of its tangent be 
a, B, y, of its principal normal be l, m, n, and of its binormal 
be A, u, v; let Rand T be respectively the radii of curvature 
and torsion of C, y the angle measured from the principal 
normal towards the binormal to the direction chosen as positive 
ong. Wesuppose C to be a rectifiable curve generally without 
singular points in the portion considered; the curvature 1/R 
and the torsion 1/T shall have finite first derivatives with 
‘respect to v, and y shall have a finite second derivative. 

The surface S is given by 


(1) z = 2% + uL, L = lcosy + siny, 





* Flat points are defined in § 4 of this paper. 
T Bee Fisenhart, Differential] Geometry, p. 248. 
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with similar equations for y and z, where w is the length 
measured from C on g in the positive direction. If C isa 
straight line S is a right conoid. To give its equations we 
choose C as the X axis and let d be the angle made by the 
positive direction on g measured from the Y axis towards 
the Z axis. We have 


(1) '" =, y = u cos y, z= usin y. 


The linear element of (1) is given by 


2) dst = du? + [1 + 2ug + v (p + Pr 
1 : J 
pecpey =<. 


For (1^) ds is also given by (2) making 1/R = 1/T = 0. Sis 
developable if p is identically zero; if q is also identically zero 
S is a plene or a cylinder. 

It is well known* that the linear element of S may be given 
the form 


(3) ds? = du? + [(uı — a)? + P?]dvi?, 


' where the curves (vı), that is v, constant, are the rulings, t 
is the length measured along a ruling from an orthogonal 
trajectory of the rulings, au = 0, a depending on v; alone the 
distance from this trajectory to the central point of the ruling 
so that u, = a is the equation of e, the line of striction of 5; 
b also depending on v; alone is the parameter of distribution 
of S. The total curvature K of S from (2) and (3) is 


-p N — p ; 
[1 — 2ug -- lt PP [u — a)?+ UP 
Compariag (2) and (3), we have 


K= 





H P 
ae ER jeu 
oP + PFE 
the sign of b being determined in the usual way.f 
$2. A property of the trajectories. Suppose a point v of 
C is on s; for this point a= 0, and g=cos¥/R=0. If 
1/R = 0 for all points of C that curve is a straight line, a 
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geodesic, and by Bonnet’s theorem is s; if 1/R = 0 for the 
point v, but not for all points of C, it follows that C is at this 
point tangent to the asymptotic line of S, not g, through v, 
unless the point v is a flat point. If 1/R + 0, cosy = 0 and 
the normal to S at v coincides with the principal normal of 
C, and the geodesic curvature of C vanishes at the point. 
If at a point of intersection of C and s the former is tangent 
to an asymptotic line its principal normal is not necessarily 
normal to S, as may be seen from the following construction: 
let C be any curve satisfying the conditions of $ 1, » a point of 
C for which 1/R.— 0, 1/T + 0, let S be a surface of normals 
to C, y having any constant value. The point v is on s since 
q= 0, p= 1/T +0; S has at this point an ordinary point 
which is not a flat point since K + 0. The curve C is tangent 
to an asymptotic line at v, and the angle of the normal to S 
and the principal normal of C at v is the complement of y. 

Suppose conversely that v is a point of C where the geodesic 
curvature vanishes; then cos d = 0, g = 0, and, unless p = 0, 
«=(,andvisons. Ifp = 0, K = 0 for v and consequently 
for all points of the ruling through v. Such a ruling we shall 
calla zero ruling. In the next section we examine the behavior 
of orthogonal trajectories of the rulings at points of inter- 
section with zero rulings. 

The properties of orthogonal trajectories just proved may 
be extended without modification to all isogonal trajectories— 
a ruling itself not being considered, however, as a trajectory. 
We may state the results of this section in 

Theorem 1: At a point of intersection of an isogonal trajec- 
tory of the rulings of a surface S with the line of striction the 
geodesic curvature of the trajectory vanishes unless the tangent 
to the latter is asymptotic or the point is a flat point of S; 
conversely, a point of a trajectory where the geodesic curvature 
vanishes is either on the line of striction or on a zero ruling. 

§ 3. Trajectories on zero rulings. If the total curvature 
K vanishes for v and a finite value of u, p = 0; either 
b = 0, ora or b or both become infinite. If q + 0, b = 0 and 
a = 1/g is finite; if g = 0 either a or b becomes infinite. We 
distinguish two cases of zero rulings: (I) p = 0, q + 0; (ID 
p=q=0. That this is a distinction independent of the 
trajectory C appears from the corresponding properties of a 
and b, as also from properties of the point of the spherical 
indicatrix of S corresponding to the ruling, which are stated 
below. 
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Let D. Di. D” be the coefficients of the second fundamental 
form of S; D is identically zero, and K = 0 gives D’ = 0. 
The last condition givés g 


|\Li’e| 290 L'=—ag+ (lsny — ^ cos yp. 
For (I) 


For (II) 


In (1) the point of the spherical indicatrix of S corresponding 
to v, that is the point of coordinates (L, M, N), is & simple 
point of the indicatrix, and the tangent to the indicatrix at v 
is parallel t the tangent to C atv. The orthogonal trajectory 
intersecting a zero ruling (I) on s has at the point of intersection 
a singular point, as may be seen in various ways: (1) a — 0 
gives R = D: (2) the tangent to the spherical indicatrix at a 
point corresponding to a ruling g is parallel to the normal to 8 
at the point of intersection of g and 8,* but we have seen that 
the tangent to the indicatrix is parallel to the tangent to the 
orthogonal trajectory, a contradiction in the case of an ordi- 
nary point of the trajectory on s. This remark proves inci- 
dentally that the tangent to any other orthogonal trajectory 
at a point of intersection with a zero ruling (I) is parallel to 
the normal to S at the intersection of the ruling with s. Since 
in (I) eosy + 0 no orthogonal trajectory has zero geodesic 
curvature at a point on the ruling. 

In (II) q = 0 gives cos y = 0 or 1/R = 0; if cos y = 0 the 
trajectory has zero geodesic curvature; if 1/R = 0 the point 
is a flat point of S, for the ruling has the only asymptctic 
direction at a point for which K = 0. The behavior of a 
. trajectory at a flat point will be considered in the following 
section. To a zero ruling (II) corresponds a singular point 
of the spherical indicatrix since 


U=M=N=0. 


An example of a zero ruling (II) is furnished by the surface 
of binormals of a curve C at a point for which the torsion 
vanishes. In this example b is infinite and a may have any 
value. ; 


* Hisenhars, p. 351. This does not apply to a developable surface. 
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§4. Flat points. A flat point of a surface is a point 
where the curvature of every normal section is zero; it may 
also be defined as an umbilic where the total curvature of the 
surface vanishes.* The conditions for an umbilic are, in the 
usual notation, 


D D D” 


for a flat point D = D'— D" — 0. For S, with the co- 
ordinates u, v used in the preceding sections, D — 0, E — 1, 
so that such a surface has no umbilics other than flat points. 
It is worth while at this point to emphasize the requirement 
that S be a surface with real rulings, for there exists a real 
ruled surface with no flat points all of whose real points are 
umbilics—the sphere. 

To determine the flat points of a surface S we have, in 
addition to the identity D = 0 and the condition for zero 
total curvature D' = 0, from which v may be found, the 
equation for u, D" — 0, which gives i 


(4) w|LM'N”|+ uf [ao MN'|— Led MN"|) 
` + |£" Mzy' | = 0, 
in which each bracket of three letters represents a determinant 


with prineipal diagonal in evidence. 
For a zero ruling (I) equation (4) has two roots, 





"MEN STORE u= Im MN’| _ siny 
VSI? q LA" Ri 

t Y cosy ` , 

p P. 


The first value gives the central point of the ruling which is 
generally not a flat point but is & singular point of the co- 
ordinate curve (u), the orthogonal trajectory through the 
point. The second value gives the same point if p’ = 0, 
sin d + 0; if p' = sin y = 0, D" = 0 for all u's, and all points 
of the ruling are flat points; if p’ + 0, t +0, the general 
case, there is one flat point; if p' + 0, t = 0 there is no flat 
point. 

For a zero ruling (II) the coefficient of u? in (4) vanishes, 
and that equation gives for a flat point one value, 


* Scheffers, Theorie der Flüchen, 2d ed., pp. 126, 146. 
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_ je’ Ma’| ^ say 
"Iech Rp 


The ruling has one finite flat point if p’ + 0; if p’ = 0 there is 
no flat point unless also 1/R’= 0; if p' = 1/R = 0 all points 
of the ruling are flat points for D” = 0 for all ws. The case 
of the rizht conoid, where C is a straight line, is included in 
(ID, for since 1/R = 0, q = 0; one flat point is on C, and all 
other or no other points of the ruling are flat points according 
as p’ = — IT does or does not vanish. i 

In (I) we have a cosy = R, so that the projection of the 
central point of the ruling on the osculating plane of any 
orthogoral trajectory C, satisfying the requirements of $1, 
is the center of curvature of the corresponding point of the 
trajectory. In the case of a single flat point in (I) suppose 
for the moment C js the orthogonal trajectory through that 
point and that C satisfies the requirements of $1; we have 

sin y 
f u=- = 0. 

Since a is finite 1/R + 0, and sin y = 0, and the ruling is the 
-principal normal of the trajectory through the flat point, and 
the central point of the ruling is the corresponding center of 
curvature of that trjaectory. If in (I) all points of the ruling 
are flat points sin d = 0 for any orthogonal trajectory satis- 
fying tke requirements of §1; the ruling is the principal 
normal and the central point the center of curvature of all 
. such trajectories. The latter'case is illustrated by taking for 
S a plane regarded as the locus of tangents of one of its curves 
s. It may be proved if p’ = 0, siny + 0, no flat point, that 
the principal normals of all orthogonal trajectories at poiats 
of the zero ruling are parallel. This case is illustrated on any 
ruling of a developable surface whose points are not flat points. 
In the case remaining in (I), p’ + 0, t = 0, no flat point, there 
is no simple relation between the ruling and the trajectories. 

In (ID the ruling is the binormal of every orthogonal 
trajectory not intersecting the ruling at a flat point. If there 
is a single flat point on the ruling, d may have any value at 
this point; if all points of the ruling are flat points‘there is no 
simple relation between the ruling and the trajectories. 

By a discussion similar to the preceding we may prove 
analogous properties of isogonal—not orthogonal—trajectoriés 
of the rulings of S. We choose such a trajectory as the direc- 





5 
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trix C, and suppose C cuts the rulings at the angle 4 + 0. 
No trajectory has zero geodesic curvature at a point of inter- 
section with a zero ruling (I). Every trajectory through the 
central point of a ruling (I) has at this point a singular point, 
but if A +- r/2 the coordinate curve (u) through the central 
point has not a singular point at this point, so that the point 
is generally not a singular point of the surface. This case is 
again illustrated by a plane regarded as the locus of the 
tangents of one of its curves. Every trajectory intersecting 
a zero ruling (II) at a point not a flat point has zero geodesic 
curvature at this point. 

We consider finally the behavior of the flat points when a 
surface S is deformed into a surface of the same sort with 
correspondence of rulings.* From (2) it follows that in such 
deformation the values of p° and o are unchanged for any point 
of C; therefore a zero ruling remains such and moreover 
remains always in the same case, (I) or (IT). Since the are v 
is also unchanged the same is true of the absolute value of p’, 
but 1/R and y are generally changed, so that the flat point 
moves on the ruling during deformation. In (I) deformation 
cannot change a ruling of one flat point into a ruling of all 
flat points, but can change either of these into a ruling with 
no flat point. In (II) a ruling of one flat point remains such 
during deformation, but & ruling of no flat points may be 
changed into a ruling of all flat points. A developable surface 
never has a ruling with a single flat point. The deformations 
for rulings of all and no flat points are illustrated for (I) by & 
plane regarded as the locus of tangents of one of its curves, for 
(ID by a cylinder. If all points of a surface are flat points 
the surface is a plane.t We remark that all cases considered 
in this section actually occur, for a surface S may be con- 
structed to satisfy the requirements of $1 with values arbi- 
trarily assigned to 1/R, d, p, p' at a point of C. 

We state the chief results of this section in 

Theorem 2: On a zero ruling of a surface S there is generally 
one flat point. The geodesic curvature of an isogonal trajec- 
tory of the rulings at a point of intersection with a zero rul- 
ing, not a flat point, is zero for all Ken or for none. 

Yars UNwivensrTY, 1918. 

* If two ruled surfaces are ee the Serge correspond necessarily 

unless both surfaces are applicable to the same quadric. See Eisenhart, 


p. 847. 
+ Scheffers, p. 146. 
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POINTS OF VIEW OF CAUCHY AND WEIERSTRASS 
IN THE THEORY OF FUNCTIONS. 


Legons sur les Fonctions monogenes uniformes d'une Variable 
complexe. Par EMILE Boren. Rédigées par Gaston JULIA. 
Gauthier-Villars, Paris, 1917. xii + 165 pp. 

THE point of- departure i in this monograph is the opposition 
between the points of view of Cauchy and Weierstrass in the 
` definition of functions of a complex variable called monogenic 
by Cauchy and analytic by Weierstrass. The conclusion 
which: is reached—and it is supported by detailed investiga- 
tion and significant results—is that the point of view of Cauchy 
is the more fundamental one. In fact, it is contended that - 
the work of Weierstrass is confined to a class of functions more 
special than that which should be considered and that in a 
more general class the central theorems are maintained, so 
that there is no reason for confining attention entirely to the 
analytic functions of Weierstrass. 

The researches of which we have here’ an exposition con- 
venient for the reader go back as far as a quarter century. 
Borel entered upon some of the matters involved as early as 
1892 and published the first results in 1894. But it was as 
late as 1912 when he made known the principal results of the 
theory of non-analytic monogenic functions. This was in his 
lecture before the Fifth International Congress of Mathema- 
ticians at Cambridge. This earlier exposition was incomplete 
in many -espects; and it was only in the course of lectures at 
Paris of which this book is the reproduction that. he has com- 
pletely developed the theory, entering into detail in the dem- 
onstrations and leaving no delicate point without careful il- 
lumination. 

It was intended that this book should appear at the end of 
1914; but M. Gaston Julia, a student at the Ecole Normale 
Supérieure, who was charged with preparing the notes for 
publication, was called into the army and was wounded in 
January, 1915. Notwithstanding his sufferings, he continued 
with the labor of seeing the manuscript through the press 
even thorgh he was also at the same time engaged in remark- 
able researches of his own suitable “for perpetuating French 
mathematical traditions.” The difficulties under which the 
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proofreading was done probably account for the rather large 
number of minor misprints, more than a score of which the 
reviewer detected. None of them is such as to cause the reader 
serious inconvenience. 

The intimate connection between the theory of functions of 
& complex variable and the theory of the potential in mathe- 
matical physics has been an important guide to Borel in his 
researches on non-analytic monogenic functions, as he has 
pointed out in his Cambridge lecture; he has been helped par- 
ticularly by the analogies of the new theory with the theories 
of molecular physics so much in consideration among scien- 
tists in very recent years. The non-analytic monogenic func- 
‘ tions correspond to the case where the singular regions are at 
the same time extremely small and extremely numerous. 

In the monograph under consideration attention has been 
confined to what may be called the purely mathematical the- 
ory of monogenic functions, and none of the physical appli- 
cations just indicated are developed. In his preface the author 
states that it had originally been his intention to publish sim- 
ultaneously with this monograph another in which were to 
be given the applications of these theories to the problems of 
molecular physics. But he finds himself compelled to leave 
off this study “until the moment when the victory of civili- 
zation . . . over a brutal aggression shall give us the right 
to take up again the thoughts and labors of times of peace.” 
Some indication of what he has in mind in this further study 
is to be found in the second note in the monograph under re- 
view and in the seventh note in his Introduction géométrique à 
quelques Théories physiques. Perhaps one must wait until the 
appearance of a completed exposition of these applications 
before reaching a final judgment on the matters insisted upon 
by Borel; but the development already before us seems to 
indicate that the point of view of Cauchy is indeed more 
fundamental than that of Weierstrass and in a way which will 
require our thinking of the latter simply as the most important 
and most elegant case of the former. 

Cauchy has laid down the conditions of monogeneity which 
lie at the base of the theory of functions of a complex variable 
and in his integral has created a matchless instrument of dem- 
onstration for dealing with this theory. In the study of dif- 
ferential equations he employed the process of analytic con- 
tinuation. The réle of Weierstrass was to make more pre- 
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cise certain points of the latter theory, notably that ‘which 
pertains to the form of the domains. We may speak of the 
domains of Weierstrass, or the domains W, to mean those 
domains in which an analytic function may be defined by 
the process of analytic continuation as employed by Weier- 
strass. ‘These domains may be defined geometrically and their 
properties be developed without reference to functions which 
are or may be defined in them. 

The first chapter of this monograph (pages 1-23) is de- 
voted to certain generalities (pages 1-5), the definition of a 
monogenic function (pages 5-10), geometric properties of do- 
mains W (pages 10-18), and the representation of an analytic 
function defined in a domain W (pages 19-23), the latter being 
given in the form of a Cauchy integral with the consequent 
: series of Taylor and Laurent. Thus the chapter deals through- 
out with classic matter; the discussion of domains W may be 
singled out as particularly pleasing. 

Chapter II (pages 24-54) is devoted to an application of 
the integral of Cauchy to the development in a series of poly- 
nomials cf a function defined in a domain of Weierstrass. The 

first fourteen pages are given to an exposition of the method 
` of Runge and the remainder of the chapter to applications to 
certain particular developments. , 

The tkird chapter (pages 55-72) is devoted to certain re- 
markable consequences of the development in series of poly- 
nomials and to an extension of the theory of analytic contin- 
uation. Here we have some preliminary aspects of Borel's 
reasons for insisting upon the inadequacy of the Weierstrass 
theory from the point of view of the more general theory of 
monogenic functions, the arguments here being presented in 
such way as to enable one to pass to the conclusion as directly 
as possible from first considerations. Then, after a necessary 
preliminary treatment of sets of points ‘of measure zero (in 
Chapter IV, pages 73-124), he introduces in Chapter V (pages 
125-150) the domains C, or domains of Cauchy, and develops 
the first elements of the general theory of non-analytic mono- 
` genic functions defined in these domains. There is nothing To 
indicate that these are the most general domains in which 
monogenic functions may be defined; but they are more gen- 
eral than the domains of Weierstrass. 

Poincaré, with great ingenuity, constructed analytic ex- 
pressions presenting certain remarkable singularities and be- 


1919. ] CAUCHY AND WEIERSTRASS. 233 


lieved that he had sufficient grounds for concluding to the 
impossibility of extending the theory of analytic functions 
beyond the bounds fixed by Weierstrass; that is, he believed 
in the impossibility of a process of analytic continuation by 
which one could extend a function beyond the domain of 
Weierstrass. With this negative result Borel has been for a 
long time in disagreement, at first thinking that it was not 
established and now finally justifying his position by means 
of the detailed results set forth in this monograph. Particu- 
larly, he has objected to the conclusion that the domain 
throughout which a function could be continued analytically 
by means of power series necessarily constitutes its natural 
domain of existence, that the function does not exist outside 
of this domain, and that every attempt to pierce this Unknown 
is destined to failure and contradiction. In this connection 
it is interesting to note the following from the preface to this 
monograph: ; 

“A la suite des travaux de Poincaré que j’ai rappelés il y 
un instant, ce point de vue paraissait universellement admis; 
mais tandis que Poincaré accueillait avec bienveillance le pre- 
mier essai dans lequel je montrais que les limites imposées 
par Weierstrass n’étaient pas aussi infranchissables qu’on 
l'avait cru, les disciples fidéles de Weierstrass ne consentaient 
méme pas à discuter; je me rappellerai toujours l'étonnement 
avec lequel je vis M. Mittag-Leffler, auquel j'avais essayé 
d'exposer mes projets de recherches, ne faire aucun effort pour 
entrer dans ma pensée et se contenter de retirer de sa malle 
un Mémoire de Weierstrass pour me montrer une phrase qui 
devait clore définitivement toute discussion: Magister dixit." 

In Chapter III we have an interesting example bearing on 
this matter of dispute and one which seems to settle the ques- 
tion definitively in favor of Borel’s contention. Let aj, a5, 


05, *:* be the rational numbers between 0 and 1 arranged in 
enumerable sequence and consider the infinite series 

3 An EE = 
(1) fe) = In, «= t= V1, 

a=1 


where the Ais are constants such that the series A; + Ae 
+ ---+ converges absolutely. It is easy to see that this series 
defines a function which is holomorphic at every point in the 
interior of the unit circle about the point zero. It may be 
shown that this circle is a natural boundary, in the sense of 
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Weierstrass, of the function defined by the series at an interior 
point of this circle. Likewise the series defines a function 
which is holomorphic at every point exterior to this unit circle 
and the circle is a natural boundary of the function thus de- 
fined. In the theory of Weierstrass there is no means of con- 
tinuation by which one may establish a connection between 
the function defined by (1) in the interior of the unit circle 
and that 30 defined in the exterior of this circle. In fact, from 
the point of view of Weierstrass they are to be treated as un- 
related functions. 

Nevertheless Borel shows that a suitable SE does 
exist for establishing the connection between these functions, 
this being constituted by a series of polynomials. In fact, 
one can form a series of polynomials 


È Py(2) 


which converges uniformly on every finite segment of every 


straight line of argument m N2 + n, where m and n are in- 
tegers and m + 0, an infinity of which lines lie in every angle 
issuing from the origin; on each of these lines the series con- 
verges to the sum of the series in (1). 

R. D. CARMICHAEL. 


SHORTER NOTICE. 


Elements of Opties for the Use of Schools and. Colleges. By 
GEoRGE W. Parker, M.A. London, New York, and Bom- 
bay, Longmans, Green and Company, 1915. vi-+ 122 pp. 
Tue mathematical prerequisites necessary for reading this 

little book have been reduced toa minimum. A student whose 

knowledge of mathematics is limited to an acquaintance with 
elementa-y geometry, the solution of simple algebraic equa- 
tions and a few fundamental propositions in trigonometry will 
be able to follow the treatment at all places. The knowledge 
of physical phenomena presupposed is also reduced to an ex- 
treme minimum. The book is therefore of a strictly elemen- 
tary character. It is written in a satisfactory style and its 
material 1s arranged in interesting sequence, so that it may be 


ZS 
H 


1919.] NOTES. ) 235 


recommended to one who seeks pleasing applications of the 
most elementary mathematics to a chapter in scientific theory. 

The chief merits of the exposition as an elementary treat- 
ment of its subject matter are intimately dependent upon the 
straightforward and simple manner of presentation on account 
of ‘which the reader is able to follow the development with 
striking unity of effort and with little loss of energy consumed 
through divergent operations of thought. This renders* the 
book particularly valuable for the learner who needs to con- 
centrate attention upon the main issues in order to under- 
stand them thoroughly. 

The effort to attain the advantages just mentioned has also 
led the author into the chief defects of his exposition. These 
are associated with the description of a special case as though 
it were the general case. Thus a lens is defined (page 56) as 
“a transparent body bounded by two spherical surfaces? and 
the student is left without any hint that lenses may also be 
of other forms. The most usual form of the kaleidoscope is 
described (page 13) as if there were no other form. A similar 

: defect is in such a definition as that of optics (page 1) as “the 
science which treats of the properties of this mysterious agent” 
light, whereas the book itself deals with only a very narrow 
range of the properties of light and the student is given no 
hint of the more fundamental matters not treated in the 
book. The mathematical reader also feels a certain uneasiness 
in the free use of “infinity” (as on pages 84, 89, 113, and else- 
where) and in the uncritical use of processes of approximation. 
Nevertheless these minor defects do not obscure the real in- 
terest and value of this very elementary exposition. 

R. D. CARMICHAEL. 


NOTES. 


Tee fourth annual meeting of the Mathematical Association 
of America was held at the University of Chicago on Friday, 
December 27, 1918, in connection with the annual meeting 
of the American Mathematical Society. The morning 
programme included a conference on “Deductions from war 
time experiences with respect to the teaching of mathematics,” 
a paper on “An experiment in supervised study,” by D. R. 
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Curtiss, and the election of officers. At the afternoon joint 
session with the American Mathematical Society the following 
papers were presented: “Some mathematical features of 
ballistics,” by A. A. Bennett; “How the map problem was 
met in the war," by Kurt Laves; “Notes concerning recent 
books on navigation,” by Azice B. Gomm: “Statistics 
methods for preparation for war department service,” by 
H. L. Braz: “Ordnance problems," by W. D. MacMıraAn; 
“Practical exterior ballistics,’ be PL AraER; “The effect 
of the earth’s rotation and curvature on the path of a pro- 
gectile," by W. H. Rogvzn; “On low velocity high angle fire,” 
by H. F. BurcurgrpT. The evening was devoted to a joint 
dinner of the two organizations at the Quadrangle Club. 


Tae December number (volume 20, number 2) of the 
Annals of Mathematics contains the following papers: “The 
gamma function in the integral calculus (concluded),” by 
T. H. Gronwatt; “Invariants which are functions of para- 
meters of the transformation," by O. E. GLENN; “ A theorem on 
exhaustible sets connected with developments of positive real 
numbers.” by HENRY BLUMBERG; “Solution of the differential 
equation dz? + dy? + dz? = ds? and its application to some 
geometrical problems," by ALEXANDER PELL; “A general 
method of summation of divergent series," by L. L. SMAIL. 


Tue fcurth volume (1918) of the Proceedings of the National 
Academy of Sciences contains the following mathematical pa- 
pers:—number 5 (May): “The structure of an electromagnetic 
field," by H. Bateman; “Invariants which are functions of 
parameters of the transformation,” by O. E. GLENN; number 
7 (July): “On the representation of a number as the sum of 
any number of squares, and in particular of five or seven,” 
by G. H. Harpy; number 8 (August): “ Arithmetical theory 
of certain Hurwitzian continued fractions,” by D. N. LEHMER; 
“On closed curves described by a spherical pendulum,” by 
ARNOLD Emcu; number 9 (September): “On the «-holomor- 
phisms cf a group,” by G. A. MILLER; number 10 (October) 
“Invariants and canonical forms," by E. J. WILCZYNSKI; 
number 11 (November): "On certain projective generaliza- 
tions of metric theorems, and the curves of Darboux and 
Segre," by G. M. GREEN; number 12 (December): “On 

| Jacobi’s extension of the continued' fraction algorithm," by 


^ t 
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D. N. Leumer; “A characterization of Jordan regions by 
properties having no reference to their boundaries,” by R. L. 
Moore. 


Tue Council of the Mathematical Association of America 
has appointed as Committee on Publications Professors R. C. 
ARCHIBALD (editor in chief) W. A. Hurwitz and H. E. 
Staveut. This Committee has charge of the official journal 
of the Association, the American Mathematical Monthly. 


AT the annual meeting of the Paris academy of sciences, 
held December 2, 1918, the following prizes in pure and applied 
mathematics were awarded, in addition to those noted in the 
December number of the Dm. The Grand prize, for a 
memoir on the theory of iteration, to G. Junta, with honor- 
able mention for the late S. LATrES, who was also awarded a 
prize of 2000 francs from the Gegner foundation for his work 
in mathematical analysis; a prize of 2000 francs from the 
Jérome Ponti foundation to P. BARBARIN for his work in 
non-euclidean geometry; a prize of 2000 francs from the 
Henri Becquerel foundation to P. Farou for his work on the 
theory of series and the iteration of rational functions. The 
Fourneyron, Damoiseau and Guzman prizes were not awarded. 

All the prizes are to be awarded in 1919 and following years 
under the usual conditions. For the Bordin prize (3000 
francs), to be awarded in 1921, the following question is pro- 
posed: “To improve the theories relating to analysis situs 
developed in Poincaré’s celebrated memoirs. It is required 
to connect, at least in important special cases, questions of 
the geometry of situation concerning a given multiplicity with 
the study of suitably chosen analytic expressions.” 


Dr. F. W. REED has been appointed instructor in mathe- 
matics at the University of Illniois. 


Mr. A. D. CAMPBELL and Dr. C. M. Satta have been 


appointed instructors in mathematics at Cornell University. 


Tur resignation of Lieutenant W. E. Mirne, of the Army 
Ordnance, has been accepted and he has been appointed assis- 
tant professor of mathematics at the University of Oregon. 


Mr. J. S. Mrxesu has been appointed instructor in mathe- 
maties at Sheffield Scientific School, Yale University. 
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Dr. R. Jenrzcu, of the University of Berlin, fell in battle, 
March 21, 1918. 


Proressor W. B. Stone, of Rutgers College, died January 
6,1918. Professor Stone had been a member of the American 
Mathematical Society since 1913. 





NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. - 


Barzan (H.). Differential equations. London, Longmans, 1018, 8vo. 
114-306 pp. i ` 16s. 

Boyer (P.). La vie universitaire à Paris. Paris, Colin, 1918. Fr. 12.00 

Forsyts (A. R.). Solutions of the examples in a treatise on differential 
equations. London, Macmillan, 1918. 8vo. 249 pp. 10 s. 

GALLATLY (W.). The modern geometry of the triangle. 2d edition. 
London, F. Hodgson, 1918. ` Ben, 74-120 pp. koc 28. 0d. 

Hurio (H. B.). Interpolation tables or multiplication tables of decimal 
fractions giving the products to the nearest, unit of all numbers from 
1to 106 by each hundredth from 0.01 to 0.99 and of all numbers from 
1 to 10C0 by each thousandth from 0.001 to 0.999. Washington, Car- 
negie Irstitction, 1918. Folio. 9+139 pp. $5.00 

Let, (L.. See Schwarz (H. A.). 

PLANT (L. C). See Wenns (W. Pi 

Sansonn (G.). Le divisioni regolari dello spazio iperbolico in piramidi e 
doppie piramidi. Pisa, tıp. succ. fratelli Nistri, 1917. 8vo. 135 pp. 
con quattro tavole. 

Schwarz (H. A). Mélanges relatifs au domaine des surfaces minima. 
Traduit sur la dernière édition par L. Laugel. Pisa, E, Spoerri, 1918. 


8vo. 63 pp. . 4.00 
WEBBER ue P.) and Puan (L. C). Introductory mathematical analysis. 
New Yak, Wiley, 1918. 250 pp. $2.00 


Il. ELEMENTARY MATHEMATICS. 


Asnorr (P... Mathematical tables and formules. London, Longmans, 
1918. «4-58 pp. ] 28. 

——. Numarical trigonometry. London, Longmans, 1918. 10-+183-+ 
mathematicel ables, 3-13] pp. : ] 58.- 

CaponrUg (I), Fisker (A.), Denge (V.) og Orsan (L. P.). Regnebogen. 
Seven H IV, Vog VI. Laererens Bog III, IV og V. Kgbenhaven, 
Gylden Boghandel, 1918. 


Ferrari (A). Sopra un capitolo di geometria elementare. Torino, 8. 
„Lattes, 918. 8vo. 32 pp. ` 
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Fiskar (A.). See Caportus (I.). 


Frus-Perersen (F.) og Jessen (J. L. W.). Realklassens Regnebog. 
København, Gjellerup, 1918. E 

Grappen (T. L.). Plane geometry. Boston, R. G. Badger, 1918. 
165 pp. $1.00 

Harıny (V.). See Caponrus (T.). 

Hopkıns Q: W.) and Unpurwoop (P. H.). Arithmetic. Book 1, revised. 
New York, Macmillan, 1918. 12mo. 114-200 pp. $0.40 

Jëaapg (J. L. W.) og Sura (O. Àj). Matematik og Regning for Real- 
klassen. Kébenhavn, Gjellerup, 1918. 

—. See Fnus-PrTERSEN (F.). 

Mine (R. M.). Mathematical papers for admission into the Royal 
Military Academy, the Royal Military College; and papers in elemen- 
tary engineering for naval cadetships. Nov., 1917 and March, 1918. 
With answers. London, Mazmillan, 1918. 40 pp. Is. 3d. 

Mmr (J. H.). An investigadon of certain abilities fundamental to 
the study of geometry. (Diss., University of Pennsylvania.) Lan- 
caster, Pa., New Era Press, 1918. Sm. 4to. 8+108 pp. $1.25 

Nam (N.). Laerebog i igonometri., 2den gennemste Udgave. 
Kgbenhavn og Kristiania, Gyldendalske Boghandel, 1917. 

OLsEN (L. Pi See Caportus (I.). 

` Burg (O. A). See Jessen L W.). 


Unpnrwoop (P. H.). See Horxms (J. W.). 


IL APPLIED MATHEMATICS. 


Anporer (H.). Formules et tables nouvelles relatives à l'étude du 
mouvement des cométes et & différents problémes de la théorie des 
orbites. Paris, Gauthier-Villars, 1918. 8vo. 52 pp. Fr. 3.00 

BowassE (H.). Astronomie théorique et pratique. (Bibliothèque scien- 
tifique de l'ingénieur et du physicien.) Paris, Delagrave, 1918. Svo. 
30+630 pp. Relié. Fr. 35.00 

Barrrain (W. M.). Bibliography of maritime literature; published by the 
American steamship association for distribution among the officers 
and crews of steamers operated by its members. New York, 1918. 


8vo. 14 pp. 
KxwrwER (A. J.). Simple applications of trigonometry to artillery. 
Urbana, Ill., University of ois, 1918. 8vo. 30 pp. $0.25 


Lévy (M.). La statique graphique et ses applications aux constructions. 
3e partie: Arcs m iques Ponts suspendus rigides. Conpoles et 
corps de révolution. 3e édition. Paris, Gauthier-Villars, 1918. 8vo. 


10-+418 pp. Fr. 24.00 
LiPKA (J.). Graphical and mechenical computation. New York, Wiley, 
1918. 9 +264 pp. $4.00 


Manor (L.). Le manuel du mécanicien. Métaux usuels, trempe, recuit, 
ajustage, tournage, filetage, fraisage, meulage, outils de mesure et de 
verıheation. 3e édition. Pars, Dunod et Pinat, 1918. Svo: e 
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Mann (C. R.). A study of engineering education prepared for the joint 
commit-ee on engineering education of the national engin 


eering . 
societies. (Bulletin No. 11.) New York, Carnegie Foundation for - 


the Advancement of Teaching, 1918.- 4to. ' 11-+189 pp. 


Marcum (F.). Cours d’asttonomie de l'Ecole Navale. Paris, Challamel 
1918. 8vo. er N Fr. 10.00 


'O'DowNzmnLL (E. E.). Merchant marine manual. Boston,, Yachtman’s 
Guide, 1918. 254 pp. ` $1.00 


Parmer (C.I.). Practical mathematics. 2dedition. New York, MoGraw- 
Bill, 1918. 4 volumes. 152-+172-+188-+150 pp. $0.75 each 


Poor (C. L.). Simplified navigation for ships and aircraft.’ A text-book 


based upon the Saint Hilaire method. New York, Century, 1918. _ 


‚18+126 pp. 


Rust (A.). Practical tables for navigators and aviators, containing new 
and rapid methods for finding the longitude, azimuth and latitude and 
for greet circle sailing, the identification of stars and for plotting line 

of position by the Sumner and Marcq Saint Hilaire methods. Phila- 

delphia. J. E. Hand and Sons Company, 1918. 116 pp. $3.50 


Sarmon (V. G.). Practical surveying and field work. London, C. Griffin 
and Company, 1018. 78. 6d. 


Sampson (R. A.). Studies in clocks and time-keeping. No. 2: Tables 
of the circular equation. Edinburgh, Grant, 1918. 2s. 10d. 
Warne (E. J.). Elementary course in chartography: twenty lessons 
seventy charts. Washington, F. J. Warne, 1917. Paper. $50.00 
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"THE TWENTY-FIFTH ANNUAL- MEETING OF THE 


AMERICAN MATHEMATICAL SOCIETY. 


Tue twenty-fifth Ee meeting of the Society was held in 
Chicago on Friday and Saturday, December 27-28, 1918. 
"The attendancefincluded the following sixty members: 

Professor R. C. Archibald, Professor C. S. Atchison, Pro- 
fessor R. P. Baker, Captain "A. A. Bennett, Professor H. F. 
Blichfeldt, Dr. H. Blumberg, Professor J. W. Bradshaw, Pro- 
fessor H. T. Burgess, Professor W. D. Cairns, Professor J. A. 
Caparo, Professor R. D. Carmichael, Professor H. E. Cobb, 
Professor A. B. Coble, Professor C. E. Comstock, Mr. H. W. 


. Curjel, Professor D. R. Curtiss, Professor L. E. Dickson, Pro- 


fessor E. L. Dodd, Mr. E. B. Escott, Professor W. B. Ford, 
Professor Tomlinson Fort, Professor O. E. Glenn, Miss A. B. 
Gould, Dr. J. O. Hassler, Professor Olive C. Hazlett, Professor 
T. H. Hildebrandt, Professor L. C. Karpinski, Professor A. M. 
Kenyon, Professor K. Laves, Professor S. Lefschetz, Professor 
A. C. Lunn, Professor Gertrude I. McCain, Professor M. 
MeNeill, Professor W. D. MacMillan, Professor Bessie I. 
Miller, Professor G. A. Miller, Professor C. N. Moore, Pro- 
fessor E. H. Moore, Mr. E. E. Moots, Professor E. J. Moul- 
ton, Professor S. E. Rasor, Professor H. L. Rietz, Professor W. 
J. Risley, Professor W: H. Roever, Miss Ida M. Schottenfels, 
Dr. A. R. Schweitzer, Professor J. B. Shaw, Professor E. B. 
Skinner, Professor H. E. Slaught, Professor G. W. Smith, 
Professor E. B. Stouffer, Professor E. J. Townsend, Professor 
J. N. Van der Vries, Professor E. B. Van Vleck, Professor 
L. G. Weld, Professor E. J. Wilczynski, Dr. C: E. Wilder, 
Professor F. B. Wiley, Professor R. E. Wilson, Professor C. 
H. Yeaton. i 

At the first session, held Friday afternoon, with Professor 
Curtiss in the chair, President L. E. Dickson presented his 
retiring address on “ Mathematics in War Perspective.” Fol- 
lowing this address there was a joint session of the Society 
with the Mathematical Association of America at which Pres- 
ident Dickson presided. The programme at this session was 
devoted to mathematical problems in connection with the 
war. The following papers were presented: 

(1) Captain A. A. BENNETT: “Some mathematical features 
of ballistics.” 
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(2) Professor Kurt Laves: “How the map problem was 
met in the war.” 

(8) Miss Auıcz B. Gour: “ Notes concerning recent books 
on navigaticn.” 

(4) Professor H. L. Rrerz: “Statistics methods for prepara- 
tion for war department service.” e 

(5) Major W. D. MacMitran: “Ordnance problems.” 

. (6) Lieutenant P. L. ALGEN: “Practical exterior ballistics.” 

(7) Professor W. H. Rozver: “The effect of the earth’s 
rotation and curvature on the path of a projectile.” - 

(8) Professor H. F. BrrcumrEnpT: "On low velocity high 
angle fire." 

Brief accounts of these papers will be published in the report . 
of the mee-ing by the Secretary of the Association in the 
American Mathematical Monthly. — ' 

On Friday evening the two organizations held a joint dinner 
at the Quadrangle Club, attended by sixty-eight members 
and friends. 

At the session of the Society on Saturday, President Dick- 
son presided in the morning and Professor Curtiss in the after- 
noon. The Council, which met Saturday morning, made the 
following announcements: There was one election to member- 
ship in the Society, Mr. V. S. Mallory, graduate student at 
Columbia University; and eight new applications for member- 
ship were received. The Treasurer’s report was accepted, 
having been examined by the auditing committee. It shows 
a balance cf $9,965.28, including the life membership fund of 
$6,843.46. On recommendation of the committee appointed 
to arrange for a summer meeting and colloquium at Chicago 
in 1919, it was voted to postpone that meeting for one year, 
The usual summer meeting, without colloquium, will be held 
in 1919 at a place to be determined. 

At the annual election which closed Saturday noon, there 
were one hundred and fifty-nine votes cast. The following 
officers anc other members of the Council were chosen: 


President, Professor FRANK MORLEY. 


Vice-Presidents, Professor G. D. BIRKHOFF, 
Professor FLORIAN Cason. 


Secretary, : Professor F. N. Cors. 
Treasurer, Professor J. H. TANNER. 
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. Librarian, . ` Professor D. E. SMITE. 
Committee of Publication, 
Professor F. N. COLE, 


Professor VIRGIL SNYDER, 
Professor J. W. Youna. 


Members of the Council io serve until December, 1921, 


Professor H. E. Hawkes, Professor A. C. Lunn, 
Professor W. A. Hurwitz, Professor C. N. Moors. 


The following papers were presented at the Saturday ses- 
sions: 

(1) Professor W. B. Fon», “The sum of any series expressed 
as a definite integral with application to analytic continua- 
tion.” 

(2) Professor Hargis Hancock: “On the foundations of 
the elliptic functions.” 

(3) Professor E. L. Dopp: “A comparison of the median 
and the arithmetic mean of measurements for various laws of 
error.’ 

(4) Professor Danren BUCHANAN: “Asymptotic orbits near 
the straight line equilibrium points in the problem of three 
finite bodies." 

(5) Professor G. A. MILER: “Groups containing a small 
number of sets of conjugate operators.” 

(6) Professor OLıve C. HAZLETT: “A theorem on modular 
covariants.” 

(7) Mr. WAxNE SENSENIG: “Concerning the covariant the- 
ory of involutions of conics.” 

. (8) Professor C. H. Sisam: “On surfaces containing two 
pencils of cubic curves.’ 

(9) Professor E. B. STOUFFER: “On singular ruled surfaces 
in S;. 33 

(10) Dr. Hengky BLUMBERG: “A property of linear point 

sets. 3) 

(11) Professor E. J. WirozyN8xi: “An application of line 
geometry to the theory of functions" (preliminary communi- 
cation). 

(12) Professor C. N. Moonz: “On the integro-derivative 

and some of its applications." 

(13) Dr. I. A. Barnett: “Differential equations with a con- 
tinuous infinitude of variables." 
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(14) Dr. Barnerr: "Linear integro-differential equations 
with constant kernels." 

(15) Dr. A. R. Scawerrzer: “On iterative functional equa- 
tions of the distributive type.” 

(16) Frofessor R. P. Baxzr: “Valuation of railroad ties.” 

» (17) Professor Baxzr: “Asymptotic forms in probability.” 

(18) Professor Hannis Hancock: “Rational and integral ex- 
pressions for the roots of the biquadratic." 

(19) Professor ARNoLD Emcu: “On a certain class of ra- 
tional ruled surfaces." 

(20) Dr. W. G. Gong: “Two formulas of interpclation in 


- two variables." 


(21) Professor J. B. Saaw: “On triply orthogonal congru- 
ences.’ 

(22) Professor S. LEFSCHETZ: “ Real folds of abelian vari- 
eties.” 

(28) Dr. T. H. GrowwauL: “On surfaces of constant curva- 
ture with an equation of the form u(x) + v(y) + w(z) = 0." 

(24) Dr. GRONWALL: “A theorem on power series with ap- 
plication to conformal mapping.” 

(25) Dr. GuoNwALL: “Equipotential minimal surfaces." 

(26) Dr. GRONWALL: “On Kummer's series.” 

(27) Professor P. J. Painon: “Integrals in an infinite 
number of dimensions.” 

(28) Professor C. N. Moone: “Generalized limits in gen- 
eral analysis.” 

(29) Dr. A. R. SCHWEITZER: “On the iterative properties 
of an abstract group (fourth paper).” 

Mr. Sensenig was introduced by Professor Glenn, and Dr.' 
Barnett by Professor Wilczynski. Professor Hancock’s sec- 
ond paper was read by Professor C. N. Moore. In the ab- 
sence of the authors, the papers by Professor Buchanan, Mr. 
Sensenig, Professor Sisam, Professor Emch, Dr. Simon, Dr. 
‘Gronwall, Professor Daniell, and the first paper by Professor 
Hancock were read by title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. By a method based on the calculus of residues, Professor 
Ford obtains an expression, in the form of a double improper 
integral, for the sum of any (convergent) series. When ap- 
plied in particular to a power series, this expression preserves 
4 
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a meaning (in general) for values of the variable lying outside 
the circle of convergence and thus furnishes the analytic con- 
tinuation of the function defined by the series. The paper is 
related to a former paper cf the author published in Liou- 
ville’s Journal in 1903. g 


2. The differential equations through which sn u, cn u, dn u 
or Pu, Pu — e, Wu— e, VPu— & are defined may be 
put in the form of the differences of two logarithmic expres- 
sions. When integrated it may be shown that each of these 
expressions is a uniformly convergent power series. Thus in 
a direct and simple manner, without the introduction of aux- 
iliary functions such as the Al-functions introduced in this 
connection by Weierstrass, Frofessor Hancock shows that the 
above functions become quotients of power series which are 
in fact theta functions. 





3. Professor Dodd finds that with any symmetric law of 
error, the reliability of the median of measurements increases 
approximately as the square root of the number of measure- 
ments, whereas the reliability of the arithmetic mean may re- 
main constant, as in the case of the law 


e dz 
wet g?’ 


or even decrease. With certain non-Gaussian distributions, 
the median has a better chance than the arithmetic mean of 
lying close to the true value. 

The so-called probability curve is at best only a good first 
approximation,—Karl Pearson’s curves often give a much 
better fit. Instead of using a Chauvenet criterion to throw 
away measurements not conforming to this first approxima- 
tion, it would appear better to ascertain more closely the law 
of error for a given distribution—if the number of measure- 
ments is large enough—and to base upon this a choice of arith- 
metic mean, median, or other function of the measurements. 


4. It was shown by Lagrenge that it is possible to start 
three finite bodies in such a way that they will describe simi- 
lar ellipses. There are two configurations of equilibrium 
which the three bodies will maintain, viz., they are either col- 
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linear or lie at the vertices of an equilateral triangle. Pro- 
fessor Buchanan determines orbits which are asymptotic, in 
the sense of Poincaré, to the particular Lagrangian orbits 
which are described when the three bodies are collinear and 


move in complanar circles. 
. 


5. The object of Professor Miller's paper is to establish & 
few general theorems relating to the possible number of sets 
of conjugate operators in a group of a given order and to de- 
termine all the possible groups having a small number of com- 
plete sets of conjugate operators. When all the operators of 
a finite group G appear in k sets of conjugates the order of G 
cannot exceed the kth term diminished by unity in the series 


2, 8, 7, 48, 1807,... 


where each term after the first is obtained by multiplying 
together all the preceding terms and increasing by unity the 
product thus obtained. In particular, a necessary and suffi- 
cient condition that a discontinuous group is of finite order 
is that its oyerators appear in a finite number of sets of con- 
jugates under the group. 

There ig cne and only one simple group of composite order 
which has the property that all of its operators appear in 
exactly five complete sets of conjugates, viz., the icosohedral 
group. The octic group, the quaternion group and the meta- 
cyclic group of order 20 are the only non-abelian groups whose 
operators appear in five complete sets of conjugates and whose 
commutator quotient group is of order 4. If all the operators 
besides the :dentity of a non-abelian group belong to two sets: 
of conjugates under its group of isomorphisms, the order of 
this non-abelian group is either of the form p* or of the form 
p* — q, p and q being prime numbers. If a non-abelian group 
of order p* has the property that all of its operators besides the 
identity appear in three sets of conjugates under its group of 
isomorphisms, then its commutator subgroup is of order p*”. 


6. Professor Hazlett's paper answers a question which Dr. 
Sanderson raised jn her thesis,* but did not answer. In her 
paper the fundamental theorem on the relation between for- 
mal and mcdvlar invariants for the @F[p"] enables us to con- 
struct modular covariants of a system S of binary forms in 


* Transactions Amer. Math. Society, vol. 14 (1913), p. 490. 
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x and y from modular invariants of the same system S in the 
variables £ and o and an additional linear form in E and 7 
with coefficients y and — x. This is closély analogous to the 
situation in the algebraic theory of invariants. In the latter 
theory the converse is known to be true—that is, we get all 
covariants in this manner. In the case of modular invariants, 
however, we do not obtain all covariants, for the universal 
covariant L = zy?" — yz?" can not be obtained as an invari- 
ant of a linear form as it vanishes whenever z and y are in 
the GF[p*], as we suppose. the coefficients of our forms to be. 
In the paper referred to above, the question was raised as to 
whether all the covariants of a system S can be expressed as 
functions of L and the modular invariants of S and an addi- 
tional linear form. The present paper proves that such is 
the case, and then, by induction, extends this theorem to a 
system of forms in n sets of binary variables which are trans- 
formed cogrediently. i 

7. Mr. Sensenig’s paper contains the development and tab- 
ulation of the simultaneous concomitant set of the pencil of 
conics a? + kbs, taken with the harmonic conic (ofz)*, the 
twenty forms being expressed as polynomials in k with co- 
efficients which are rational expressions in the twenty forms 
in the known system of a? with bj. The set is given in general 
and also in normal form. The methods are those of general- 
ized ternary transvection, and reduction by symbolical iden- 
tities. There is derived in the paper, also, the complete sys- 
tem of a? + kb? taken with a third general conic c,?. These 
forms are reduced in terms of sixty-one concomitants of 
o, b,*, c? from the system of three-conics first derived by H. 
F. Baker. 

The paper is to appear in the American Journal of Mathe- 
matics. 


8. In a previous paper, Professor Sisam has determined 
the types of surfaces generated by an algebraic system of cubic 
curves which do not constitute a pencil. In the present paper 
he classifies and discusses the surfaces which contain two pen- 
cils of cubics, so that every type of algebraic surface with two 
or more cubic curves through each point is now determined. 
Each surface is represented birationally on as simple a surface 
as possible, the complete linear system to which the curves 


i 
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corresponding to the plane or hyperplane sections belong is 
determined and a number of characteristic properties of the 
various types of surfaces are pointed out. 


9. By means of a system of three ordinary linear homoge- 
neous differential equations of the second order, Professor 
Stouffer studies the properties of singular ruled surfaces in 
space of five dimensions, including ruled surfaces in space of 
four dimensions. Only surfaces developable in the ordinary 
sense are excluded from the theory. The geometrical prop- 
erties of various curves on the surface are shown, the trans- 
versal surface is obtained, and some of the relations between a 
surface and its transversal surface are studied. 


10. Let S be any linear point set whatsoever. Let P bea 
point of S, 4 an interval enclosing P, l, the length of i, and 
Met, S) the exterior measure (Lebesgue) of the subset of S 
ini. Defining the “exterior épaisseur" of S at P as the limit 
(if it exists) of m.(@, S)/l; as I, approaches 0, Dr. Blumberg 
proves that, except for a set of measure 0, the exterior épais- 
seur of S exists and is equal to 1 at every point P of S. Asa 
consequence, every set may be represented as the sum of two 
sets, the first being of measure 0 and the second of exterior 
épaisseur 1 at every one of its points. 


‘11. Let w = u+ i» = f(z + iy) = f(z) be a function of 
the complex variable z. Place the w plane in a position paral- 
lel to the s plane with the u and v axes parallel to the x and y 
axes respectively. The lines which join a point (z, y) of the 
a plane to the corresponding point (u, v) of the w plane form 
a congruence. This geometric image of a function w = f(z) | 
has been proposed by several authors, but so far no general 
results seem to have been obtained by following out this point 
of view. Professor Wilczynski has found that the congruence 
obtained in this way has very remarkable properties. ‘Its 
focal surface is composed of two imaginary cones whose ver- 
tices are che circular points of the z plane, and whose gener- 
ators correspond to the null lines of the z plane. The har- 
monic conjugate of the 2 plane with respect to the two focal 
cones is a real surface with real asymptotic curves whose 
properties have not yet been completely determined. 
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12. In this paper Professor C. N. Moore introduces a new 
generalized limit to replace the derivative of a function at 
points where the derivative in the ordinary sense and the so- 
called generalized derivative fail to exist. This limit is desig- 
nated as the first integro-derivative of the rth order at the 
point in question and is given by the formula 


SEN A 1 f* 
inl fa [a 


(fee zen ).)) 


The utility of this conception is illustrated by means of a 
theorem which establishes the summability (C, k >r + 1) of 
the derived Fourier's series to the value of the first integro- 
derivative of the rth order at points where this limit exists. 





13. Dr. Barnett discusses the equation 


ou at ult), 


where £, £' are real variables in the range (0, 1), 18 a real vari- 
able on |z — zo| a, u(£^) has the range of continuous func- 
tions for which max |u — us| = £, and f(E, z, u) is a functional 
yielding for each (£, z, u) of the above ranges a real number. 
In the first part of the paper hypotheses are stated which are 
sufficient to insure the existence of a unique solution reducing 
for z = z to an arbitrary continuous function uo(E) and hav- 
ing certain desirable continuity properties. 

The solution is then considered as also depending on the 
initial conditions and theorems concerning the continuity and 
differentiability are proved. It is finally shown that there 
exists a solution to the equation 


d 1 . 
e 23 d JE, 2, u)d.g’(E, 2, u) = 0, 


where g(z, u) is the functional to be determined, f(£, 2, u) is 
& known functional and g’(£, 2,u) is a functional related to 
the differential of g(z, u) defined in the paper. 'The integra- 
tion is taken in the sense of Stieltjes. 
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14. The most general solution of the integro-differential 

equation 

ðul, 1 S 4. 

o WEI f ke, uG dd 
D 


has alreacy been given by Volterra in the form 


Io 
ul 8) = w(t) + Up» ME. Muldn, 


where the w(£) is an arbitrary continuous function on (0, 1) 
and the functions k, are the iterated kernels of k. Dr. Barnett 
shows that wien the kernel k is symmetric or skew-symmetric, 
the solution takes on a simple form, analogous to the expon- 
ential form of the solution of a finite system of linear differ- 
ential equations with constant coefficients. 

The theorem for symmetric kernels is as follows: 

Through the element (zo, uo) where zo is a real number and 
ug a real continuous function of E on (0, 1) there exists one 
and but one solution of equation (1), viz., 


u(t, 2) = u(t) + ese (ep — 1) 


where tha p, are a complete normal orthogonal set of char- 
acteristic functions of k, X, the corresponding characteristic 
numbers anc the c, the Fourier coefficients of Aaf E) with re- 


spect to the p, 4. e., c, = I Pp(n)uo(n)dn. 


A corresponding theorem for a special type of non-homo- 
geneous equation is also discussed. 


15. Dr. Schweitzer defines the "quasi-distributive"" equa- 
tions of order k = 1; an important instance is - 


déin, +++, Capt), hy +++, tal 
= elzı, ds, hy, 5, 14), TE "s Olats Dr tn)] : 


where n = 1, 2,3, ete. For n = 1 this relation is the asso- 
ciative relation. In the domain of finite or infinite abstract 
groups* reletion (1) is always solvable. Analytically, the 

* Cf. epee Boa, Nov., 1918, pe 58, 59. In this abstract for 


BES ak ; for k = 2 read k = 1; or interpolation read interpreta- 
ion 


(1) 
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equation (1) has the solution 
din, 25, +, Enpa) = White + ¥(%) 
; — Did) — p(z), ae ver) — V(Z«4)]] 


where © is an “arbitrary” function of n — 1 variables and y 
is an "arbitrary" function with an inverse. For x; = con- 
stant in (1) this solution suggests immediately a particular 
solution of a certain properly distributive equation on two 


` functions. 


The equation (1) in connection with the equations 


fiela, h, b, Reie t4), hh, kee tn] = ZP: 
ol f(a, hl, "y in), hy "y tn] = 2, 


yields, as an eliminant in the function f, an “identity” quasi- 
transitive functional equation (and conversely). This result 
is generalized for a finite group of quasi-transitive functional 
equations and thus leads to the concept of a finite group of 
quasi-distributive functional equations and, subsequen ly, 
‚to a finite group of properly distributive equations on two 
functions. 


(2) 


16. Professor Baker gives the formula 
Z[(.- Coeff. z’m(Z,p-2")?} IZ seu F 8)], 


divided by a denominator obtained from this by replacing 
the last 2, by 1, for the most probable unexpired life of a rail- 
road tie. Here p, is the probability of a tie having a life l; 
2, runs over all possible lives, Z, from» = [X/M] to v= 
[X/m] where X is the age of the road and M, m are the maxi- 
mum and minimum life of a tie. Z, runs from s = X — M 
to X including the first term if the result is desired immediately 
before the annual relaying and the last term if the result re- 
fers to a time just after this. The asymptotic form is ob- 
tained by omitting the Z, and replacing it by 1. This holds 
for all positive distributions (p,). A large enough X to use 
this form has not been reached; in actual cases the result 
oscillates about the asymptotic amount, which is greater than 
the text rule of “half the average life" for a uniform distri- 
bution and less than this for a skew binomial. 

Some results are.as follows: taking the mean average of the 
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two Z,'s and m — 5, M — 15, X — 54 to 60 inclusive, and for 
the two cases of uniform distribution and skew binomial 
(2 + 2x)", we have 


M.A. Asym. Text Oscillation 
U. D. 5.266. 5.25 5 1.8% 
S. B. 4.037 4.032 " 4.167 2.2% 


An oscillation of 1% is approximately $10,000,000 for the 
roads of the United States. 


17. Professor Baker considers the intégral equations 


o M02) = (Site — udu 
and ge 
(2) kf(bx) = J fete — u)du. 


In volume 76 of the Mathematische danda Runge and 
-Pólya have discussed the solution of 


fe = f (9G — uydu. 


Runge's method adds nothing to the discussion, but Pólya's 
makes the general solution depend on the functional equation 


[6(8)]* = có(as). 


The resulting asymptotic forms include all of De Forest’s 
based on polynomials, and also others, the simplest being 
1/(1+22). This has an asymptotic neighborhood among con- 
tinuous functions, and among double ended series, but not 

among polynomials. The equation (2) has no Proper. solu- 
tion, 


18. By making use of the associated realms of rationality, 
Professor Hencock is able to show that any root of a biquad- 
ratic may be expressed rationally and also integrally through 
any other root with coefficients that are rational and integral 
functions of the roots of the reducing cubic. 


For example if c = Vp + dot Vr and 7 = Vp — Aq — vr 
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the father remarkable relation is 
T = Ago? + Ayo? + Ago + Aa, 
where the A’s are integral functions of the second degree in p. 


19: It is well known that algebraic ruled surfaces may be 
generated by the lines joining corresponding points of an 
(a, 8)-correspondence between the points of two algebraic 
curves in space. Professor Emch considers a large class of 
ruled, surfaces defined by certain cinematic properties, which 
are equivalent to such a correspondence between the points 
of a straight line and a circle. \ 

The parametric equations of these surfaces in cartesian co- 
ordinates are 


z= pcos, y=psind, z= (p — a) cot p6/q, 


where p and 8 are the parameters, and p and q two integers 
which are relatively prime. It is shown that these, surfaces 
are rational so that every plane section is a rational curve. 
They may be divided into two sub-classes of bifacial and uni- 
facial surfaces according as g is even or odd. 

When. g is odd, the order of the surface is 2(p + q). In 
this case the directrix circle and the directrix line are respec- 
tively g-fold aud 2p-fold curves of the surface. Besides these 


. the surface has $(q¢+ 1) real double curves of order 4p or 


2q, according as 2p = q, and p real double lines. 

When q = 28 is even, then the order of the surface is p + q. 
The directrix circle and line are s-fold and p-fold respectively. 
There are moreover 3(s-+ 1) or is real double curves, ac- 
cording as s is odd or even; they are of order 2p or q, according 
as 2p =q, except when a is odd; then there are 4(s — 1) 
curves of order 2p and one curve of order p. 

The system of points of mtersection of the double curves 
with a plane through the directrix line may be arranged ac- 
cording to certain cyclic groups of various orders. 

These surfaces have the remarkable property that, in certain 
sets, they are applicable upon each other, and their intersec- 
tions with a torus lead to all so-called cyclo-harmonic curves. 

It is also shown how Moebius’ unifacial and bifacial bands 
of all orders may be cut out from these surfaces. 


20. In a recent paper (Annals of Mathematics, volume 19, 
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number 4) Dr. Simon gave a formula of polynomial interpo- 
lation for a continuous function of a single real variable. The 
formula 


> > IH Eger 


cs 7=0 





c, (2, y) = n ^ D 
23. [1 — zf — y; 
$—0 Il 
where 
= ES Ben 
S dän" i von’ 


and the function f(a, y) is defined and continuous when 


D<asz sbs—, 0<esy<sds 


$ E 
is proposed in the present paper, and is the immediate exten- 
tension of the earlier one to a continuous function of two real 
variables. Furthermore, it is shown that when thq function 
which is being approximated satisfies & Lipschitz condition, 


the order of approximation is 1/ vn. 

A trigonometric formula of approximation is also proposed 
for a continuous function of two real variables having the 
period 27. This formula 


= ES fto Y) | cos #5 cos 2 zh 


0 Zä 


Za, y= n—1 n—l y E] 
255 x | sz = 


a0 j—0 











where the a; and y, are two sets of values such that fua — ti 
= r/n, yia — y; = T/n, is the extension of one given by 

Kryloff (Bulletin des Sciences Mathématiques, volume 41, Oc- 
tober, 1917). Here too the order of approximation is 1/ vn 
when the furction satisfies a Lipschitz condition. 


21. A congruence of curves is exemplified in the Imes of a. 
field of force, or velocity. In many questions it becomes ne- 
cessary to study the rate of variation around a point of the 
unit vector which defines the congruence. Also in relation to 
the unit vector a which is tangent to the vector line (line of 
the congruerce) at the point are other perpendicular unit vec- 
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tors, such as the principal normal and the binormal and others. 
Professor Shaw’s paper is a study of the properties of such ‘triply 
orthogonal sets of unit vectors. A linear vector function 0 
is defined which gives, for a differential displacement of the 
point yds, the instantaneous axis and. amount of rotation of 
the triply orthogonal system a, 8, y, that is 0(q):ds. It turns 
out that 0 is symmetric in a, B, y and every theorem is thus 
true at once for each unit vector or its proper congruence. 
Also the curl and the divergence of each can be stated in terms 
of 6. The lines of equi-directed unit-tangents of the congru- 
ence are found in terms of 6. The invariant axes of 0 define 
sets of straight lines along which the axis of rotation of the 
trihedral is in the direction of the displacement. Other prop- 
erties of curvatures and torsions are discussed. (Cf. Rogers, 
Proceedings of the Royal Irish Academy, volume 29, section 
-A, No. 6 (1912), pages 92-117.) Quaternion methods are used. 


22. The object of Professor Lefschetz’s note is to show that 
an abelian variety V, of genus p and rank one can have any 
number of real folds represented by 2*, s > p. These folds form 
equivalent p dimensional cycles of V, and their indices of con- 
nection are easily determined. There are Jacobi varieties of 
each of the p types obtained and their consideration yields a 
very simple proof of the theorem due to Harhack, according 
to which a curve of genus p can have at most pt 1 real 
branches. Asa particular case of the above results, there are 
hyperelliptic surfaces of arbitrary divisor and rank one, with 
one, two or four real folds forming as many equivalent two 
dimensional cycles and each reducible by deformation to aring. 


23. In this paper, Dr. Gronwall shows that the determina- 
tion of the surfaces indicated in the title reduces to the solu- 
tion of the equation . 


FD (9) h(w) + 9'(a)h (wo) f(x) +B of" (uyg(v) 
= [f(u) + g(v) + hw)? 


under the condition u + v + w = 0. By function theoretic 
means, involving an extensive use of Hadamard’s theory of 
entire functions of finite genus, it is shown that this functional 
equation has only one solution, which corresponds to the 
surfaces of revolution of constant curvature. 
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1 
24. Dr. Gronwall proves the following theorem: When 
the power series w(z) = > geän converges for |z|« I, and 
t 3 0 
3 n|a,|% converges, and we write z = 1— pe^, z= 1 
0 € 
— pe, where p > 0 and 0 and #’ vary with p subject only to 
the conditions 
kg 
—— < 
2 + e€&0& 
then 


3-6 SES DEELER 


w(z1) — win) > 0 as p 30 


uniformly in respect to and 6’. This theorem is useful in 
the study of the behavior of a conformal mapping function on 
the boundary of the mapped region. x 


25. The determination of all harmonic functions V(z, y, 2) 
such that V(z, y, 2) = const. defines a family of minimal sur- 
faces is of a certain importance in hydrodynamics. In the 
present paper, Dr. Gronwall shows that beyond the known 
case V = z — a arctan ale (and those derived from it by a 
change oi coordinate axes), no such functions exist. 


26. In this paper, Dr. Gronwall calls attention to the fact 
that many of the published proofs of the expansion 


log I'(s) + à1og^ tie Plog 2r — d 





el 
=>) OET sin Ans 
nT 


1 


are deficient, and gives two new and elementary proofs. 


27. In the Annals of Mathematics, June, 1918; Professor . 
Daniell published a paper on “A general form of integral.” By 
using the methods of that paper, he is now able to define in- 
tegrals in an infinite number of dimensions, that is, not merely 
line integrals in an infinitely dimensional space. In a second 
part, the author defines a function which is of limited varia- 
tion in an infinite number of dimensions and thereby is able 
to define a general Stieltjes integral. 


o 


. 1919.] THE ANNUAL MEETING OF THE SOCIETY. 257 


28. Methods analogous to the methods for summing di- 
. vergent series and integrals may be employed for defining de- 

rivatives of functions at points where the ordinary derivative 
` fails to exist. This suggests building up a general theory 
which might be termed the theory of generalized limits in 
general analysis. In Professor C. N. Moore's paper a general 
theorem in this theory is established which includes as special 
cases the Schnee-Ford theorem with regard to the equivalence 
of the Cesàro and Hölder methods for summing divergent 
series, the corresponding theorem for integrals due to Landau, 
and & third theorem with regard to the equivalence of the 
integro-derivatives of the Cesäro and Hölder type. 


29. In a former paper Dr. Schweitzer has shown that a 
certain “quasi-distributive” property is satisfied by the ele- 
ments of an abstract group, finite or infinite. This suggests 
that properly distributive functional equations have solutions 
in the domain of abstract groups. In verification, Dr. 
Schweitzer shows that the relation 

i Det, Q2, ***, Ziil, GA bal 

= [Ea t ee, tn), "tS [Gas t, Kon bell m 2 1, n 2 1 

has the solution (among others) 

zip, Za, °° +, Sap) = Gam ixi Say xi, 

Cy ty ooo bn) m Ern, + EPP, 
where the p’s are arbitrary integers not zero. Further, the 
equation on one function, 
ri, TY, 2)} = r{r(z, y T(z, 2)], 

is satisfied by r(x, y) = zy z. Finally, the author gives the 
following set of postulates (apart from closure) for an abstract 
group based on distributiveness: 


1. Fels, tæ, 30), Ey, gl = tle, 2). 
. Hr, y), d = nito 2), Fail, 
rlz, fia, all = «ly, Pi, y]. 

. r[t(z, y), lz oh, y), yl 

ze, r(z, y)] = y. 


or oe ww 


E. J. MourroN, 
Acting Secretary. 


& 
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APPLICATIONS OF THE THEORY OF SUMMA- 
BILITY TO DEVELOPMENTS IN ORTHOG- 
ONAL FUNCTIONS. ` 


BY PROFESSOR CHARLES N. MOORH. 


(Read at the Chicago Symposium of the American Mathematical Society 
‘April 12, 1918.) 


Tus very considerable body of literature which may be de- 
scribed by the above title belongs almost entirely to the pres- 
ent century. Its extent is only roughly indicated by the bib- 
liography at the end of the paper, which makes no pretensions 
to being complete. The type of series considered here consti~ 
tutes one of the three most important classes of series to which 
the thecry of summability has been applied, the other two be- 
. ing power series and Dirichlet’s series. A noteworthy feature 
of the applications with which we shall be concerned is found 
in their usefulness in an important branch of applied mathe- 
matics, namely the theory of the flow of heat and electricity. 


$1. The Summability of Fourier's Series. 

The ärst writer to deal with the topic of this section was 
Fejér. In his fundamental paper of 1903 [5]* he established 
among other results the summability (C1) of the Fourier 
development of an arbitrary function satisfying very wide 
conditions, at all points where the function is continuous or bas 
a finite jump. We shall give a proof of this theorem, under 
somewhat modified conditions, which is substantially the same 
. as Fejér’s proof. 

The Fourier development of f(x) may be written in the 
form : 


1 Ge Lea ] 1 eo wa 
(1) sf rAd 4- - 2; T f(0) cos n(0 — x)dé, 
aT Ja T &—1 Ja . 
it being assumed that f(x) is periodic of period 27. We have 
for the sum of the first n terms of (1) 
> cos (n — 1)(8 — x) — cosn(# — a) 


1 ante 
(2) salz) = St £O) 2(1— eos (8 — 2) J 


~ Thə numbers in brackets refer to the bibliographical list at the end of 
the paper. 
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Hence for the arithmetic mean of the first n sums, we have 
sei n(0 — x) 





(3) SE = mer 





If now we set t = 3(9#— x) and then take a = z — r, we 
obtain 


e $9. 





e | weg DEEN 


nT 


We are now ready for the proof of Fejér’s theorem. We 
begin by establishing two lemmas. 
Lemma 1. For any positive integer n, we have 
1 P gin? nt 
i mn J, men 
If we set 
(6) op(2t) = $+ eos %2 + cos 4t + --- + cos 2(n — 1)t 


cos 2(n — 1)t — cos 2nt 
2(1 — cos 21) E 








we have 

Zn (2t) e e1(2t) +. o2(2t) + --- + o. > X sin? nt 
(7) n n 2n sini 
But from (6) 


2 [^ s eoa = 3 (n = 1,2, GAME 


From this relationship and (7) the identity (5) readily follows. 
Lemma 2. Jf et is integrable (Lebesgue) in the interval 
(0 S z Se S Les) and furthermore lim e(t) = 0, then 


zc sin? nt 
mn na ET sin? t 


di — 0. 
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Given an arbitrary positive e, we chose ô < e and such that 
(8) [el< e (0 SESS). 
Then, ô being fixed, we choose m so large that 
(9) — aif lemwia<ci «zm. 

na sin? ô J, 2 


"Boon (8), (5), and (9) we obtain 
1 [* sin? nt 1 ft, | .sintnt 
SH oO a] <= [lool an: Ë 














sin? t 

sin? rit y € SP gin? ni 
+ f let! sini; @ perm A snig Ë 
t zai) leOla<« (n 2 m), 


"which proves our lemma. 
Pepin ThEEOREM.* If the function f(a) is periodic of period. 
2m and is integrable (Lebesgue) over any. interval of length Zr, 
the series (1) will be summable (C1) to the value {f(x + 0) 

+ f(x — 0)} at every point for which this limit exists. 
It is obvious that this theorem can be proved by showing 
that 
, | Sa 

lin | SE- sfe +0) fe - on | = 

^": 
where S,(z) is defined by (3). In view of (4) and Lemma 1, 
the expression in brackets may be written in the form 
i CSb nt a 
ac] Ver + fe— 20 — fet) fe- ou EE 
It follcws at once from Lemma 2 that this last expression 
approaches zero as n becomes infinite. The theorem is there- 
fore proved.t mE 





* Fej ice on conditions are somewhat different from ours, he DUE 
"E be en en) and become infinite at only 
finite he of points. Thus his result and our result overlap. itd is 
to modify our argument so as to include both results. 
With slight changes the above argument may be used to establish 
uniform summability throughout any interval included in an interval of 


continuity o2 f(x). 
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Since the points of discontinuity of a function having a 
Riemann integral farm a set of measure zero, Fejér’s theorem 
for such functions may be stated in the form: The Fourier 
development of any function having a Riemann integral is sum- 
mable (C1) to the lbs of the function at all points except for a 
set of measure zero. But Fejér’s theorem does not enable us 
to assert anything of that sort about functions having a Le- 
besgue integral, since for such functions there may be no 
points where the limit Lé[f(x + 0) + f(x — 0)] exists. How- 
ever, Lebesgue has extended the second form of Fejér's the- 
orem to functions integrable according ta his definition [14], 
in a theorem which we shall now proceed to prove. We begin 
by establishing two lemmas. 

Lemma 3. If g(t) is positive or zero in the interval (0 St 
S Im), has a Lebesgue integrcl there, and is such that 


(10) las edd 28 g(Ddt = 0, 
Hm TS St: 
then we shall have 
Cd 3 
(11) lim SO sin E gi o, 
kap O «0 


Given an arbitrary positive e, we choose a 6 such that 
(12) 0xX——«- ~ (0<¢S 8). 
Then, ö being fixed, we choose mı, such that 

PG . 
S CETTE (k = m), 


which we may do in view of the Riemann-Lebesgue theorem 
with regard to the limiting values of the Fourier’s constants 
of an integrable function.* 

For values of k > 2/5 we have, in view of (12), 


rom sinkt, !__e (""sinkt 
S i ET "m 


e ("gin € 
=á du < Ps 


(18) 








(14) ; 








4 


D 





* Cf. Lebesgue, Leçons sur les Séries trigonométriques, p. 61. 
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Furthermore, on integrating by parts, 


£9 a = [- foun] 
(15) EATE „cos HT * 








+7 KELLE -i Es cos kt dt. 
But 
in | -ze T 41,80), 1 GB 
p °° B k 8 T rik , 
80 ER 1 
(17) a om IE dtd ey 





o duos Ld (ET, 


Gt ô G 
ae "Za e CO FETU Er pto gh 
Combining (15), (16), (17) and (18), and taking into account 
(12), it is readily seen that we may choose ms such that 
G(t) . 
mib KA 


If we designate by m the greatest of the three quantities 
my, 7/6 andma, we have from (13), (14) and (19) 


fre. Ke KSE 


E 


(19) 





snas (km). 





. Our lemma is therefore proved. 


Lemma 4. [f f(z) is integrable (Lebesgue) in the interval 
(a Sæ S bi, |f(z) — fal, where (a S zo S D), ds for x = zo 
the derivative of its indefinite integral, except perhaps at a eet of - 
points of measure zero. 

We know from a well known theorem in the theory of Le- 
besgue integrals that f(z) — a, where a is any constant, will, 
under the conditions of our lemma, be the derivative of its 
indefinize integral for all points of (a S x € b) except perhaps 
a set of measure zero. Let this set be represented by E(o), 
and let E; represent the set which is the sum of all the E(o) 
for all rational values of o. Then E, will also be a set of mea- 
sure zero. ^ 
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Let ze be a value of z in a X z < b which does not belong 
to Ei, and let 8 be any irrational number. Given an arbitrary 
positive e, we can find a rational number o so near to B that 


e9 |If@) — 6 - f@) -al|Sla-Bl<§, | 


whence 


poa fe - ela] 


(21) 








[ifo SÉIER 


Since, moreover, the second term of the left hand member of 
(21) approaches |f(z) — a| as x approaches zo, we may choose 


a ô such that f 
[iro = alae|— aile? 


1 
z — zo| 
(e — zo| < 6). 


Combining (20), (21) and (22), we obtain 


pall o-se- me 


Hence |f(z) — gl is for x = zo the derivative of its indefinite 
integral. Since x) was any point not of E, and 8 was any ir- 
rational number, it follows that |f(z) — y|, where y is any 
number, is the derivative of its indefinite integral for every 
point of (a € z € b) except a set of measure zero. Since for 
any point zo we may choose y = f(zo), our lemma is proved. 

LxszscuE's THEOREM. The Fourier development of a func- 
tion f(x) that is periodic of period 2x and is integrable (Lebesgue) 
over any interval of length Ze, is summable (C1) almost every- 
where to the value f(z). b à 

Our theorem may be proved by showing that 


_ 1 
z — zl 


(22) 











«e (|x — a|< ô). 





(23) lim | 99 — 7 | = 0, 


where S,(z) is defined by (3), is true almost everywhere. In 
view of (4) and Lemma 1 the expression in brackets in (23) 
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may be written in the form E 
1 
eo | "Lf + 29 + fle — 20 - oa 
` sin? mu 
l IT e amd 


We will show that (24) approaches zero as n becomes infinite 
for all values of x for which | (f) | is for t = 0 the derivative 
of its indefinite integral (t). This latter will be the case 
for all values of x for which both Lëtz 2f) — f(z)| and 
|f(z — 2t) — f(x) | are for t = 0 the derivatives of their indef- 
inite integrals, and in view of Lemma 4 this is true almost 
everywhere. ‘Thus our theorem will be proved. 

We consider then a value of x for which $. '(0) = (0) = 0, 
&nd hence we have 


` sët 


Integrating by parts in the integral on the right hand side of 
(24), this expression takes the form 


2 sf D S 2 
(26) 1 ET | un ‚sin ni 


in® ¢ -i A sinto sint 








E "m ZUM sin? nt 

EN sint | sin?¢ 
The first term in (26) vanishes at the lower limit in view of 
(25) and at the upper limit takes on a value which approaches 
zero as n becomes infinite. From Lemma 2 and (25) the third 


term is readily seen to approach zero as n becomes infinite. 
The second term may be replaced by 


1 E SCH sin 2nt 
sin ź 











(27) , 
since the difference between the two approaches zero as n 
becomes infinite in view of the theorem of Riemann-Lebesgue 
referred to in the proof of Lemma 3. But it follows from 
Lemma $ that (27) approaches zero as n becomes infinite. 
Hence (26), and.therefore (24), has this same property for the 
value of z we are considering. "Thus, as pointed out above, 
the theorem is proved. 


11 


H 


1919.] THE THEORY OF SUMMABILITY. 265 

We may also use for the summation of Fourier’s series the 
non-integral orders of summability introduced by Knopp, 
Marcel Riesz and Chapman. These may be defined as follows: 


Let 
ee ` Pia 
m A TG TED’ 


pen 
S,0 = 27 AT pes. 
p= 





Then if 0, = §,/A, approaches a limit o as n becomes 
infinite, we say that the series Zu, is summable (Ck) with 
sum vc. We may also define the sum of the series to be 


e» [E62] 


whenever that limit exists. This latter definition has been 
shown by Riesz to be entirely equivalent to the former one.* 

It was shown independently by Riesz [18] and Chapman [3] 
that the Fourier development of a function f(x) having a 
Lebesgue integral is summable (C, k > 0) at all points at 
which lim [ife + h) + f(x — h)}] exists, to the value of 


that limit. It was shown by G. H. Hardy that the series is 
summable (C, k > 0) to f(x) almost everywhere [13]. Hardy’s 
proof of his theorem is similar in method to a simplified proof 
of the Riesz-Chapman theorem given by W. H. Young [19] 
and [20]. Space is lacking to give here the details of these 
proofs. They depend on properties of the functions 


p e 
ren; {1- (p-- DG 3) 





oA get 
i (+ 1)(p + 2)(p + 3)(p 4- 4) 


introduced by Young. These functions are generalizations of 
the sine and cosine, for we have obviously Colt) = cos t, (À 
= gin f. : 

§2. Convergence Factors. 


Convergence factors may be defined as a set of functions of 
a parameter which, when introduced as factors of the succes- 


* Cf. Comptes Rendus, June 12, 1911. 
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sive terms of a series, cause a divergent series to converge,* 
or a series which is already convergent to converge more rap- 
idly throughout a given range of values of the parameter. 
In the case of all the convergence factors used in practice, it 
is further true that each factor approaches unity as the param- 
eter approaches a certain value, and that the function of the 
parameter defined by the series with the convergence factors 
approaches a limit as the parameter approaches this same 
value, this limit being the value of the series for convergent 
series and a value we find it useful to ascribe to the series in 
the case cf a divergent series. 

Thus we see that a set of convergence factors may be used 
to define the sum of a divergent series. This method of sum- 
mation goes back to Euler, who frequently arrived at a value 
for a divergent series Zw, by setting Zw = lim Zuna”. A 


simple illustration of this process is exhibited in the case of 
the series 1—1+1—1+-::. For this series we have 


.Jim Zu,z^ = lim (1— 24- à? — z+ ::-) = lim 


£—1-—0 z>1-0 >10 1Tzc 





ES | 
= 7. 


This value agrees with the value of the series when summed. 
by the mean value process. 

From one point of view, practically every method of sum- 
ming divergent series may be regarded as a convergence factor 
method. Thus in the summation by first means we seek the 
limit as n becomes infinite of 








2 n 

+(1- a) ee (ln 

The expression on the right hand side may be regarded as the 
series obtained by introducing the convergence factors 


1 m 
(3) = ati (m = 0,1, 2, +++, n); 


DOE (m= n+ 1, 0+ 2, +++) 








* Some writers have employed the term convergence factor in the case 
of a set of factors which cause a divergent series to tend toward conver- 
gence, i. e , to become summable of a lower index. 
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> into,the series Zu,. Here both the variables of which the con- 
vergence factors are functions take on only discrete values 
and we take the limit of F(n) as n becomes infinite. But the 
principal characteristic of this type of factors lies in the fact 
that for any definite value of the parameter they are all zero 
from a certain point on. In this they differ from the type to 
which the name ‚convergence factor has ordinarily been 
applied. 

The simplest example of the latter type is to be found in the 
set of convergence factors mentioned above as used by Euler, 
namely the set 1, x, 22, -... In connection with this set it is 
interesting to note that the fact we have indicated above with 
regard to the effect of their introduction into the series 1 — 1 
+1—1+.---, is not an accidental coincidence but a par- 
ticular case of a general theorem due to Frobenius [8]. This 
theorem may be stated as follows: 

FnonENIUS'8 THEOREM: If the series Zu, is summable (C1) 
to the value S, then the series Zunz” will converge for 0 « x « 1, 
and the function F(x) which it defines for those values will be 
such that „Im F() = 8. i 


We shall not give the proof of this theorem, inasmuch as it 
is a special case of a more general theorem due to Bromwich 
[1]. This latter theorem includes also a number of other the- 
orems about convergence factors due to various writers. In 
its most general form it applies to the introduction of conver- 
gence factors into series summable (Ck), where k is any posi- 
tive integer.* We shall deal only with the simplest case where 
k = 1, but for this case we will state the theorem in somewhat 
more general form than it is given by Bromwich. It requires 
only slight changes of phraseology to fit the proof to this mod- 
ified statement, and in this latter form the theorem applies 
directly to cases to which the other form is not applicable. . 

BromwıcH’s Tuworem: Ifthe series Zu, is summable (C1) 
to the value S, and the set of functions, fola), fila), fal, +++, 
fala), «++, defined for a set of values E(x) having at least one 
limit point a, not of the set, satisfies the conditions 





* Bromwich’s theorem has been generalised to cases where k is non-in- 
tegral by Chapman and Ottolenghi. Cf. [8] and Giornale di Matematichs 
di Battaglint, vol. 49 (1911). 
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eT D, q any integers ) 
* 
(A) Snlaya|*< K ( Pe patie eck, 


(B) lim nf,(a) = 0 
"— 
(C) lim f,(@) = 1, 
a—>ag 
then the series Zunf,(a) will converge absolutely over E(a) and 
the function F(a) which it defines there will be such that lim F(o) 
=St ^ 
Since we have, using the notation (28) for the case k = 1, 
Un = 8n 1 = (Sp SZ Sn) E (Sia = 2) 


i md S,— 28.3 + Ss, 
we obtain, if we set $. = Sı = 0, 


(0) E tifao) = 22 Sm — 28.4 + Seen) 
= E BAL + Shu (o) — Seife (o). 


In view of the hypothesis that Zu, is summable (C1) we may 
choose a positive constant C such that |S,|< (n+ 1)C for 
all values of n. Then, making use of this fact and condition 
(A), we sez that the summation on thé right hand side of (30) 
approaches a limit over E(æ) as n becomes infinite. Making 
use of the property of S, just employed and condition (B), it 
follows that the remaining two terms on the right hand side 
of (30) approach zero as n becomes infinite. Thus the left 
hand side of (30) approaches a limit also, and we have 


(81) F(a) = Y usua) = I Saala). 


Applying this identity to the series 1 + 0+0-+0-+ ---, we 
obtain, since in this case S, = m + 1, 








(32) fola) = 2 (m + 1)Afn(a). 
* The notation A%/,(@) is used as an abbreviation for fale) — Zfnyı(a) 
"mt, terms 1 are functions of a variable and Zu, is uniformly sum- 


mable throughout a certain interval, the limit of F(«) will be approached 
uniformly over that interval as a approaches ap. 
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From (31) and (32) we obtain 








(33) F(a) — Sfola) = »» ( E TE 8) (m + 1)A^f, (o). 
Since Zu, is summable (C1) to S, we may choose an r such that 
S. € 





e being an arbitrary positive quantity and K the K of condi- 
tion (A). Then, r being fixed, we may in view of condition 
(C) choose ô such that 


(85) I3 LG 8) mt DAf (9) |< 





(la KS? ono < 5). 
From (33), (34), condition (A) and (35) we obtain 
| F(a) — Sfola)|< € (o — |< 8). 
Whence 
; lim F(a) = lim Sfola) = S, 
aay a—>ao 
and our theorem is proved. 


§3. Applications to Problems in the Flow of Heat. 


. The theorems about convergence factors are of special in- 
terest in view of the fact that they have important applica- 
tions in connection with certain problems in mathematical 
physics. We will illustrate this by discussing a particular 
problem in the flow of heat. 

We take the case of a finite rod of length + whose ends are 
maintained at zero temperature and whose surface is a non- 
conductor. Suppose the cross section of the bar is so small 
that the temperature is sensibly constant throughout it, and 
suppose the initial temperature is given by the function f(a). 
We wish to determine the temperature of any point of the bar 
at any later moment. . 

Our problem reduces to the determination of a function of 
x and t, v(x, t), such that 


do. 0% De) 
ai 3:7 ba i>0 i 
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(8) «(0,9 =0 = wie «> 0), 


(y) lim ois, t) = f(x), 
Git 


- 


where 2, is any point in whose neighborhood f(x) is contin- 
uous. If we assume that v(z, f) may be expressed in the form 
u(z)w(t), we find as particular solutions of (o) 


(86)  4e-""sinax, Be**tcosax (A, B anda constants). 


'The secord solution does not satisfy the boundary condition 
(8), so we reject it. The first solution satisfies (8), but will 
satisfy (y? only in case f(x) = sin av. If f(x) does not have 
this form, we naturally try to build up a sum of particular solu- 
tions of (a) of the form of the first solution in (36), ZA, 
e ^9 sin 342, which will approach f(z) as t approaches + 0. 
This raises the question of the possibility of expressing f(x) 
in the form 2A, sin anz. We know from the theory of con- 
vergent Fourier series that an arbitrary function of x, sat- 
isfying fairly wide conditions, may be expressed in a series of 
this form. Eut we also know that there exist continuous func- 
tions of x whose Fourier development diverges at points 
everywhere dense. , 

Our physical intuition tells us that there must be a solution 
of our problem corresponding to any original distribution of 
temperature that is thinkable, and therefore certainly in the 
case of an original distribution that is continuous. Fejér’s 
theorem about summability (C1) of the Fourier series, com- 
bined with some general theorem about convergence factors 
such as Bromwich’s theorem, furnishes the mathematical dem- 
onstration tkat the series formed by introducing convergence 
factors of the type geht into the sine series for f(x) is the 
desired solution. 

The proof in detail is relatively brief. We have to show that 
the series 

= ; 2 2 : 
(37) D An sin nzg-F?* (4. = = [se sin nade ) 
ni 0 
converges for (t > 0; 0 <x S m), and defines in that region 
a functicn viz, t) which satisfies conditions (o), (8) and (y). 
We know from the Riemann-Lebesgue theorem referred to 
above that A, approaches zero as a limit as m becomes 
‘infinite, and therefore the series (37) and the various derived 
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series obtained by differentiating (37) term by term with re- 
gard to ¢ or 2, will converge uniformly throughout the region 
|» dz%>0,0SzSm). Thus we see that the series (37) 
defines a function v(z, f) that satisfies conditions (œ) and (f). 
It remains to show that this function also satisfies (y). 

It is readily seen that v(z, t) will satisfy (y) provided it ap- 
proaches f(x) as a limit as t approaches + 0, uniformly through- 
out any interval included in an interval in which f(z) is con- 
tinuous. Since, from Fejér's theorem, Z 4, sin nz is uniformly 
summable throughout any interval included in an interval of 
continuity of f(z), it will follow from Bromwich's theorem that 
v(x, t) approaches f(x) uniformly throughout such an interval, 
in ease the convergence factors in (87) satisfy the conditions 
of that theorem. 

That conditions (B) and (C) are satisfied is easily seen. 
Turning to condition (A), we find’ that A?e *"'* is negative 
when n < N1/2kt — 2 and is positive when n2 Vl/2kt. Hence 
this expression cannot change sign more than three times for 
any value of t > 0, and therefore condition (A) will be satis- 
fied i we can determine a positive constant such that any se- 
quence of terms chosen from ZnA?e *^'' is less in absolute value 
‘than this constant for all values of t > 0. 

We have 


SS Aly m = ment _ (p— Leet 
bës — (q + Lebar + ge * ct» 
= ple tr" — g rtp] — gle *«t*»*t 
— [r2] + g FtDtt _ g-k(at-D't 
= 2hp(p + Bis Kot" — kg q+ éier Mera 


Jp eco qms (9S HSI 
1«6«2/' 


Each of the first two terms on the right hand side is less in 
absolute value than the expression 2kyé " for some value of 
y > 0, and since this expression and also e remain finite for 
all values of y > 0, it follows that condition (A) is satisfied by 
the convergence factors of (37). Hence the series (37) de- 
fines a function v(z, t) which satisfies condition (y), and as we 
saw previously that this same function satisfies (œ) and (8), 
it follows that our physical problem is completely solved. 
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$4. Summability of Other Developments. 


The developments in orthogonal functions of one variable 
that have been most extensively studied are, aside from the 
Fourier series, the developments in Sturm-Liouville func- 
tions and in Legendre’s and Bessel's functions. The Sturm- 
Liouville developments offer less difficulty and yield simpler 
results than the other two. This is due to the fact that the 
differential equations which define Legendre's and Bessel’s 
functions have singular points in the interval in which we 
wish to develop an arbitrary function, while the differential 
equation for the Sturm-Liouville functions does not. It is in 
the neighborhood of these singular points that the develop- 
ments in terns of the former functions are more complex in ' 
their behavior and are more difficult to handle. 

Very comp.ete results with regard to the summability (C1) 
of the Sturm-Liouville developments were obtained by Haar 
in his dissertetion [11]. He showed in fact that the behavior 
of the development of any function having a Lebesgue inte- 
gral was the same at any point as the behavior of the cosine 
development »f the same function. This result follows readily 
from the follcwing fundamental theorem: 

Haag's TEEonEM. If we represent by sn(x) and cale) the 
sums of the first n+ 1 terms of the Sturm-Liowville and cosine 
developments respectively of any function f(x) having a Lebesgue 


integral, we have 
im [ss (2) E on(X)] =0 


uniformly ower the interval (0 € x S «).* 

This theorem enables us to infer from the various results 
obtained with regard to the summability of the Fourier’s 
series, corresponding results for the Sturm-Liouville develop- 
ments. Thus we obtain not only the analogue of Fejér’s the- 
orem, as pointed out by Haar, but also the analogues of Le- 
besgue’s theorem, the Riesz-Chapman theorem, and Hardy’s 
theorem. 

The first study of the summability of the developments in 
Legendre's functions was made in 1908 by Fejér who estab- 
lished summsbility (H2), or what is equivalent (C2), et every 

* If the interval of definition of the Sturm-Liouville functions is t&ken 
as some interval (a, b) differing from the interval (0, x), we readily reduce 


that case ta the above by a change of variable in the differential equation 
and boundary conditions by means of which the functions are defined. 
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point in the interval (C 1 S z € 1) at which the function is 
continuous op has a finite jump, provided the function is abso- 
lutely integrable [6]. In 1911 Haar proved the summability 
(Cl) of the development at interior points of the interval 
(— 1 Sa < 1) for the case where the function developed is 
continuous throughout the whole interval [12]. During the 
same year Chapman independently established summability 
(C, k > 1) for all points of the interval at which the function 
is continuous or has a finite jump, provided the function has 
a Lebesgue integral over the interval. He further obtained 
summability (C, k > Lei at the-end points and (C, k » 0) 
. at interior points for the case where the function satisfies cer- 
tain Wem restrictions as to the possession of limited vari- 
ation [4]. In 1913 Gronwall obtained summability of the 
same orders with less restriction on the function developed. 
His requirement for the case of interior points is that f(x) and 
(1 — 2?)*/)-GM F(z) should be absolutely integrable in (— 1, 1). 
For the end points he requires the absolute integrability of 
f(x) and a further condition on the function in the neighbor- 
hood of the end point opposite to the one for which summability 
is established. "This condition, in the case of summability at 
+ 1, demands that 


fH onl On + YPala)Pale)) de’, 


where P„(x) represents the Legendrian of the nth order and 
ge (Un) = 8,0/A4,09, Sy and A, being defined by equa- 
tion (28), should, for some value of 8 > 0, approach zero as 
n becomes infinite [10]. E 
In the case of the developments in Bessel’s functions, sum- 
mability (C1) at points in the interval (0 < x < 1) where the 
function developed is continuous or has a finite jump, was 
established by the writer in 1908 [15] for the case of a function 
' that is finite and integrable. Summability (C1) for points of 
the same nature in (0 < x < 1), was established by W. B. 
Ford in his recent book on divergent series and summability 
[7] for the case of & function f(z) that becomes infinite at a 
finite number of points while Vzf(z) remains absolutely in- 
tegrable. Summability (C, k > 0) at points in the interval 
(0« <1) at which the, function is continuous or has a 
finite jump for a function f(x) such that Vzf(z) has a Lebesgue 
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integral, and summability (C14) for « = 0, provided f(x) has 
a Lebesgue integral, is continuous at the origin and is such that 
| ( f(z) — FO )/ar| is less than a positive constant for some 
value of y > 14 and values of z in the neighborhood of zero, 
have been established by the writer in two papers that have 
been presented to the Society but not as yet published.* . 
Thus we see that here as in the case of the developments in 
Legendre's functions, we have to put more restriction on the 
function developed at the point at which the differential 
equatior corresponding to the functions in terms of which we 
develop has a singular point; moreover, even then we do not 
get summability of as low an order. The analogy between 
the two cases suggests the existence of a general theory with 
regard zo the summability of developments in orthogonal 
functions that satisfy linear differential equations with singular 
points, which will include the important features of both cases. 
‘As far as tke writer is aware this general theory is yet to be 
developed. ` 


§5. The Summability of Double Series. 


All the different methods of summation used in connection 
with simple series can be readily generalized so as to furnish 
methods for summing double series. We shall discuss here 
only the extension of the simplest method, i. e., summation 
by arithmetic means of the sums, to double series. We con- 
sider the double series Za;;, and we set 


am, jan dam, In 
fan = D Gy, Sun = L 8i 
1), Ac $—0, 10 ` 


Onn = Se] (m + 1)(n + 1). 
Thenif lim on exists and is equal to c, we say that the series 


m, n> 0 

Za,; is summable (C1) to the value c. It is easy to establish 
the consistency of this definition with the Pringsheim defin- 
ition of convergence, for series such that |&mn|< C, a positive 
constant, for all values of m and n. Moreover, in that case it 
will also be true that |omn|< C for all values of m and n. 

The theorem of Frobenius for simple series has been ex- 
tended to double series by Bromwich and Hardy [2], and Brom- 

* For abstracts of these papers, see BULLETIN, vol. 24, pp. 65 and 422. 


{Cha yang of generalization laid down by E. H. Moore, Introduc- 
tion to & Form of General Analysis, p. 1. 
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wich’s theorem for simple series has been extended to double 
series by the writer [16]. Fejér’s theorem about the summa- 
bility of the ordinary Fourier series has been extended to 
the double Fourier series, for points of continuity* of the 
function developed, by W. H. Young [21] and the writer [16], 
and for points of discontinuity of certain types by the writer 
[17]. These extensions, taken in connection with the exten- 
sion of the theorem on convergence factors, enable us to dis- 
cuss certain problems in mathematical physics in which double 
Fourier series occur, in & manner analogous to the discussion 
of the problem in the flow of heat considered earlier in the 
paper. Such a discussion may be found in [16]. 

The consideration of the summability of the double Four- 
ier series naturally suggests the consideration of the summa- 
bility of double series involving other orthogonal functions. 
Furthermore, the extension of the conception of summability 
to double series leads naturally to its further extension to 
triple series and to multiple series of &ny order. In particular 
we might study the summability of the'triple Fourier series 
‘and thus obtain results having important applieations to 
mathematical physics, analogous to those mentioned in con- 
nection with the ordinary and double Fourier series. Many 
other special studies readily suggest themselves. Thus we see 
that the work already done on the summability of develop- 
ments in orthogonal functions is only a beginning, and that a 
large unexplored field remains to be investigated. 
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MODULAR SYSTEMS. 


The Algebraic Theory of Modular Systems. By F. S. Macav- 
LAY. [Cambridge Tracts in Mathematics and Mathemat- 
ical Physics, No. 19.] Cambridge University Press, 1916. 
xiv + 112 pp. 

A MODTLAR system is an infinite aggregate of polynomials 
in n variables z, £a, -::, 2, defined by the property that if 
F, Fi, Fs belong to the system, F, + Fs and AF also belong to 
the system, where A is any polynomial in 21,22, ***, T». 
Hence if Fi, P, Fs belong to a modular system so also 
does AF, + AsFa+ ++: + AxF's, where 41, Aner Ay are 
arbitrary polynomials in 2, Ta, ***, X. In the algebraic the- 
ory (to which this tract is devoted) polynomials such as F 
and aF, where a is a quantity not involving the variables, are 
regarded as the same polynomial. 


J 
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Let us consider any given infinite aggregate of polynomials 
in 2, nee Ga, Ofthose of any given degree L there are only 
& finite number which are linearly independent. Hence we 
may select an ordered sequence of polynomials F Fa, Fs, +++ 
of the’ given aggregate such that any given polynomial of the 
aggregate is linearly expressible in terms of a finite number of 


. the polynomials F;, Fs, Fs, +++. Concerning such an ordered 


enumerable sequence of polynomials Hilbert has established 
the following theorem: 

If Fi Fy, Fs, +++ is an infinite sequence of polynomials in 
n variables 2, 25, - - En, then there exists a finite number E 
such that for h > k we have a relation of the form 


Fy = Ankit Auf LL Anke 


in which the Ay denote polynomials in 2;, ga, tt, Cm 

Our author gives on page 38 essentially Kénig’s proof of 
this theorem. Since the proof is from first principles, he is 
justified in assuming the theorem from the beginning. 

From the foregoing considerations it follows that every in- 
finite aggregate of polynomials is contained in the infinite ag- 
gregate of a modular system and that every modular system 
is itself the aggregate of polynomials 


AF Sack eck AA, 


in which Fi, Fs, +-+, Fe are k properly chosen polynomials of 
the system and 4;, Aa: Ar are arbitrary polynomials. 
The polynomials Fi, F;, - --, F& are said to form a basis of the 
System. 

In its simpler aspects the theory of modular systems is of 
importance in geometry. Let it be required, for example, to 
determine the class of algebraic plane curves which pass 
through the intersection points of the curves 


FA, y) = 0, Betz, mn = 0. 
It is obvious that the class includes all the curves 
AV T Af: =0 


where 4; and As are polynomials in z and y. The question 
arises as to whether or under what circumstances every alge- 
braic curve passing through the given intersection points can 
be represented by an equation of the last form above. The 
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answer to such @ question affords one of the simplest appli- 
cations af the algebraic theory of modular systems, 

The primary object of the algebraic theory of modular Sy8- 
tems is to discover those general properties of a system which 
will afford & means of answering the question whether a given 
polynomial is or is not & member of a given system. This 
calls for a generalization of the theory of the solution of equa- 
tions in several unknowns. In order that a polynomial P 
may belong to & modular system with a given basis P. Fs, 
+, Fp {t is obviously necessary that F shall vanish for all 
finite sohitions of the system F, = Fy = ... = Fy = 0, This 
condition is sufficient only if the given modular system has a 
certain >roperty; otherwise, it is not sufficient, and F must 
satisfy further conditions, also connected with the solutions 
of the system F, = Fy = = F: = 0; and these may be 
difficult to express concretely. 

At present the theory of modular systems is incomplete and 
offers a wide field for research. The subject is one of great 
difficulty, and he who works in it must exercise extreme care 
to avoid the pitfalls. Macaulay points out several mistakes 
made by his predecessors, some of them occurring in the most 
important memoirs dealing with the subject. 

From what has been said it is evident that the first step in 
the theory of modular systems is to find all the solutions of 
the algebraic equations F, = Fe — FQ—0. This is 
completely accomplished in the theories of the resultant and 
the resolvent, developed by our author in sections I and II 
(pages 3-28). The theory of the resultant of two homo- 
geneous polynomials in two variables is first treated. There 
' is given then a parallel development of the much more difficult 
theory of the resultant of n homogeneous polynomials in n 
variables. From this the necessary theory for non-homogen- 
eous pclynomials follows at once. Application is made to the 
solution of certain classes of algebraic equations. In the the- 
ory of the resolvent the author follows in the main König’s 
exposition of Kronecker’s method of solving equations by 
means of the resolvent. 

General properties of modular systems are developed in 
section III (pages 29-63) The treatment is closely allied to 
Lasker's memoir (M. atkematische Annalen, volume 60, 1905) and 
Dedekind's theory of ideals. Section IV (pages 64-100) con- 
tains an extension of Lasker's results founded on the methods 
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originated by Noether. The contents of this chapter are due 
to the author himself. A considerable number of the prop- 
erties proved in the section have been established by him in 
previous memoirs. But a new method, that of the inverse 
system, is here employed for the first time and the results are 
closely associated with it. The author’s own account of the 
method is to be found on pages 64 ff. 

The monograph ends with a note of twelve closely printed 
pages containing a brief explanation of the theory of ideals of 
algebraic numbers and functions and of the relation in which 
the algebraic theory of modular systems stands with respect 
to it. 

Throughout the tract the exposition is given in condensed 
form, evidently best adapted to the needs of investigators in 
the field. But a portion of the treatment, especially that of 
the first two sections, is suited to the needs of the general 
mathematical reader interested in the general aspects of the 
theory of algebraic equations in several unknown quantities. 

R. D. CARMICHAEL. 


NOTES. " 


Tux regular meeting of the Chicago Section of the Amer- 
ican Mathematical Society at the University of Chicago on 
Friday and Saturday, April 4-5, 1919, will include a symposium 
on the geometry of numbers with applications to questions of 
minima and algebraic numbers. Formal papers, based largely 
on the work of Minkowski, will be presented by Professor H. 
F. BrrcmrELDT, of Stanford University, and Professor L. E. 
Dickson, of the University of Chicago. Synopses of these 
papers will be sent out with the programmes of the meeting. 


THE programme of the regular meeting of the Society in 
New York City on April 26, 1919, will include reports of the 
work of members of the Society in the, government Ordnance 
Department at Washington and Aberdeen. 


Tee opening (January) number of volume 20 of the Trans- 
actions of the American Mathematical Society contains the fol- 
lowing papers: "Necessary conditions in the problems of 
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Mayer in the calculus of variations,” by Grim A. LAREW; 
“Linear equations with unsymmetric systems of coefficients,” 
by Anna J. Petz; “On convex functions,” by HENRY BLUM- 
BERG; “Projective transformations in function space,” by 
L. L. Dises; “On the order of primitive groups (IV),” by 
W. A. MANNING. 

There is a portrait of the late Professor Maxmme BécHER 
as frontispiece, with a short obituary note. Copies of this 
portrait may be obtained by sending twenty cents in postage 
stamps to the office of the Society, 501 West 116th Street, New 
York City. 


THE opening (January) number of volume 41 of the Amer- 
ican Journal of Mathematics contains the following papers: 
“Groups ‚generated by two operators whose relative trans- 
forms are equal to each other,” by G. A. Mes: “A classi- 
fication oi general (2, 3) point correspondences between two 
planés," by. T. R. Horrcnorr; “The classification of plane 
involutions of order (3)," by ANNA M. Howe; “On surfaces 
containing a system of cubics that do not constitute & pencil," 
by C. H. Sısam; “An isoperimetric problem with variable 
end-points,” by A. S. MERRILL. 


` WrrH the January, 1919, issue, the Tékyé Sügaku-Buturi- 
gakkivai Kizi (Proceedings of the Tokyo mathematico-physical 
Society) begins its third series. The name of the periodical 
changes with the new series to Nippon Sügaku-Buturigakkwai 
Eist (Proceedings of the physico-mathematical Society of Japan). 


Tue January number of the American Mathematical 
Monthly contains the names and rank of one hundred and 
seventy-eight teachers of mathematics in the naticnal war 
service. 


Ar the recent annual meeting of the Mathematical Asso- 
ciation o2 America Professor H. E. SLAUGHT was elected pres- 
ident and Professors R. G. D. RicHarpson and H. L. Rierz 
vice-presidents. ‘ 


Ar the meeting of the London mathematical society held 
‚December 12, the following papers were read: By G. H Harpy 
and J. E. Lrrrtewoon, “Applications of the method of Faray 
dissection in the analytic theory of numbers: (1) A new solu- 
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tion of Waring’s problem; (2) Proof that every large number 
is the sum of at most thirty-three biquadrates; (3) The Rie- 
mann hypothesis and the expression of a number as the sum of 
a stated number of primes"; by N. M. Suan and B. M. Wir- 
son, “Numerical data connected with Goldbach's theorem”; 
by M. FnfcnzT, “Integrals in abstract fields.” 


Ar the meeting of the Edinburgh mathematical Society on 
January 10, the following papers were read: By E. M. Hons- 
BURGH, “A mechanical solution of a differential equation of 
torsion"; by F. Bowman, “Note on the intersection of a plane 
curve and its Hessian at a multiple point" and “Note on the 
formula for the radius of the circumsphere of a tetrahedron 

in terms of the edges." 


Tux Prince Jablonowski Society of Leipzig announces the 
following prize problem for 1921: “To extend the theory of 
linear functional differential equations in any direction. A 
complete treatment of new special cases is especially desir- 
able." Competing memoirs should be submitted not later 
than October 31, 1920. "The value of the prize is 1500 marks. 


THE philosophical faculty of the University of Berlin an- 
nounces the following prize problem: “ To determine, by means 
of the theory of elementary divisors, the criteria that a given 
matrix be capable of representation as the composition of two 
skew-symmetric matrices.” Competing memoirs should be 
presented before June 4, 1919. 


Tee academy of sciences of Heidelberg has joined the 
other learned societies as contributing member to the support 
of the Encyklopädie der mathematischen Wissenschaften. 


Cotticz DE France. Tee following courses in mathe- 
matics are announced for the session beginning December 2, 
1918: By Professor G. HuwsEnT: Theory of quadratic num- 
bers, two hours.—By Professor J. Hanamarn: Influence of 
the form of the domain in the problems of mathematical phys- 
ics, two hours.—By Professor M. BzrLLOUuIN: English and 
American theories of the gravitational stability of the earth, 
two hours.—By Professor L. Lanauvin: The principle of rela- 
üvity and tlie theories of gtavitation, two hours.—By Pro- 
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fessor Lr. Roy: The present state of mathematical philosophy, 
and its relations with the philosophy of intuition, two hours. 


Prorsssor M. Frfcuer, of the Sorbonne, has been ap- 
pointed professor of mathematics in the reconstituted Uni- 
versity of Strassbourg. During the summer semester of the 
present year (April 15-July 30) he will lecture on General 
Analysis (Cacul fonctionnel). The lectures will'be in French, 
but Professor Fréchet offers to discuss them in English with 
any English-speaking students who wish to avail themselves 
of the o»portunity. 


Tue University of Frankfort has conferred an honorary 
doctorate on Professor L. KÖNIGSBERGER, of the University 
of Heidelberg. 


Dr. V. GEILEN has been appointed docent in mathematics 
at the University of Münster. 


Prorzssor Orro STAUDE, of the University of Rostock, 
has been chosen rector for the year 1918-19. 


Dr. V. GRILLIER, of the University of Biel, has been ap- 
pointed professor of mathematics at the University of Bern. 


Prorzssor M. NOETHER, of the University of Erlangen, 
has ret:red from active teaching, after forty-six years of serv- 
ice. 3 ; 


Tae Royal Society of London has awarded its Copley 
medal <o Professor H. A. Lorentz, of the University of Ley- 
den, for his work in mathematical physics. , 


Proressor W. Foorp-Ketcey, of the Royal military acad- 
emy, has been appointed Officer of the Order of the British 
Empire, for services in connection with the war. 


Tug Rumford Committee of the American Academy of 
Arts aad Sciences has voted the sum of $500.00 to Professor 
A. G. WEBSTER, of Clark University, in aid of his researches 
in pyrodynamics and practical interior ballistics. 


Tus committee recently organized to establish a suitable 
memorial of the late Professor Maxime BÔCHER requests that 
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subscriptions to the memorial fund be sent to the treasurer of 
the committee, Professor J. H. TANNER, Cornell University, 
Ithaca, N. Y. Contributors are invited to express their views 
and wishes in regard to the use which should be made of the 
fund. 


Ar the University of Manitoba, Dr. H. R. Kuvaston has 
been promoted to an assistant professorship of mathematics. 
Assistant professor L. A. H. WARREN has been appointed act- 
ing professor of mathematics and astronomy, in the absence 
of Professor N. B. MacLuan, who is major in the Canadian 
artillery service in France. 


Pnorzsson E. R. HEDRICK, of the University of Missouri, 
has recently sailed for France, where he is to take charge of 
the mathematical work for American soldiers in the Y. M. 
C. A. system. i 


Dr. L. R. Fon» and Mr. R. S. Tucker have been ap- 
pointed instructors in mathematics at Harvard University. 


Ar Cornell University, Mr. P. A. FERALEIGH, who was sta- 
tioned at Aberdeen proving ground, has returned to his in- 
structorship in mathematics. Mr. H. L. Surrg, who was under 
Major F. R. MourroN in Washington, and Mrs. Heren B. 
Owens have been appointed instructors in mathematics. 


Mr. L. E. ARMSTRONG, of Stevens Institute of Technology, 
has been promoted to an assistant professorship of mathe- 
matics. 


Mr. J. W. Datmwm, of Michigan State Normal College, 
has been appointed instructor in mathematics in Detroit 
Junior College. 


Prorzssor D. A. RoTHRocK, of Indiana University, was 
recently elected a member of the State Legislature. He is 
relieved of duties at the University during the legislative ses- 
sion to begin in January. 


Mre. F. S..NowzaN, of Bowdoin College, has been promoted 
to an assistant professorship of mathematics. 
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AT Brown University, Mr. T. A. CogNELL and Mr. W. R. 
BURWELL have been appointed instructors and Dr. A. B. 
FRIZELL lecturer in mathematics. Mr. C. R. Apams has re- 
signed his instructorship to accept the Grand Army fellowship. 


Dr. Tonus DawrziG and Dr. G. A. PFEIFFER have been 
appointec instructors in mathematics at Columbia University. 


AT the University of Minnesota, Dr. C. H. Yraron has 
been appointed instructor in mathematics. Professor G. N. 
BAUER is on leave of absence, and Professor H. L. SLoBIN has 
resigned. 


Mr. R. M. Matuews, of the Junior College, Riverside, 
Cal., has resigned to enter secondary teaching. 


Mr. ARTHUR Ramsey, of Grove City College, has been 
promotec to an assistant professorship of mathematics. 


Ar Northwestern University, the following new instructors 
in mathematics have been appointed: Miss Jessica M. 
Youne, Mr. T. Dott, Dr. M. G. Surrg, and Mr. P. E. Hemke. 


AT Wesleyan University, Mr. C. L. Srzarns has been 
appointed instructor in mathematics and assistant in the Van 
Vleck observatory. 


Prorsssör G. Mumaw, of the University of Paris, well 
known for his writings on the history and philosophy of’Greek 
mathematics, died October 1, 1918, at the age of sixty years. 


Paorrssog F. Dantes, of the University of Fribourg, 
Switzerland, died November 16, 1918, at the age of fifty- 
eight yenrs. 


Prorzssor Unrssg Dat, of the R. Scuole Normale Super- 
iore of Pisa, and editor of the Annali di Matematica, died 
October 28, 1918, at the age of seventy-three years. 


Prorrssor L. M. SyLow, of the University of Christiania, 
died September 7, 1918, at the age of eighty-five years. 
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:  Proressor E. LAMPE, of thé technical school at Berlin, 

died September 4, 1918, at the age of seventy-eight years. He 
was an editor of the Jahrbuch über die Fortschritie der Mathe- 
matik and of the Archiv der Mathematik und Physik. 


PnorEssoR P. von ScHAEWEN died April 28, 1918, at the 
age of seventy-one years. 


The death is announced of Commander A. N. SKINNER, 
. U. S. N., retired, professor of mathematics at the U. S. Naval 
Academy from 1898 to 1907. : 


Dr. PauL Carus, for many years editor of the Monist and 
the Open Court, died at La Salle, DI., on February 11, 1919. 


Dr. G. M. Green, of Harvard University, author of 
numerous memoirs in projective differential geometry, died 
January 24, 1919, at the age of twenty-seven years. He had 
been & member of the American Mathematical Society since 
1913. 


NEW PUBLICATIONS. 


I, HIGHER MATHEMATICS. 


BrgsxnsAcH (L.). Differentialrechnung. Leitfaden für den mathema- 
tischen und technischen Hochschulunterricht. Leipzig, Teubner 
1917. M. 2.80 

Bsenper (M.) See Garm (A). 

CanaTrHÉODORY (C.). Vorlesungen über reelle Funktionen. Leiprig 
Teubner, 1918. M. 30.00 


Dick SE ). Nichteuklidische Geometrie in der Kugelebene. (Mathe- 
tisch-physikalische Bibliothek, Band 31.) Leipzig, Teubner, err EU 


Frick (H.). Ueber den Zusammenhan, der Perioden tischer ied 
men positiver Determinante mit der Zerlegung einer in die Summe 
Se te. (Diss. Eidgenóss. Technische Hochschule.) Zür- 
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MATHEMATICS IN WAR PERSPECTIVE. 


PRESIDENTIAL ADDRESS DELIVERED BEFORE THE AMER- 
ICAN MATHEMATICAL SOCIETY, DECEMBER £7, 1918. 


BY PRESIDENT L. E. DICKSON, 


ÀN army officer of high rank, now facing the problems in- 
volved in stopping the huge war machine which he had helped 
to build, recently remarked ® me that this getting out of war 
is far more trouble than getting into it. The armistice has 
put me in the same boat and, for the purposes of this address, 
came a few weeks too soon. I had already .put myself under 
obligations to numerous friends, including two in England and 
France, for furnishing me authoritative information on the 
róle of mathematics and its applications in the war. While 
this information is fortunately no longer needed for its initial 
purposé, it bears on the timely question of the kind of pre- 
paredness which the nation should adopt. While science has 
played an important róle in this war, it would undoubtedly 
play a dominant róle in a future war, and no scheme of na- 
tional preparedness will prove adequate which does not insure 
an ample supply of highly trained scientists and furnish to all 
men effective training in the fundamentals of exact science. 
Owing to its recognized value as a fundamental part of military 
education, I expressly include mathematics, especially trigo- 
nometry and graphical analysis. Let it not again become pos- 
sible that thousands of young men shall be so seriously handi- 
capped in their army and navy work by lack of adequate 
preparation in these subjects. Nor should so many instructors 
in courses for prospective officers again be chosen from those 
who had just passed hastily through the course, not to count 
those who had merely taken a few private lessons. Fortunately 
the more widespread and more effective scientific training here 
advocated as an essential part of national preparedness for 
war furnishes at the same time the surest means to retain and 
increase our material prosperity, to add to our health, comfort 
and conveniences, and so to train our youth in the unravelling 
of the mysteries of the universe and in habits of drawing ac- 
curate conclusions from correctly observed facts that they may 


. the more surely become sane, reliable and efficient citizens. 
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For data on the military and naval instruction in France 
during the war, I am indebted to the distinguished mathe- 
matician, M. Edmond Maillet, President of the Matkematical 
Society of France, who also kindly sent me current programmes 
of requirements for admission to the various schools. As a 
background we need some facts concerning the instruction 
given just prior to the war. Cadets to become officers of in- 
fantry or cavalry took a two-year course (which was suspended 
during the period of the war) at the Ecole Spéciale Militaire 
de Sainı-Cyr, the entrance examinations being on algebra 
(through quadratics), geometry, trigonometry, conic sections, 
notions of derivatives, descriptive geometry, mechenics, and 
general physics and chemistry. But the future officer of 
artillery or engineering was trained at other schools which 
required more extensive preparation for entrance. After being 
able to pass the entrance examinations at Saint-Cyr, he entered 
a special class at a lycée which continued 8 or 9 months prior 
to October, 1917, but only 5$ months in 1917-18. For ex- 
ample, in the class of Mathématiques Spéciales, preparing 
particularly for the Ecole Polytechnique, the number of lessons, 
each of 14% to 2 hours, were as follows for the 8 (and 54) 
months: trigonometry, (college) algebra, and differential and 
integral calculus, 47 (36); plane and solid analytic geometry, 
45 (33); descriptive geometry, 24 (22); mechanics, 20 (7); 
supplemented by written exercises, quizzes and 12 drawings 
in descriptive geometry. In such & lycée, he continued also 
his study of general physies and chemistry, history, and Eng- 
lish or German. 

The special aim of the famous Ecole Polytechnique is to 
provide the training in the exact sciences which is necessary 
for artillery officers and for the various types of engineers in 
their subsequent technical course at one of the various state 
schools of applied science, mentioned below. The subjects 
taught in the two-year course and the number óf lectures are 
' as follows:* higher analysis (65), projective, infinitesimal and 
cinematic’ geometry (26), application of descriptive geometry 
to stereotomy (12), mechanics (74), drawing (30), architec- 
ture (12), astronomy and geodesy (17), physics (60), chemistry 
(60), history and literature (40), political and social economy 
(20), German, English, military science (30), and drill (one 
hour a week). 


* Journ. de VE cole Polyt., ser. 2, cah. 14, 1910, pp. Lt. 
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Among the schools of applied science* are the Ecole des 
Ponts et Chausséest for engineers of railroads, ports, rivers, 
harbors, drainage, etc.; Ecole du Génie Maritime for marine 
engineers; Ecole d’Hydrographie for a small number of hydro- 
graphic engineers, at each of which there is a two-year course 
primarily for those who have completed the course at the Ecole 
Polytechnique. The Ecole Nationale Supérieure des Mines 
trains especially mining engineers, but also for industrial posi- 
tions; the engineers are taken exclusively from the Ecole 
Polytechnique and are given a three-year course. The Ecole 
Centrale des Arts et Manufactures offers a three-year course 
for engineers for all branches of industry, architecture, mining, 
machinery, chemistry, etc. The above schools are all at Paris. 

The Ecole Navale at Brest offers to candidates of ages 16 
to 19, who have had the equivalent of the above special lycée 
course (with omission of descriptive geometry and electricity 
in 1918), a two-year course for line officers in the navy. The 
subjects studied are analysis, rational mechanics, astronomy, 
navigation, naval architecture and machines, drawing, photog- 
raphy, physics, chemistry, literature, history and seamanship. 
The course is followed by a cruise of ten months for practical 
instruction. The entire course has been ‘reduced to five 
months during the war. To provide further line officers in the 
navy, the Ecole des Elèves Officiers de Marine at Brest offers a 
two-year course for enlisted naval men of certain grades and 
lengths of service who can pass the examinations in arithmetic, 
(advanced high school) algebra, trigonometry, conic sections, 

notions of derivatives, elements of plane, solid, and descrip- 
tive geometry, mechanics, general physics, geography and 
French history. 

To provide captains and mechanician officers for the mer- 
chant marine there are free state schools at 16 French ports, 
but only those at Havre, Nantes, Marseilles, and Paimpol were . 
open during the war.f Beginning with 1918, the course at 

* P. Melon, LEnseignement supérieur et L’Enseignement technique en 
France, ed. 2, 1893. 

i vf. transl. of French report by Major W. D. Connor, National School 
of Bridges and Highways, Paris, ce. U. B. Printing Office, 1913, 42 
pp. : ; : i 
Vlosti Marino du oer rent, des de ru E 
examens pour . . . capitaine au long cours, Paris, A. Ehaflamel, 1918, 

"Proerumue - . . d’offieier mécanicien de la marine marchande, 
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the first three of these four schools will require two years. For 
' the special “brevet supérieur" captain or mechanician, the 
examinations include also differential and integral calculus, 
rational mechanics, physics, elementary chemistry, machines, 
etc. There are schools for apprentice mechanicians at Lor- 
ient, Brest, Toulon, and Havre. 

To supply the increased need for army officers during the- 
war, the Ecoles Militaires d’Aspirants at Saint-Maixent, Sau- 
mur, Fontainbleau and Versailles for the infantry, cavalry, 
artillery and engineers, respectively, provided practical courses 
of five months for sub-officers, regarded as capable of becoming 
officers. who passed oral and written examinations in arithmetic, 
plane geometry, linear equations in several unknowns, defin- 
itions cf the trigonometric functions and of the terms in solid 
geometry, formulas for surfaces and volumes (without proofs), 
elementary notions in physics and chemistry, geography, 
French history and literature. Also an extensive acquaintance , 
with descriptive geometry was required of candidates for en- 
trance to the school for engineers. No examination was re- 
quired in the case of sub-officers who had served 15 months 
in the army and were recommended by the military authori- 
ties, nor of those who had been admitted to the Ecole Poly- 
technique or the school at Saint-Cyr. 

In England the training of naval cadets under the system* 
adopted in 1913 consisted of a two-year course at the Royal 
Naval College at Osborne, followed by a two-year course at 
the Royal Naval College at Dartmouth, and six months on a 
training cruiser. In 1912 there were 439 cadets at Osborne and. 
406 at Dartmouth. To enter Osborne the candidate must be 
between 122 and 13 years of age and pass an entrance ex- 
amination in arithmetic, algebra (linear equations in one or 
more unknowns), geometrical constructions and the substance 
of the first book of Euclid, history, geography, and languages. 
In arithmetic, algebra, geometry and the elements of plane 
trigonometry, there are 62 hours per week of instruction and 
2 of preparation during the first four terms, eacn of twelve 
weeks, and 74 + 14 during the last two terms. At Dart- 
mouth all cadets take algebra, plane and solid geometry and 
plane and spherical trigonometry, while the more proficient 
men zake also analytic geometry and elementary notions of 


* Great Britain Admiralty Committee on education and training of 
naval officers, Accounts and Papers, Navy, vol. 43, 1913, 170 pp. 
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calculus. To insure that all shall attain to the standard in 
navigation, extra time is provided in navigation for the weaker 
cadets at the expense of their further progress in mathematics. 
In the first two terms there are 5 + 2% hours of mathematics 
and no navigation, while the later schedules are 


3d term 
Math, | 4+2 
Nav. 1+4 


During the subsequent 24 weeks on a training cruiser, five 
hours were devoted daily to study; the time for the optional 
course in trigonometry and calculus was included in the six 
hours per week assigned to navigation. 

Professor W. Burnside has kindly provided me with a state- 
ment of the instruction during the war. The only training 
in navigation for prospective officers of, tbe British navy is 
given on board ship and at the Royal Naval College, Dart- 
mouth. There the course was reduced to five terms by cut- 
ting down somewhat the non-professional subjects such as 
history. During the initial two terms, two hours per week 
were given to recitation and 3 hour to preparation in navi- 
gation. In the third term the time ranged from 2 + 1 hours 
for the best to 3 + 14 for the poorest of the six classes into 
which the cadets were separated on the basis of ability. In 
the fourth term the hours were 2 + 13:t0 3+ 2; in the final 
fifth term, 3 + 1$ to 4-- 2. The only text-book used is S. 
F. Card's Navigation Notes and Examples, 245 pages, second 
edition, 1917, Arnold (to be had of Longmans, Green and 
Company in America), but reference was made to Chapter 
XVII of the Admiralty Manualof Navigation, 525 pages, 1914, 
London (3 shillings). Cadets procured Inman’s tables and 
the Nautical Almanac for 1919, and had access to Burdwood’s 
Azimuth Tables. They acquired facility in using parallel 
rulers, dividers, sextants, magnetic and gyro compasses, station 
pointers, and the large scale chart S 389 D. 

For artillery officers in the army and for gunnery officers in 
the navy, the whole of the theoretical and a great part of the 
practical training is given at the Ordnance College at Wool- 
wich, where most of the courses are technical rather than theo- 
retical. The only course which gives teaching on theoretical 
ballistics, external and internal, is one of 9 hours a week for 


4th term 5th term 


4+2} or 3 +2) 4424 or 3+2 
2+1 or 14+4/241 or 3414 


6th term 


4+2$ or3+2 or24-14 
2+1 or3+4 or 4+2 
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'8 months for artillery officers who are practical experts of at 
least six years’ experience in their profession. The bcoks used 
are the Army and the Admiralty Gunnery Manuals which are 
strictly confidential documents. There are no public British 
text-books on ballistics. 

The work at our own government schools* at West Point 
and Anrapolis need not be reported on here. The emphasis 
during tie first two years is on pure mathematics. There are 
various post-graduate army schools. In marine engineering 
the first year’s post-graduate work is done at the Naval Acad- 
emy and the second year at Columbia University. Other 
graduates, who are to become naval constructors, take a three- 
year course at the Massachusetts Institute of Technology. On 
account of the war, a class recently graduated at West Point 
after two years’ work. Annapolis is temporarily on a three- 
year schedule, the enrollment in the entering, middle and grad- 
uating classes being now 963, 678 and 485 respectively, with 
18 men per section in mathematics. 

The Naval Auxiliary Reserve Training Schools at Pelham 
Bay and at the Municipal Pier of Chicago taught navigation, 
seamanship, etc., to a large number of enlisted men seeking 
an ensign’s commission. As many men lacked adequate math- 
ematical preparation for the work at the latter school, prelim- 
inary ‘courses in trigonometry and navigation were given to 
about 900 of these men at the University of Chicago.and to a 
like number at Northwestern University. 

At tke Officer Material School, Cambridge, Mass., the Navy 
conduc-ed, during the past sixteen months, four-month courses 
in navization (including plane and spherical trigonometry), 
ordnanze and gunnery, seamanship, and naval regulations, the 

‘number of hours per week of class work being 8, 8, 7, and 2, re- 

spectively. The 1,000 students were selected from those en- 
listed in the navy and were all above 21 years of age. The 
instructors expressed belief in the need in the future of more 
thorough grounding in mathematics, up to and including trig- 
onometry. 

The U. S. Shipping Board conducted free schools for the 

* Besides their annual registers, see the report of the International com- 
mission on the teaching of mathematics, U. S. Bureau of Education, Bul- 
letin, 1912, No. 2; also, Report of U. 8. Commissioner of Education, 1913, 


I, pp. 569-630. In the Amer. Math. Monthly, Oct., 1918, pp. 370-2, Pro- 
fessor Hoot deserıbed the temporary course of 16 weeks in navigation at 


Annapo.is for reserve officers. 
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training of navigation and engineer officers for the merchant 
marine. The first schools were opened July 1, 1917, and others 
from time to time up to November, 1918,—31 schools in all. 
The total attendance has been 12,218; of these, 3,509 completed 
the course for deck officers and 3,290 the course for engineer 
officers. For the navigation schools the prerequisite was two 
years’ sea experience and graduation from a grammar school. 
The instruction (30.hours per week in class and 10 of other 
study) was on navigation by dead reckoning and by observa- 
tion (Bowditch) and in “Rules of the Road” (published by 
the Hydrographic Office), international code of signals, etc. 
Each school possessed six sextants, a chronometer, compass, 
azimuth instrument, and five dividers. In the schools for en- 
gineer officers the course of one month (36 hours a week) 
covered the technical knowledge required for the grade of 
Chief. The text-books were Dyson’s Practical Marine En- 
gineering, and the Crosby Company’s Practical Instructions on 
the Steam Engine Indicator. More difficulty was found with 
mathematics than anything else and special instruction was 
given in mathematics in the early part of the course. On the 
average there was one instructor for ten students in these 
schools. For the preceding information I am indebtéd to 
Director Henry Howard and his assistants. 

The Student Army Training Corps was formally inaugu- 
rated on October 1, 1918, at some 500 colleges and universities. 
By November 1 the enrollment had reached the following fig- 
ures obtained from the War Department: army, collegiate sec- 
tion, 127,766; vocational section, 37,261; navy, 12,598; marine, 
413; in process of induction, 976. The following conclusions 
are based upon 29 replies to a questionnaire from 17 large 
universities and 12 colleges and small universities, which to- 
gether represent all parts of the country. At these schools, 
14,785 men took trigonometry in 522 sections with an aver- 
age of 28 men and four hours of class recitation. As 39 per 
cent. of the army and naval enrollment (exclusive of the voca- 
tional section) at these schools took trigonometry, probably 
about 55,000 of the S. A. T. C. men in all the colleges took 
that subject. Excluding the classes in trigonometry con- 
ducted for naval men only, there were 257 instructors, 63 per 
cent. of whom were on the regular mathematical staffs, 20 per 
cent. were from other departments, and 17 per cent. were tem- 
porary appointments. The replies indicated unanimously that 
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the work in trigonometry was not as efficient as in their usual 
classes, Cor in 75 per cent. of the institutions as extensive as 
usual. At all but two of the 29 schools, the chief reason as- 
signed for the inferior work was absence for military duty, 
while poorer preparation was assigned as one of the reasons 
at half tke schools and the influenza at several. At 18 of these 
29 schools, surveying was taught to 3,664 S. A. T. C. men on an 
average of six hours per week of field work and three of indoor 
class work; the work was neither as effective nor as extensive 
as usual due only partly to poorer preparation, but unani- 
mously and emphatically attributed to cuts for militery duty. 
On the everage there were four men in a squad and 26 men 
per instructor; only 40 per cent. of the instructors were on the 
regular staffs. Navigation was taught to 2,170 men in sec- 
tions of usually not over 25 men and with four recitations & 
week. Smaller numbers took courses in firing data, gunnery, 
ballistics, aerodynamics, statistics, as well as various subjects 
in mathematics. But the scheme partially failed because 
the lack of available experienced officers required that its 
execution be left usually to officers of very recent vintage, 
who were unable to understand why other young prospective 
officers needed the college courses, even though prescribed by 
the War Department, and, instead of regarding cuts from 
classes as a breach of military discipline, proceeded to remove 
men from their classes and assign them to all sorts of minor, 
menial,.and clerical duties. 

The ultimate object of exterior ballistics is to obtain data 
for range tables and the various ballistic corrections for prac- 
tical use in directing the fire of the gun. When we entered 
the war we had no range tables for various types of guns we 
decided to adopt, especially for the anti-aircraft guns. The 
construction of the necessary new range tables involved not 
only the obtaining of a vast amount of experimental data, but 
also the elaboration of the theory of the differential equations 
which takes into account not only the resistance of the air but 
also its temperature and its decrease in density at higher alti- 
tudes, as well as corrections for the wind. Under the leader- 
ship of two of our well known mathematicians, Professors F. 
R. Moulton, and O. Veblen, now Majors in the Ordnance De- 
partment, two groups of mathematicians including Alexander, 
Bennett, Blichfeldt, Bliss, Buck, Dines, Gronwall, Hart, Has- 
kins, Jazkson, MacMillan, Milne, H. H. Mitchell, Ritt, Roever, 
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H. L. Smith, and Vandiver, have been engaged in this im- 
portant work at Washington and Aberdeen, Md. For given 
initial conditions as to the gun, ammunition, elevation, and 
on the assumption of normal air density and no wind, the 
trajectory is now computed in about half a day, with a gain in 
accuracy. Some further simplification appears to result from 
the use of the adjoint system of differential equations. But 
it would be foolish for me to attempt to go into details since 
you are to have the pleasure of hearing this afternoon five 
. ballistic experts who come to us direct from the two centers 
of ballistic work in America. Following my request for some 
information suitable for use in this address, I received from 
both Washington and Aberdeen huge bundles of blue prints 
showing hundreds of beautiful trajectories and other curves 
and many heavy mathematical manuscripts,—a sort of long 
range bombardment which it seemed the part of wisdom to 
dodge and trust to the direct fire of the newly arrived experts. 

Believing that navigation should receive more attention in 
future in collegiate instruction, I shall give an outline of cer- 
tain mathematical aspects of the subject. 

By dead reckoning is meant the determination of the po- 
sition of a ship by means of the measured 
distances and courses which it has sailed . 3 
from a known position P. The true course 
C is the angle made by the ship’s track 
with the north and south line. The 
method of plane sailing is employed when 
the distance D sailed is so short that we 
may neglect the curvature of the earth. 
Hence we have a plane right triangle with 
hypotenuse D, one angle C, the vertical leg — f 
being the difference of latitude expressed Fig. 1. 
in nautical miles, and the horizontal leg 
being called the departure, as in surveying. Thus the legs 
are ; 


Diff. Lat. = D cos ©, Dep. = D sin C, 


“IYI “add 





and may be computed by logarithms or found as in surveying 
by inspecting a traverse table in which are entered the prod- 
ucts of each number D = 1, 2, ---, 600 by cos C and by sin C 
for C = 1°, 2°, ---; 89°. It remains to find the difference of 
longitude, i. e., the arc of the equator intercepted by the me- 
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ridians through P and A, the point from which we sailed and 
the point arrived at. The east and west arc through 4 which 
is intercepted by those two meridians is the departure. Since 
these two ares subtend equal angles at their centers, their 
ratio equals the ratio of the radii of their circles, which is 
immediately seen to be the secant of the latitude. Hence 
Dep. = (Diff. Long.)(cos Lat. A), from which we may find 
the difference of longitude by logarithms or by a traverse table. 

In middle latitude sailing we take into account the curva- 
ture of the earth and assume that the ship’s track is a rhumb 
or loxod-omic line making the same angle C with all the mer- 
idians crossed. Divide the distance D into parts each so 
small that it can be regarded as the hypotenuse of a plane 
right triangle with an angle C. The sum of the vertical legs 
of these small triangles is seen to equal the difference of lati- 
tude, so that we again have Diff. Lat. = D cos C. Since the 
meridians converge towards the north pole, the sum of the 
east and west legs of our small triangles has a value which 
exceeds the departure at A and isless than the departure at P 
and is assumed to equal the departure in middle (or mean) 
latitude, i. e., the east and west arc intercepted by the merid- 
ians through P and A on the parallel of latitude half way be- 
tween the parallels of latitude at P and A. If these parallels 
are far apart or if either is near a pole, the assumption just 
made introduces too large an error. When the assumption is 
valid, we have Dep. in Middle Lat. = D sin C. Hence we 
may.proceed exactly as in plane sailing with departure re-. 
placed by departure in middle latitude. 

Mercator's sailing involves no assumption restricting its 
accuracy and has the further advantage that the computations 
can be convenienily checked graphically on a chart which 
shows the ship's position at all times and hence its relation to 
possible danger points. The earth's surface is mapped on the 
interior of a rectangle in such a way that the meridians are 
represented by parallel straight lines, as also are the parallels 
of latitude. Since the rhumb line on which we sail crosses all 
the meridians at the same angle C, it is mapped as a straight 
line. The act of plotting as straight lines the earth’s merid- 
ians which converge at the poles has caused an opening out 
of these meridians, i. e., & stretching of east and west lengths. 
But we desire that any small figure on the map shall be of the 
same shape as the corresponding figure on the earth, even 
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though it be magnified. Hence there must be simultaneously 
a stretching of north and south lengths, the amount of stretch- 
ing being the secant of the latitude. If L is the latitude of a 
point on the earth, the number m of nautical miles in the mag- 
nified latitude (called meridional parts) is given by a table, 
which is computed by use of the formula 


m = r log tan (45° + 42). 
—r(e? sin L + $ e* sin? L + $e sin L + ee), 


where r is the equatorial radius and e is the eccentricity of the 
ellipse whose rotation produces the earth's surface, while 
Naperian logarithms are employed. "Taking for simplicity 
the earth to be a sphere, a small length r dL on a meridian is 
represented on Mercatoris map by r sec L dL, whence the length 
on the map of the meridian from the equator to latitude L is 


L . 
$ r sec LdL = r log tan (45° + 4L). 
0 2 


By making use of the table of meridional parts we can readily 
construct to scale a rectangular Mercator’s chart showing for 
example the parallels of latitude for 20°, 21°, ---, 30? .North 
latitudes and the meridians for 70°, 71°, ---, 85° West longi- 
tudes; the entire rectangle is therefore divided into 10 X 15 
small rectangles with equal bases, but varying heights which 
increase as we pass to higher latitudes. Such position charts 
are published by the U. S. Hydrographic Office. On a Mer- 
cator map, angles are the same as the represented angles on the 
earth, and difference of longitude is found by the scale at the 
bottom of the large rectangle. But as distances and differ- 
ences of latitude appear magnified, the lines representing them 
are measured to the scale appropriate to their latitude, such 
varying scales being often given in the right and left hand mar- 
gins directly opposite to the latitude. 

For the computation by logarithms or a traverse table, we 
use the plane right triangle on a Mercator’s map whose legs 
are the meridional difference of latitude and the difference of 
longitude and one angle is the course C, as well as the formula 
Diff. Lat. = Dist. X cos C derived above from the curvilinear 
triangle on the earth. We make no use of the side “depart- 
ure” in the last triangle, or of the hypotenuse of the former. 
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Great circle sailing is employed on very long voyages since 
the distance sailed is then a minimum, although it has the in- 
convenience that the course is changing continually. We 
first plot the track from port to port on a gnomonic projection 
chart (a projection on a tangent plane from the center of the 
earth), on which the great circle track is represented as a 
straight ine. Then we transfer the route to a Mercator’s 
map. Ir 1858, Sir George Airy proposed a method of repre- 
senting approximately a great circle directly on a Mercator’s 
map (Bowditch, page 82). Great circle distances and courses 
are found by spherical trigonometry, as in the later discussion 
of the astronomical triangle. An account of the literature on 
great circle sailing has been given by G. W. Littlehales.* 

Owing to various inaccuracies in the data used in dead reck- 
oning, tke navigator must correct his estimated position by 
use of sights or observations of the sun or stars. We proceed 
to explain the method now in general use. 

Suppose that a navigator measures with a sextant the sun’s 
altitude {its angle of elevation above the horizon) and finds it 
to be 70°, so that the sun’s zenith distance z is 20°. Then he 
is 20° or 1,200 nautical miles from the geographical position U 
of the sun, i. e., the point on the earth having the sun in its zen- 
ith. Hence the ship lies on a small circle whose spherical 
radius is 1,200 miles and spherical center is U. This circle 
of equal altitudes is in practice replaced by the tangent line, 
called a Sumner line of position, which is perpendicular to the 
bearing of the sun. It was discovered in 1837 by an American 
shipmaster, Capt. T. H. Sumner,t under the stress of saving 
his ship from imminent danger. Two special cases of the 
method had long been in constant use. The navigator took 
a sun sight just after sunrise and just before sunset to deter- 
mine his longitude, the Sumner line then being perpendicular 
to the approximately East or West bearing of the sun. He 
took a noon sight to find his latitude, the Suniner line then 
being perpendicular to the North or South bearing of the sun. 

In 1875 Admiral Marcq, Saint Hilairef of the French navy 
gave the following method to find the Sumner line. Given 
dong M Development of Great Circle Sailing, U. 8. Hydrographic Office, 

tA New ‘and Accurate Method of Finding a Ship's Position at Sea, 
Boston, 1343; third ed., 1851. . 

i Calcul du point observé, Revue Maritime et Colomale, vol. 46, 1875, 
p. 341, p. 714. 
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the estimated position A of the ship as found by dead reck- 
oning and the geographical position U of the sun (or a star), 
we compute the great circle distance 4U by one of the for- 
mulas below, and either compute the bearing (azimuth) of U 
from A or take it from a table of azimuths or from Weir's 
Azimuth Diagram. Then k = 90? — AU is the computed 
altitude. Let h’ be the sun’s altitude observed with the sex- 
tant. On a Mercator’s chart lay off from A the difference of 
the altitudes in miles towards U or in the opposite direction 
from U according as h is less than or greater than h’. Then 
the straight line through the point B thus determined and at 
right angles to the bearing is the Sumner line* containing the 
ship’s true position. ` 
The computation is made by use of formulas derived from 
the astronomical triangle MPZ, whose projection on the plane 
of the horizon is shown in Fig. 2, in which M represents the 
sun (or star), P the elevated pole, and Z the observer’s zenith 
(point overhead). The declination d of the sun at the moment 





Fic. 2. 


of observation 1s given by the Nautical Almanac; its hour 
angle and the observer's latitude L are supposed known. A 
standard formula of spherical trigonometry expresses cos MZ 
in terms of the remaining two sides and their included angle f: 


cos (90° — h) = cos (90? — L) cos (90° — d) 
+ sin (90° — L) sin (90° — d) cos t. 
Replacing cost by 1 — 2 sin? $t, we get 
sin h = cos (L d) — 2 cos L cos d sin? dt. 
* Approximately. See the report below on Guyou's tables. 
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By finding the final product by logarithms, we readily get h. 
It is customary to use a formula obtained from the last by 
introducing versine x for 1 — cos wand haversine 2 for $ vers x 
= sin? z. Since h = 90? — 2, we get 


1 — versz = 1 — vers (L — d) — 2 cos L cos d hav t, 
whence, by cancellation and division by 2, we finally have* - 
hav z = hav (L — d) + cos L cos d hav t. 


Table 45 in Bowditch’s American Practical Navigator gives 
the haversines and their logarithms of angles at intervals of 
15 seconds of angle (or one second of time) up to 120? (or 8 
hours), with an extension to 180°. Since we now have the 
three sides of our triangle MPZ, we may compute the azimuth 
angle Z dy use] of 


cos? 4Z = coss cos (s — p) sec Lsec h, s = 3(L+h+4 p), 


where p is tae polar distance 90? + d. 

In 1875, Lord Kelvin{ stated that it ought to be the rule 
and not the exception to use Sumner's method for ordinary 
navigation &t sea. i 

We may solve our astronomical triangle PZM by use of 
the spherical traverse table published by Commander F. 
Radler de Aquino§ of the Brazilian Navy. In Fig. 2, let the 
perpendicular a from M to PZ divide the latter into the parts 
Pm = 90° — band Zm = 90° — B. Use is made of six for- 
mulas given by Napier's rules. ' By means of i 


sin d = cos a sin b, cot t = cot a cos b, 





* C. L. Poor, in his Simplified Navigation for Ships and Aircraft, 125 

p., 1018. N. Ý., The Century Co., describes his machine to compute z 

by this formula. It is in effect & circular slide rule with several circular 
discs for finding the separate terms of the formula. 

+ Or bya formula for its haversine, Muir, Navigation, 1918, p. 444; 
Card, Navigation Notes, p. 9 (example, 8; ; 

t Popular lectures and addresses by Sir Wm. Thomson, vol. 3, “Navı- 
gational Affai-s," 1891 and 1894, Macmillan and Co. 

§ The “Newest” Navigation. Altitude and Azimuth Tables, 2d ed., 
London, J. D. Potter, 1917. Aquino, O methodo de Marcq Seint Hilaire, 
Rio de Janeiro, 1902; Typos de calculo . . . , 1902. The table was re- 
printed and illustrated by examples (but without explanation of its con- 
struction’ in Altitude, Azimuth and Line of Position, U. S. Hydrographic 
Office, 1917, No. 200. 
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he computed and tabulated the values of d and t corresponding 
to values of b for every degree and of a for every 30' from 0 
to 84° and for every 1° from 84° to 90°. Since 


sin h = cos a sin B, cot Z — cota cos B 


are of the same form as the preceding equations, the values of 
k and Z for given a and B are already known. Hence the 
table has & double set of labels 


Bb | h\d| Zu 
at the top of the page for any given value of a. Finally, 


Sin a — cos d sin t, cot b — cotd cost 


show that we have automatically tabulated the values of a 
and b (marked by labels at the bottom of the page) which cor- 
respond to given values of d and ( The table has a column 
with the heading Oe showing c = 90° — b or C = 90° — B; 
also a column showing the two angles at M. Todo away with 
certain interpolations, we take an assumed latitude and longi- 
tude nearly the same as those given by dead reckoning, 
without changing the accuracy of the Sumner line. 

Lord Kelvin* had previously published & smaller table of 
the same type. 

F. Souillagouét’st final table of 108 pages is a traverse table 
for the right spherical triangle MmP of Fig. 2. It gives as 
entries ¢ = Pm and a for arguments t (angle at P) and hy- 
potenuse 90° — d, each at intervals of 30’ up to 90°. Having 
a and mZ = PZ — 4, we again enter the table and read off 
the azimuth Z and altitude A. His first table of 254 pages 
serves to solve triangle PZM; let éi = ZK be the perpendicular 
from Z to PM, and let à = PK. Then 


tan ¢ = cot L cos P, sin h = f cos(90° — d — $), 
f = sin L/ (cos) = cos di. 


The table gives ¢ and log f. We then geth. ` 


* W. Thomson, Tables for facilitating of Sumner’s method at sea, 
London, 1876. Cf. H. Jacoby’s Navigation, 1917, pp. 126-133, 292-317, 

t Tables du point auxilaire pour trouver räpkdenient la hauteur et 
l'azimut estimés, suivies d'un recueil nouveau de tables nautiques . . . 
new ed., Toulouse, 1900. 
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G. W. Littlehales* published a book of charts which serve 
to solve graphically the astronomical triangle PZM. Employ 
a stereograshic projection of the celestial sphere on the plane 
of the observer's meridian (a projection from the pole of the 
meridian circle). By use of the latitude, 90° — PZ, mark the 
observer’s position Z on the bounding meridian. Locate the 
position M of the observed celestial body by means of its dec- 
lination 90° — PM and its hour angle MPZ. In the triangle 





Pro 3. 


PMZ we have two sides and the included angle and desire the 
azimuth PZM and co-altitude ZM. Rotate the triangle about 
the center O of the projection with the side PZ kept in coin- 
cidenc2 with the bounding meridian until Z is brought to the 
positicn of P, whence P is moved to a position P’, and M to 
M'. The co-altitude now lies along a meridian PM’ and the 
azimuth becomes the angle M'PP' between two meridians, so 
that each can be measured by means of the graduations of 
the projection. To obviate the necessity for the actual rota- 
tion of the triangle, draw a series of equally spaced circles 
with the center 0, numbered serially from O outward, and a 
series of equally spaced radial lines, marked by numbers indi- 
cating their angular distances in minutes of arc counted in 
clockwise direction from OS. After plotting M, note the num; 


* Altitude, Azimuth and Geographical Position, comprising Graphical 
Tables . . . , Philadelphia, Lippincott, 1906, $25. 
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ber of the circle and the number of the radial which pass 
through M. To the number of the radial add the number of 
minutes in the co-latitude. The sum is the radial number of 
M', which 1s thus located in the circle just noted. We can 
now read off from the graduated arcs of the projection the 
desired altitude and azimuth. The projection was constructed 
- for a sphere 12 feet in diameter and subdivided into 368 sec- 
tions. The plate for a section is about a foot square and two 
of them are printed on the large page. There is a diagram 
which furnishes an index to the plates. For example, let the 
declination be 45° 54’ N, the hour angle 30° 43.5’, and the 
latitude 39°16’N. Plotting the declination and hour angle 
roughly on the index of plates with reference to the parallels 
and meridians (counted from the left-hand bounding merid- 
ian), we find that the position of the observed body falls on 
plate No. 63 approximately at the intersection of circle 17.2 
with radial 8,400. The co-latitude is 3,044 minutes. Thus the 
approximate position of the rotated position M’ is the inter- 
section of circle 17.2 with radial 8,400 + 3,044 and hence falls 
on plate No. 258. Turn to plate No. 63 and plot the declin- 
ation and hour angle carefully; we find that M is at the inter- 
section of circle 495.6 with radial 8,411. Then M’ on plate 
No. 258 is at the intersection of that circle with radial 8,411 
+ 3,044, whence we read off the altitude 66° 36’ and the azi- 
muth N 63° 32’ W. The method applies at once to sailing on a 
great circle from Z to M, the initia] course being angle PZM. 
In the problem to identify an observed Star, we know its alti- 
tude and azimuth and hence point M'; we get M and hence 
its declination and hour angle. 

E. Guyou* recently published extensive tables for the accu- 
rate simultaneous determination of altitude and azimuth. 
Underlying his method are geometrical facts of considerable 
interest. On the sphere let CC,M be a circle of position with 
' the center 4 and let Z be the position of the ship estimated 
‘by dead reckoning (Fig. 4), Let I be the intersection of 

the circle with the great circle AZ. On Mercator’s chart, let 
ccn. and zia be the curves which represent the circle CC, and 
the great circle ZIA (Fig. 5). The true line of position ih is 
the normal at to the arc zi. But by Saint Hilaire's method 
we draw the tangent zj at z to the arc zi and take a perpendic- 


* Nouvelles Tables de N avipation, Paris, 1911. Vol. 1, Réduction 
à l'Equateur, 33 + 370 pp. Vol. 2, Calcul de la Hauteur et de l'Azimut, 
284 pp. 
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ular jh’ to this tangent as the line of position. While this 
line passes very near to 1, its direction is in error by an angle 
hih’ equa. to the angle between the tangents at z and à to the 
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arc zi. This error increases with the latitude and practically 
disappeers at the equator, i. e., in the case of circle C'C;' and 
point Z of Fig. 4, since the great circle are Z’I’A’ is repre- 
sented on the chart (Fig. 5) by a curve z'?'a which has an 
inflexion at 2’ and hence coincides with its tangent for a con- 
siderabl2 length. The last fact is the basis of Guyou's method 
to find a line of position which presents all the advantages of 
the line of Saint Hilaire and yet is free from the imperfections 
with wkich the latter line is in general affected. Starting with 
the “figure” (cc, z) composed of the curve ccı and the point z, 
slide it down to occupy the position Jee, 2’). This displaced 
figure represents on the sphere a figure composed of a circle 
C'C,' and point Z’, for which Saint Hilaire’s method is prac- 
tically exact, since sol is practically straight near z'. The 
method consists of two operations,—reduction to the equator 
and determination of the altitude and azimuth for the reduced 
figure at the equator, being accomplished by tables 1 and 2 
respectively. First, let 


H = 90° — CA, D = 90° — PA, P, = ZPA, L = 90 — PZ 


be the true altitude, declination and hour angle of the observed 
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body and latitude of the estimated position Z, and hence 
the “real data.” Let the corresponding values for figure 
(C'Cy', Z^), with Z’ on the equator, be í 


H = 9° — A'C', D'=QA', P! = P, = Z'PA', Li =0, 
which are the “reduced data.” By use of relations like 


7T 


eR ZS 
ge log tan ( 3+ z J 


it is proved in his article* (but not stated in his book) that 





EED h BD Ben En 
Goler = ton g > €o j cett 


er L 
t= tan (343). 


Table I gives the resulting values of SCHT + D’) as functions 
of H D for each L. By use of a right triangle, we get 
tan Z, = cot D’-sin P,, where Z, is the azimuth. Table II 
gives the values of H and Z as functions of D’. 


Some FugTHER Booxs on NAVIGATION. 


If all the books on navigation were collected together they 
would sink a ship. The following books in English are not 
afraidt of a needed mathematical formula and appear to be 


* “ Nouvelle méthode pour déterminer les droites de hauteur et le point 
observé," Revue maritime, vol. 180, Feb., 1909, pp. 223-266. Also, Rivisia 


09 

f The following avoid explicit formulas: H. Marshall, Nav. made easy, 
Milwaukee, 1877. W. C. n, Practice of Nav. and Naut. Astr., 671 
p., 9th ed., 1902, North Shields’ L. Young, Simple Elemente of Nav., 
P., 2d ed., 1808, N.Y. A.C. Johnson, On Finding the Lat. and Long. 
in Cloudy Weather, 39 pp., 22d ed., 1900 (and 1903), London, Potter; anda 
Handbook for Star Double-Altitudes, 32 pp., 1898. H. Taylor, Modern 
Nav., 347 Bes 1904, San Francisco. CLE. MacArthur, On Nav.simplified, 
121pp. 190 , Rudder Pub. Co. C. L. Poor, Naut. Science in its Relation to 
Nav., 329 pp., 1910, Putnam’s Sons, $2. _J. Pendlebury, Plain 
Everyday Nav., 44 pp., 1911 Yonkers, $2.50. W. J. Smith, The Self-in- 
structor in Nav., 138 pp. 3d ed., 1912, Bellin, ash., $3. H.L. Thomp- 
son, Self-instruction in Nav., 80 pp., 1916, Portland, Me., $1.50. H. Jacoby, 
Nav., 350 pp; 2d ed, 1917, Macmillan, $2.25. G. L. Hosmer, Nav., 214 
pp., 1918, Wiley, $1.25. S. T. 8. Tenet Wrinkles in Practical Nav., 18th 
ad 1918, Van Nostrand, $10. F.S. ings, Modern Nav. by Sumner- 
St. Hilaire Methods, 84 pp., 1918 Appleton and Co. W. J. enderson, 
Elements of Nav., new Pis 1918, Harper and Bros., $1.25. A.G. Mayor, 
Nav. Illustrated by Diagrams, 207 pp., 1918, Lippincott, $1.50. The last 

six books are good of their kind. : 
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suitable as college texts: W. C. P. Muir, A Treatise on Navi- 
gation and Nautical Astronomy, 784 pages, 4th edition, 1918, 
U. S. Naval Institute, Annapolis, the text-book at the U. S. 
Naval Academy (contains 160 pages on the compass and the 
theory cf its deviations). W. R. Martin, Navigation and 
Nautical Astronomy, 429 pages, 3d edition, 1899, Longmans, 
Green and Company. J. H. C. Coffin, Navigation and Nauti- 
cal Astronomy, 221 pages, 7th edition, 1898, Van Nostrand. 
F. C. Scebbing, Navigation and Nautical Astronomy, 328 
pages, 1896 and 1903, Macmillan and Company. J. Gill, 
Text-book on Navigation and Nautical Astronomy, 380 pages, 
1898 ani 1905, Longmans, Green and Company. W. Hall, 
Modern Navigation, 378 pages, 1904, Clive, London. V. J. 
English, Navigation for Yachtmen, 342 pages, 1896, H. Cox, 
London. Card’s book was cited above. 

The following three books are good ones of the Bowditch 
type: H. Raper, Practice of Navigation and Nautical Astron- 
omy (1840), 934 pages, 19th edition, 1899, London, J. D. 
Potter; M. F. Maury, A new Theoretical and Practical Treatise 
on Navigation, 520 pages, 3d edition, 1864, Philadelphia; J. 
H. Colvin, Nautical Astronomy, 127 pages, 1901, London, 
Spon. i 

Among very clear, elementary books are those by W. T. 
(Earl of) Dunraven, Self-instruction in the Practice and Theory 
of Navigation, Macmillan, two volumes, 1900, three volumes, 
1908, $3; D. Wilson-Barker and W. Allingham, Navigation, 
Practical and Theoretical, 154 pages, 1896, $1.50, London, 
Griffin and Company; J. Merrifeld, Treatise on Navigation 
for Use of Students, 305 pages, 5th impression, 1800, Long- 
mans, Green and Company (dead reckoning only); F. S. 
Hastings, Navigation, 109 pages, 1917, 75 cents, Appleton (no 
Sumner line); J. R. Walker, An Explanation of the Method of 
Obtain:ng the Position at Sea: known as the New Navigation, 
67 pages, 1901, Portsmouth (Sumner line only). Many prob- 
lems and examination papers occur in A. P. W: Williamson's 
Text-book of Navigation and Nautical Astronomy, 418 pages, 
2d edition, 1915, Portsmouth; and in H. B. Goodwin’s Problems 
in Navigation, two volumes, 1893-6, London, Philip and Son. 
Wentworth’s text omits the subject of Sumner lines. 

J. B. Harbord’s Glossary of Navigation, 512 pages, 3d 
edition, 1897, Portsmouth, is an excellent nautical dictionary 
and rezerence book. 
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Ot French books, the two by J. B. Guilhaumon, Astronomie 
et Navigation suivies de la Compensation des Compas, 611 
pages, 5th edition, 1912, and Eléments de Navigation et de 
Calcul nautique, two volumes, 1891, and G. Lecointe, La 
Navigation astronomique et la Navigation estimée, 392 pages, 
1897, all published by Berger-Levrault, Paris, seem excellent. 
Especially recommended are E. Perret’s Navigation, Instru- 
ments, Observations, Calculs, 1908, Paris, O. Doin et Fils, 
5 francs (in Encyclopédie scientifique); and Cours de Naviga- 
tion et de Compas, 1913, Ecole Navale, A. Challamel, Paris, 
10 francs. 


Many German texts are listed in Katalog der Biichersamm- 


lung der Nautischen Abteilung des Reichsmarineamts, 1905, 
Berlin, Mittler und Sohn. 


On tables of altitudes and azimuths, see Encyclopédie des 
Sciences mathématiques, volume VII, part 1, 218-223. 


Mem List* or Booxs on TEA MaTHEMATICAL THEORY oF BALLISTICS. 


i un y acini des Sciences mathématiques, volume IV, part 
i S 
: p. R. Alger and others, Ground Work of Practical Navy Gunnery or 
Exterior Ballistics, 329 pages, 1915, Annapolis, U. S. Naval Inst., $6. 

P. Charbonnier, Traité de Balistique, second edition, 592 pages, 1004. 
Paris, Beranger; Balisti e extérieure rationnelle, two volumes, 492 and 
m pages, 1907, Paris, Doin; Balistique intérieure, 351 pages, 1900, Paris, 


in. s 

C. Cranz, Lehrbuch der Ballistik,t Leipzig, Teubner; volume I, Aeugsere 
Ballistik, second edition, 1917, 529 pages; volume IIT, Experimentelle Bal- 
TU 389 pages, 1913; volume IV, Tafeln und Photographieen, 81 pages, 

J. M. Ingalls, Artillery Circular M, Ballistic Tables Revised by Ord- 
nance PB , 283 pages, 1918, Government Printing Office, Washington. 

F. Biacci, Balistique extérieure, 474 pages, 1892, Paris, Berger-Levrault. 

E. Vallier, Balistique extérieure, second edition, 212 , Paris, Gau- 
thier-Villars, 1918 ‘(with improvements on Siacci’s mathoda). . 

G. M. Wildrick, Gunnery for Heavy Artillery, Coast Artillery School, 
Ft. Monroe, 1918 (recent methods for effect of wind on trajectories). 


* Prepared by Professors Haskins and Gronwall, with the concurrence of 
Professor Bliss. As supplementary books they suggest A. Hamilton, Ballis- 
tics, Artillery School Press, Ft. Monroe, 1908-9; J. M. Ingalls, Interior Bel- 
listics, third ed., 1912, Wiley and Sons, $3; Ingalls, Artillery Circular N, 
Problems in Exterior Ballistics, 250 pp., Government Printing Office, 1900 
Moca nd a revised form of his Handbook of Problems in Direct and In- 

irect Fire, 1890, Wiley & Sons); I. Didion’s and N. Mayevsk’s texts, 

1860 and 1872, of historical interest. Also Journal of the U. S. Artillery, 

Ft. Monroe, 1892-,.and U. 8. Naval Institute Proceedings, Annapolis,, 

1874-, each with many translations of articles in foreign ery Journals, 
i English transl. by Greenhill just announced. 
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Books on rum THeory OF AVIATION.* 


* W. L. Cowley and H. Levy, Aeronautics in theory and experiment, 
Longmans, 1918. 

A. Fage, The Aeroplane, London, Griffin and Company, 1917. 

M. A. B. Riach, Airscrews, New York, Appleton, 1916. 

* F. Lanchester, Aerodynamics, 1907; Aerodonetics, 1908, Van Nos- 
trand, $6 each (classics though rather out of date). 

Duchéne, The mechanics of the aeroplane, Longmans. 

A. Kismin, Course in aerodynamics and airplane design, New York 
Gardner, Moffat and Company, $5 (from Amation and Acronawhcal 
E E 
sate” E. ell, Airplane characteristics, Ithaca, Taylor and Company, 


In addition to these particularly recommended books, access should be 
had to the following: 

* Technical Reports of the British Advisory Committee for Aeronautics, 
` London, yearly (Greenhill’s articles, of special interest to mathematicians 
have been published separately under the titles* Dynamics of Mechanical 
Flight, 1912, Van Nostrand, and Report on Gyroscopic Theory>. 

Annual Reports of the American Advisory Committee for Aeronautics 
Washington (the articles by Hunsaker, Durand and E. B. Wilson are o 
special interest to mathematicians). ? 

* G. EL Bryan, Stability in Aviation,-1911, Macmillan, $2. 

8. Brode ; Tohoku Math. Journ., June, 1916; Aug., 1918. 

*J.C.H r and others, Dynamical Stability of Aeroplanes, Smith- 
sonian Miscellaneous Coilections, 62, 1916, No. B. 

* N. Joukowski, Bases théoretiques de l'Aéronautique: Aérodynamique, 
230 pp., 1916, Gauthier-Villars. 

As the experimental work, recommended books are: 

* G. el, Resistance de l'air, 1910, 514 francs; Resistance de l'air et 
laviation, 1912, 12 francs (transl. by Hunsaker, Resistance of the Air, 
Houghton, Mifflin and Conipany, 1913); Nouvellés recherches . . . faites 
&u laboratoire d'Auteuil, 1914, 50 francs. 

J. C. Hunsaker, Stable Biplane Arrangements, Engineering, Jan., 1917. 

* Hunsaker and others, Reports on Wind Tunnel eriments in Aero- 
dynamics, Smithsonian Inst., 1916, 30 cents. 

pend de Gramont, Essais d’Aérodynamique, Gauthier-Villars, 
1911-4. 


* A, W. Judge, Properties of Aerofoils and Aerodynamic bodies, 1917, 
Macmillan, $6. ` 
R. Pannell, The wind channel, Aeronautical Journ., July, 1918.. 

* F. Lanchester, Flyıng-machine from engineering standpoint, 1916, 
Van Nos;rand, $3. . 

*S. P. Langley, Experiments .. . , Smithsonian Inst., 1891, 1908, 
1911 (of historical interest only). z . L 

* L. Marchis and Riccardo-Brauzsi, in their three and ;wo volume 
works esch entitled Cours d’Aéronautique, treat the theory of balloons 


very fully. 


I must omit the list of titles of over fifty papers of mathe- 
matical character which appeared during the past two years 


* Recommended by Professor H. Bateman of the Aeronautical Labora- 
tory of Troop College of Technology, Pasadena, Cal. The starred books are 
those recommend pan ced y Professor E. B. Wilson, who remarked 
that A. F. Zahm’s ial Navigation, Appleton and Company, 1911, gives 
the best popular historical account, while the best elementary account is by 
Painlevé and Borel, l’Aviation. 
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in the following journals: Aviation, Aeronautics, Aeronautical 
Journal, Aerial Age, Proceedings of the Royal Society of London, 
volume 91A, page 354, page 503, and Aviation and Aeronautical 
Engineering (which gave two lists of books on aviation, Au- 
gust 15, 1016, page 31, May 1, 1917, page 306). 


A PARTIAL ISOMORPH OF TRIGONOMETRY. 
BY PROFESSOR H. T. BELL. 


l. Ir is well known that the only continuous solution, 
g(x), V(z), of the system of functional equations 


(0) pla + b) = e(a)e(b) — v(a) (b, 
(2) ¥(a + b) = (a) e(b) + e(a)y(b), 
. (8) €*(a) + (a) — 1 


is g(x) = cos x, y(x) = sin z. By suppressing the condition 
that o, V, shall be continuous functions of a single variable, 
and one or two of (1), (2), (3), we get what may be called the 
partial isomorphs of trigonometry, whose interest, of course, 
will depend chiefiy upon their interpretations. Several such 
are known and in use. While seeking arithmetical para- 
phrases for some of the more complicated results in elliptic and 
theta funetions, I noticed incidentally another of these iso- 
morphs in which (1), (2) only are retained. Apart from its 
usefulness in the theory of numbers (which is not considered 
here), this isomorph is of interest because it extends, in a 
sense, the concepts of evenness and oddness, or parity, rela- 
tively to functions of several variables. 

2. We denote the sets of variables, (21, 5, ---, Pal, (— ax, 
— 22, +++, — £a) by £, — £ respectively, and define a function 
f to be even or odd in E according as it does not or does change 
sign when the signs of qi, %,---,2, are changed simultan- 
eously: f(£) = f(— 8, or f(£) = — f(— £), according as f ig 
even or odd in E These relations may be written f((21, 22, 
We £a) =+ f((— Ti, — La, tt, -2m)), the inner () being used 
to distinguish f(£) from f(a, zs, * - Zn), in which no property 
of evenness or oddness is implied. 
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Two se:s of variables £', £", are distinct if and only if they 
have no variable in common. Unless the contrary is expressly 
stated, all the sets of variables in the f’s which follow are dis- 
tinct. We shall be concerned with a form of addition for 
sets, which is as follows: Let # = (ay’, u, -- -, a’), E" = (ay, 
z, e ev), "y p” = — (a, m ut, : ae”); then the sum 
of E, tm Si is me set e m NH S = (mx, 
Ha’, ay! E tru Ba, 47, 0", - m"). Hence in par- 
ticular, H = (2y; £; im)m = (m! i Das en ča); and (E; 
(EI: SC ey = = (£; E". p. Wé .) etc.; and (E; = E EU e. +) 
=-(- 9,8). 

Je Extending the foregoing to several sets, let (v, geg " 

"> Zia) = =f; (ën, Yb Ya s Ya) = =n, Del 
j= ER -+,8), denote (r + ai distinct sets of variables. Thon. 
a san. fof E fa Ern m 08s coco m which is even in 
each £ separately, odd in each 7 separately, is denoted by 
f(&, £s, MM gy | 71:72; ^*^, gel, By definition the parity of this 
f is (a1, aa, «++, gel, bs, «++, ba); its order, or total number of 
EE z,y variables, is (o + a2+--- +a,) + (b 
+ b2 + --- + b,); its degree, or total number of £, n variables 
is (r +8). Similarly f(&, £a, ---, £10), f(0]m, m» s di de- 
note f’s of respective parities (a1, a», +++, a. |O), (O|bı, be, +++, 
b,), of the obviously corresponding orders and degrees, even in 
each E cdd in each 7. Beyond the prescribed conditions of 
evenness and oddness, all of these f’s are wholly arbitrary: 
they may be continuous in some or in none of the 2, y variables; ' 
eos or EE etc. When a,=a, b;= b, 
Gs 1, —1,:::5,8), the &bove parities are written re- . 
spectively SÉ Va (a’ 10), (0|b*). The parity of a constant, 
i. e., function independent of the x, y variables in f, is (0/0). 
Accordirg to this notation, a function of parity (17 |1°) is a 
function of r + s single variables (not sets), even in r of the 
variables separately, odd separately in the rest; e. g., 


r D 
II cos z; - II sin y; 
=l 3=1 


D 


is of parity (1"|1°); while 


(Da): sin( Sm) 


is of parity (r|s). As another example, an arbitrary function 
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of n variables can always be written as the sum of a function 
of parity (n|0) and a function of parity (0|n): 


(4) 2f(m, wa, +++, tn) = Jol lEn 22, o, te) |0) 
+ fi(O| (ar, tos i &n)) 
(B) fo((ar, 22, +++, En) |0) = Fan, nr En) 
l + f(— a1, ie — Ea) 
f. (loc $3, 7:5, all = f(x 2» ` +, En) 
—f(- tu — Lats Bn)» 


The isomorph we shall consider is the algebra of sets and 
parities,,and the closely related properties of functions f(&, 
fo, +++, aime Na + ts Na). The algebra is implicit in § 5; the 
correspondence with (1), (2) is established in § 6, extended in 
88 7, 8, and in §§ 9, 10 outlined for the purpose stated in § 4, 

4. It is a fundamental result for the applications that an 
arbitrary f of parity (a, 2, '**, a, | bs, ba, "PPS b,) may 
be expressed linearly in terms of 2°”? suitably chosen func- 
tions whose parities are all of the type (1*|1?), where w = 
the order of f; 5 = the degree; and œ + B = w. Although 
the actual linear representation is not required in use, we shall, 
nevertheless, show how to write it down, in proving its exist- 
ence—to bring out the trigonometric analogies between sin g, 
cos x and (0|z), (z|0). It will follow then that the f in (4) 
is a linear function of the same sort; in this case the number 
of functions in the representation is 2^, and a + Ben. The 
degrees of the several functions in the representations follow 
a more complicated law, which may be written down if de- 
sired. To arrive at these representations briefly, we adopt 
the following conventions. 

5. Associated with each symbol (&, Es, +++, Ela, 25 m2 
is a symbol of parity (a1, ds, ***, Gelb, bs, «++, ba); and if 
& = SES EU), the notation being that of § 2, the par- 
ity is written ((a; b; meng c), 03, 777, ol, bs, seag bs); viz., ay 


3 
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D 


etc. For brevity we may write a symbol (&, &, ---, &|m, 
72, 577,7.) = (X| Y), and the corresponding parity (A|B). 
Then the formal laws of addition and multiplication for sym- 
bols (X| Y), (4|B) are defined as follows. An equation of 
the form 


(6) p(A|B) = erp(Ai| B) + espCAs | B3) + +++ + cep(Ae| Be), 


“where che 0, Ca, -+ -pCa are integers > 0, is to be read: An 
arbitra-y f of parity (A|B) is expressible as a sum of c + ce 
+ ++ + c suitably chosen functions, c; of which are of parity 
(A; Bà, @=1,---,k). Similarly, if some of the c's are 
integers < 0, (6) signifies the like expressibility as a difference. 
When we wish to consider the sets, rather than the parities, 
the equation (6) will be replaced by 


(7) «(X|Y) et fl Y) + age Ve) + --- Let Xi] Yo, 


where all the c’s denote + 1 or — 1 (for an arbitrary constant, 
|c|> 1, may obviously be absorbed in the function). (7) 
indicates the appropriate (X,|Y,) for the linear expression of 
arbitrary f(X| Y); the equations (6), (7) are merely different 
ways of stating the same fact. The next has another meaning. 
If a given F(X | Y) may be written in the form 


(8  cF(X|Y) = a f(Xi| Vs) + ca f(Xa| Ys) 
+ +++ + ce f(X] Ys), 


where the c’s are constants, by choosing the £, a which occur 
in X,, Y, (t= 1, ---, E), suitably in terms of the &,n which 
occur in X, Y this will be symbolized by (9), equivalent to 
(8), 


(9) eq(X | Y) = [e.a E, Yı) + esq (Xs | Y2) 
l + +++ ag Yo]. 


To define multiplication, let t,a, 8 = p, A, B, or t'a, B 
= q, X, Y; then multiplication, which is defined to be associ- 
ative, commutative and distributive, for symbols t(a|8), is 
given by 


1919.] “A PARTIAL ISOMORPH OF TRIGONOMETRY. 315 


(10) taı|Bı)ilas| Be) - ++ tarl B) 
= ton, Q2, 777, ar |i, fs, "ets Br) 
Q1) t(a| 8) {ia Të) + ta! ba} l 
= ila, «| 8, 8) + t(a, os B, Bs), 
i(— a|8) = t(e|8) = — ta|— 8). 

The identity of addition is 0, of multiplication (0|0). These 
laws are to be regarded as purely formal until they receive 
their interpretations in the addition theorems for t(a|8). One 
obvious interpretation of (10) is: The product of r functions 
on the distinct sets (X,|¥,), @= 1, ---,r), is a function of 
parity (4, As, ---, Ar| Bı, Bs, +++, BA. Similarly for (11); 
but both of these are trivial. We may. now write down the 
equations which establish the correspondence with (1), (2). 

6. Let ta, b = p,a, b; or to, B =q, E, E", where P 
= Lë, gel, +++, 06"), EI — (m, Z3", ++, 2); then the addi- 
tion theorems for tsymbols are 
(12) Hie: 8)|0) = t(a|0)4(8|0) — 1(0|o)1(0|8), 

= ta, 8/0) Fr ¿(0 la, B), 
03) alte: 8)) = t(0]2):(8]0) + t(a@|0)e(0| 8), 
= 1(8|a) + t(a|B), 


. the second forms coming from (10). Corresponding to the 
formulas for sin « cos B, ete., we have 


14) 210]0)((8|0)—-2:(o, 8 |0)=[0( (as — 8) |0)--t(os 8) 10), 
Q5) 24(0|a)4(0| 8)=24(0|a, 8) Mier —8) 0) —t((; 8)0)1, 
(16) 2:(0]0):1(6]0)—24(8]a) —[K0| (a; 8)) +4(0| (e; —8))1, 
(17) 209|090]8)—21(]8) =O] (e 8)) —4(0| (a; — 91 


(16), (17) are, of course, different forms of the same thing, 
but it is convenient to have both. 
To prove (12)-(17), we write down the identities (18) for 
(12), (14), (15), and (19) for (13), (16), (17), 
JET: £0) = AEE IO — fL, Er, 
(18) 2f" lm = KE; — pl + f( E") |0), 
2f«(0|£', E) = FE — £7)|0) — fe; £^) |0). 
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FOLES ED = AEE HRE LE, 
09  2&G"|E) = f(0|G^; £0) + FO (E's — E 
27.8 |£") = FO] (Es £7) — f(0|G^; — EH. 


It only remains to show that the functions on the right of 
the fi, f: identities have the properties E by the notation 
on the left, thus, e. g., 


2-29 = FOLE — £^) + FOL G^; ED = Ahle” EY; 
aE" |— = fol £6; £0) + FO] (— E — E 

ke 2915-340] (015-42 
= — f(0|G^; = EDIO E EN = —258(G"|£5; 


and similarly the others may be verified. 

7. Comparing (12), (13) with (1), (2), we see that a corre- 
spondence has been established such that if in any consequence 
of (1), (2) alone, when written, cos (a + b) = cosa cos b 
— sin a sinb, sin (a + b) = sin a cos b + cosa sin b, cos x, 
sin x be replaced respectively by t(*|0), ¢(0| x), we get 
a result which by (12), (13) is true, and which may be trans- 
lated at once into terms of functions f. Thus the formulas for 
the sine or cosine of n angles as a sum of products of sines and 
cosines of the several angles are consequences of (1), (2) 
alone; hence they may be translated as indicated. E. g., cor- 
responding to cos (a + b + c) = etc.; we have 


4((e; Bs y) |0) = toe] 0)4(B|0)E(y|0) — telO O — 
— ëlo |Y)EO |) — t(y |0)t(0|o)t(0| 8) 
= Um, B, 410) —i(e|8, y)—1(8| y, o)—i(y |o, 8), 


which asserts that fo, fi, fe, fs may be found such that f((&; 
£s; E) |0) = fo(fi, £x, &[0).— fln &) — fi(Ex| X, &) — fs 
(sls, £). The actual forms of fo, fi, fo, fs may be written 
down as indicated in $9, or they follow from (14)-(17) on 
multiplying throughout by 1(0|»), t( |0) and reapplying (14) 

to (17; to reduce terms of the form t(y|(o; + 8)), t((a; + B) 
js io: E 8), 7|0), ete. ; they are 
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at, fy &l0)= f+ peer tz, 


Alali) =-F-F +f +f, 
4h E) = Frl fr", 
See =—f+f +f e”, 


where 


f = KC & & £a) 0), 

ef & &) |0), 
F” =F 5-8 £a) |0), 
f"2f( br &;-— £a) |0). 


Similarly, corresponding to the development of sin (a + b 
+o), 


UO (æ; 8; y)) = «8, yla) + t(y, alB) 
+ ta, Bly) — tla, B, ai: 
(0| (&; &; &)) = gës, £3| £1) + gs(&s, élé) 
+ get, &2| &) — go(0|&, £z, £): 
[yr dg", 
4g: (&, & | £x) E eg 
4gs (Es, & | Es) CLE +g” egy 
490(0|&, E, &) = — gg +g” +g”, 


l g = 9(0|( br i &)), 
gj = g(0|(— fi; £u Fäi, 
g'-—90l0 £&i—tu &)), 
9" = 9(0|( br £5— &). 


Asa last example, combining these, we will write fm, ze, 23), 
f arbitrary, as a linear function of 8 functions of parities 
(1*|15), a+ 8 = 3, as stated in § 4. 


2f(21, 22, £3) = F((2, 25, 23) |0) + Gu | (21, 22, %3)); 
| F((a3, To; 23) [0) = f(a, za, 3) Tf- X1, — Xe, — 23), 


GO (te, 23, 25)) = Far, 23,23) — f(— E 23); 


Ae (Es, & | &) 


Il 


lil 


where 


J 
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F ((21, £2, 23) |0) = Fon, 2a, a3 |0) = F(a |23, 2a) 
— Fi(zs|m, 2) — Pelz, 22), 
G(O| (25, 23, 2)) = Ola, ts |) + Gs à EN 
+ Gaz, 2|23) — Go(0| a1, a2, 23). 


Whence, on applying the foregoing expansions for t((a; B; 
y) |0), 1(0| (a; 8; )) to F, G, we find, on putting 


fro=fl mw u zi sl um 2%); 
f= f(— t, — ta 0,  fsmf(—zw mm) 
fra=fl—%, % 23), fe = fC Zi, 2, — 23), 
bss m mn 28), fi = f(— a, %, 23); 


the following values for Fo, Fi, Fr, Fs, Gi, Gr, Ga, Go: 
AF (x1, 2; a3 |0) = fo +fhtf Ttf + fat f T fcf 


AF, (a, | x2, 23) =-f—-f-h-fthththth 
AF s(x |23, 21) = —fr—fhtht+h—fi—fs + fs + fr 
4Fs(x5|21, 2:3) = — fo — fi + fe + fe + ft fs — fo — Hi 
* AG, zm) = fo — fi — fa + fa + fa — fs + fs — fr 
dies, 2: | 2) = ffit f h ht ftf hi 
4G. zalt) = f— fith fth f itii 


Ale, 23, 23) = — fo + fi + fa — fe tfa — fs + ff 
As a check, we find from these values l 
8fo = Sf (x1, 23, ag) = 4(Fo —F,—F,—Fs +G +G +G: — Go). 


It thus appears from (12), (13) that the semicolon in (a; 8) 
plays the same part as the plus sign in (a + b) in (1), (2. We 
next interpret the | and the commas in & symbol t((a; B; =- -); 
y, |@585 5): 

8. To keep the writing simple, we may take the case of 
dito - B), y|0); the general case is treated in precisely the same 
way. Multiplying (12), (14), (15) throughout by t(y |0), we 
get for (12) 


(20) tæ; B), v10) = [a |0)4(8|0) — #(0|)(0| B) 10), 
= t(a, B, v|0) — tiy la, B). 


bé 
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Assuming for the moment that this is a true equation, we see 
that the comma in (io: B), y|0) corresponds to the X sign 
in cos (œ + B) X cos y = [ cosa cos B — sina sin B] X cos y 
— etc.; and likewise in the general case for multiplication by 
ys, Yas +++, Yr|61 62, +++, ds), the commas play the part of 
X signs. To see that (20) is a true equation, we remark that 
it is included in (12), (14), (15), when; considering F((£'; £), 
£0) as a function of (E: £”) alone, we write F((£; £^), 
ET = f((£; £")]0), and set in (18) 


AG, £"|0) = DOE, E", EIO ROLE, Eis FE” |£, £"), 
whence the second and third of (18) become: 
' nn 2,8” |O=F((E; — £^, £"|[0)-- F((£; £^), £" |0), 
PAE” EEND =E; — E), E” SO FOE: E», £"|0); 
corresponding to (14), (15) multiplied by t(y |0): 
24(a|0)4(8|0)é(y|0) = Ala, B, v0) | 
= [t((&; — 8), Y|0) + t((o5 8), y|0)], 
24(0|a)t(0| 8)t(y |0) = 2v |æ, 8) 
= [t((@; — L); yl) — t((a; — &), y|0)]. 


Similarly, if (12) is multiplied by £(O|y), it is easily seen that 
the | is a symbolic X. 

9. (i) Combining the correspondences established in $8 7, 
8, we have the following correspondence between i-symbols 
&nd sines and cosines. Let 


o, = (au; tiom), By = (Bus Byes iB), 


Q=1,---,r;7= 1, +--+, 8), 





be any partitioning of the a, B, in t = t(o, os, ---, o | B, Bs, 
***, Dal, Then, as the generalization of (12), (13), t may be 
expanded as a linear function, with coefficients + 1, of homo- 
geneous products all of whose factors are ¢( x |0)'s or t(0|$)’s 
by expanding 


Dal Za . TI sin (255) 


s. 
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in the usual form as a sum of homogeneous products of cos s's 
sin $’s, each x, § representing a single a or a single B, and then 
replacing cos x, sin § respectively by t( * |0), €(0|§). Finally, 
applying (10) to each term in the i-expansion, we reduce the 
whole zo a Z + t(o/, a^, -+ |B’, B", >+), the a’, a”, - --, B's 

B", -- - being the a, B in the ( ) for the partitioning of the a,, 


r,8= 0, 1 mod 2. The results are rather complicated, and 
need not be written. 

(iv; Using (i)-(iii) it is evident that f(&, £y +++, Ela, 75; 
...,7,) may be systematically expressed in the form stated ` 
in $4. We have given & simple example in $7. All of the 
results of this section may be proved independently by induc- 
tion. This is unnecessary, however, as the formal corre- 
spondence established in 8$ 7, 8 shows. . 

10. On account of its interest, we may conclude with the 
analogue of Demoivre's theorem. Since this theorem, for & 
posit:ve integral exponent n, follows from (1), (2) alone, we 
may apply the correspondence of $ 7 to get p(n|0) and p(0|n): 


(ett Im + ip(0]1)]^ = p(n|O) + ip(0|m9, 


wherce, equating reals and imaginaries after expansion of the 
left member, 
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pinlo) = palo) — (4 pars 


+ (1)s07711 - ID 
(21) 


sid: (7) pari - (3 Jea 
t (Haan - 


The q-forms of these are found in the same way by distrib- 
uting the product, and equating, in 


G2) Diane + ili) 
= q(CE, Ei Wee £a) |0) + aq(0| (&, a eee En)). 


UNIVERSITY OF WASHINGTON. 





THE TRAINS FOR THE 36 GROUPLESS TRIAD 
SYSTEMS ON 15 ELEMENTS. 


. BY PROFESSOR LOUISE D. CUMMINGS. 
(Read before the American Mathematical Society Beptember 5, 1018.) 


In the Transactions for January, 1913, Professor H. S. White 
derived & new method for the comparison of triad systems, 
and applied it to the two triad systems on 13 elements. One 
part of & memoir published in the Memoirs of the National 
Academy of Sciences, volume 14, second memoir, shows the 
efficacy of this method in determining the groups, and in 
establishing the noncongruency of the 44 systems Aj; which 
have a group different from the identity. The present paper 
gives the results of this method of comparison applied to the 
36 groupless systems Aıs. In this method, the triad System is 
regarded as an operator, and certain covariants of that oper- 
ator are deduced. These covariants can be represented graph- 
ically and are called the trains of the system. 
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A triad system of n elements consists of triads so selected 
that every pair of elements occurs once, and only once, in the 
chosen triads. From 15 elements 455 triads can be formed. 
Any system contains 35 of these; leaving 420 that are called 
extraneous triads. Applying the system to transform them 
all, we see that if the system contains the 3 triads df8, del, fgl, 
then it will transform the triad dfl which is not in the system 
and which contains the pairs df, d1, fl into the triad Seg, but 
it will transform the triad df8 which is in the system into df8. 
Under a given triad system as an operator a triad ij is trans- 
formed !nto tz; ts into ta; ts into 4. Since only 455 triads ex- 
ist, either a triad t, of the system is reached, or else a triad 
that has already appeared is repeated, namely Gan = im. In 
the former case the triad LG recurs always, while in the latter ' 
case, the train beginning at im constitutes a recurring cycle. 
Triads that do not recur in the terminal cycle are designated 
as appendices, and a train consists of a recurrent cycle and 
all its appendices. The triad dfl as shown above transforms 
into eg8, similarly eg8 transforms into 257 which repeats in- 
definitely. The only other triad which transforms into 257 
is 146. These 4 triads form the type of train which is exhib- 
ited graphically in the figure — > +. 

The system employed here as an operator is a Aıs discovered 
by Professor F. N. Cole, and applied as a transformer on the 
455 triads it yields the following covariants or trains: One 
class of trains terminating in a cycle of period 22; one class 
of trains terminating in a cycle of period 12; twelve classes of 
trains terminating in triads of the system. These trains sep- 
arate the 35 triads of the system into 12 distinct classes given 
in the following table 1: 


TABLE 1. Cors System 36. 


(1). a. | e (4). | (Bh, | (8) 0. | 8. (9) | (10). | (11). | (12). 
ab4 bel cf? ef4 |bd7 | acg | 257 | eg2 | del | 167 | a56 | 123 | 968 | Sep | 145 
af? bp c37 fgl |ad2|e78 
al8 bgt dg 736 |246 | ced 
348 b28 d3E p47 | cd4 
as c8 
aea x 


Some substitution may transform the triad system into 
itself. Such a substitution, evidently, must leave unchanged 
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the totality of trains connected with the system. Every 
operation of the group that leaves the system invariant must 
transform any train into itself or into another train of the same 
class. Since only those elements may be permuted which oc- 
cur the same number of times in a class, the enumeration of 
the appearances of each of the 15 elements in the 12 classes 
of trains terminating in triads of the system, as in the follow- 
. ing table 2, shows the possible sets of transitive elements. 





























TABLE 2. 
a. | b. | o. e|frt|elbriz|[s|a4 s [e 7. | 8. 
——————————— |. —4——rT— 
1. 3165 7|41312/5|44121]2]|3,4 
2 2/1 21/11)2 2|111 
3). 1 1 1 1/1 
4 1 I 1 
§ 1 1 
6 1 
7 1 1/1 
8 1 1 
9 Tyijil 
10 1 1 1 
11 1 1 I 
12 1 1lı 








No two columns in table 2 are similar, therefore the system 
is not invariant under a single transposition, hence no sub- 
stitution transforms the system into itself and the system is 
groupless. ‘Similar investigations show the remaining 35 sys- 
tems to be groupless. 

Two systems are congruent only if their trains are identical 
both in type and in number. A comparison of the gtaphs* 
of the trains establishes conclusively the noncongruence of the 
36 groupless systems. 

The trains for the 44 systems Ais with a group furnished - 
216 types of covariants. This investigation shows that while 
many of these 216 types are found among the trains for the 
groupless systems, there are in addition 449 new types. Hence 
the 80 noncongruent systems Au operating, as transformers, 
on the complete set of 455 triads formable, from 15 elements, 
produce 665 distinct covariants. These covariants are of two 
kinds: (1) trains terminating in a one-term cycle, a tried of the 
system, and involving with the appendices from 1 to 299 
triads; (2) trains ending in a terminal cycle forming a polygon 


* A manuscript volume deposited in the Vassar College Library. 
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of 4, 6, 9, 10, 11, 12, 13, 14, 18, 20, 22, 24, 30, or 72 aides, re- 
spectively, with appendices ranging in number from 0 up to 
more than 100. The distinct covariants for the two noncon- 
gruent systems on 13 elements were only nine in number and 
much simpler in form. We see that an increase in the num- 
ber n of elements, which is probably always accompanied by 
an increase in the number of distinct systems, produces greater 
complexity in the form and a very rapid increase in the num- 
ber of distinct covariants connected with the noncongruent 
systems. 

To extend this method of trains to systems on 19 or more 
elements would be evidently too laborious, if the object is 
only to classify the different triad systems. Here the anal- 
ogy of invariants of algebraic forms under linear transforma- 
tion is instructive; the complete calculation of systems of in- 
variants is always possible, but only desirable when it involves 
finite time, as in forms of very low order. Beyord that, it 
is only particular forms with special invariant characters that 
are of general interest. So here, it is obviously most inter- 
esting to give detailed study first to triad systems which have 
covariant trains ending in polygon-cycles containing the larg- 
est possible number of extraneous triads. This recalls Pro- 
fessor E. H. Moore's study of systems whose groups are cyclic 
and those might probably be found again early in the proposed 
research. 

Vasear COLLEGE. 





A THEOREM ON AREAS. 
BY PROFESSOR TSURUICHI HAYASHI. 


Tro relative area of two given convex ovals in the same 
plane, swept out by moving the join of two points lying on 
the peripheries of the two ovals respectively, so that the point 
of the join dividing it in a given ratio traces out the periphery 
of the area containing the totality of all the points which 
divide the joins of two points lying on and within the two 


ovals respectively, satisfies the relation 
4S € NA — 3B, 


independent of the ratio, 4, B, S being the areas of the two 
ovals and their relative area, respectively. 
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This can be proved by combining the two formulas in El- 
liott’s paper in the Messenger of Mathematics, volume 7 (1878), 
page 151 and in Minkowski’s paper in the Mathematische 
Annalen, volume 57 (1903), page 463. 

But any similar formula for the relative volume of two 
convex ovoid bodies cannot be established. 

March, 1918.. 


CONCERNING THE DEFINITION OF A SIMPLE ` 


CONTINUOUS ARC. 


BY DR. GEORGE H. HALLETT; JR. 


(Read before the American Mathematical Society October 26, 1918.) 


In a paper entitled “Curves in non-metrical analysis situs 
with an application in the calculus of variations," American 
Journal of Mathematics, volume 33 (1911), pages 285-326, 
N. J. Lennes gives the following definition of a simple contin- 
uous arc.* 

“A continuous simple arc connecting two points A and B, 
A + B, is a bounded, closed, connected set of points [A] con- 
taining A and B such that no connected proper subset of [A] 
contains A and B." : 

I shall show that the word “bounded” in this definition is 
superfluous.f 

Lennes proves the simpler properties of formal order on an 
are without any use of the assumption that it is bounded. He 
also proves (§§ 4, 8) that “if A, is any point of an arc AB, and 
it, any triangle containing A, as an interior point, then (in 
case Ay + A) there is a point 4, on the arc AA, and (in case 
Ag + B) a similar point B, on the are BA, such that every 
point of the arc A,B, lies within 4.” 

The following theorem also follows readily without use of 
the assumption that an are is bounded: . 

If a point A, of an arc AB is a limit point of a set of points 
[S} of the are AB, and C is A or (if A, + A) any point of the 

* Loc. cit., p. 308. 

1 Since I wrote this paper it has been pointed out to me by Professor R. 
L. Moore that a modification of the argument used in the proof of Theorem 


49 on p. 159 of his peper “On the foundations of plane analysis situs,” 
Transactions Amer. Math. Society, vol. 17 (1916), pp. 131-164, would 





accomplish the same result. 


326 TRANSFORMATION OF A REGULAR GROUP. | April, ` 


subarc 4A, of AB, and D is B or (if Ap + B) any point of the 
subare, 49B of AB, then the subare CD of AB contains at 
least one point of [S]. 

"This theorem is tacitly assumed by Lennes in his proof of 
'Theorem 7 ($ 4). 

All the above mentioned theorems thus.hold if the term 
simple continuous arc is defined without the use of the word 
“bounded.” Using this definition of an arc, I now prove the 

THEOREM. A simple continuous arc is bounded. 

Proof. Suppose AB is an arc which is not bounded. Let 
[91] consist of 4 and all points S, of AB such that the arc AS, . 
is bounded. Let [S2] consist of all other points of AB. By 
hypothesis both [8;] and [Sz] exist. No point of S, is between 
A and £ point of [Si]. Since AB is connected, [$1] contains a 
limit pcint P, of [S4] or [83] contains a limit point Ps of [S4]. 
In the first case any triangle é containing P, contains an arc 
a, of AB containing Pi! The arc a; contains a point Q: of 
[S3]. The arc AP; of AB is contained in a polygon pi. There- 
fore the subare AQ, = APı + Pk lies entirely within a 
polygon (Lennes, Theorem 15, $ 2), and is bounded, contrary 
to hypothesis. In the second case any triangle t about Ps 
contairs an arc as containing Ps, a» contains a point Q; of 
[81], 491 is contained in a polygon, and therefore AP, = AQ; 
+ Q,Ps is contained in a polygon and is bounded, contrary 
to hypothesis. Thus in either case the supposition that 4B 
is not bounded leads to a contradiction. 

UNIVERSITY OF PENNSYLVANIA. 


I r 


THE TRANSFORMATION OF A REGULAR GROUP ` 
INTO ITS CONJOINT. 


BY DR. J. E. MCATHR, 
(Reed before the American Mathematical Society October 26, 1918.) 


1. CONSIDER a regular substitution group @ of order g. 
All the substitutions on the same letters that are commutative 
with every substitution of G form a group G’, of order g, called 
the conjoint of G. These groups are conjugate.* If G is 
_ abelian, G = G'. In the contrary case the statement that a 


* Finite Groups, Miller, Blichfeldt and Dickson, 1916, p. 35. 
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substitution ¢ of order 2 exists that transforms G into G' 
occurs in the literature.* ‘Our purpose is.to exhibit such a 1. 
Let the substitutions of G be arranged as follows: 


G= 1, 89, 83, no Se; Sks * * * Be: 


where 1,5:,55,:::,8, is the cyclic group generated by ze 
(8; = 51* 1,2 = 2, ---, e). Consider.the two square arrays 

l, 82, 83, 1,86 Sks 117, 8 

$2, 827, 8389, * *, 8e82, 8482, ttt, 8982 


83, 8283, 83", +++, 8488, ILS e 8583 


8e, 3996, 8386, * 5, 86", SES) “+, Se 


Sky 818p, 838k, "7, Bodky Sky c, Set 


9g, 8289, 838g, ** `, 8489, 8189, `" 7, Be 
and : b 
l, $3, 83, 57,8, Sky "rr Sy 


82, 82", 8283, ++, 8984, 828k, 75, 8280 


83, 8382, 83°, °° +, 8980) 838k) 7 —  Baëe 


Sey $082) $083) °°", Se) Zeite ` "7 868g 


- 8k, 8k82, ëtën, °° +, 8x84, Sk, °° ëtëe 


) 2 
3g; 3982, 9583, * ' *, 8584, Sek: "`": 8g 


Each row of these squares is a permutation of the elements of 
the first row. Each of these permutations represents a sub- 
stitution and we may assume, without loss of generality, that 
the substitutions thus obtained from the first square are those 
of G. For simplicity in what, follows we shall call these sub- 
stitutions 1, as, us, **:, ug. The substitutions 1, uj, us’, 
‘++, Uy’ represented by the second square are those of @’.+ 
The substitution represented by the row Gs; in the first 


* Ibid., p. 46. 
t Loc. k 
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square is 
Us = 818283 eee Zar kS hS eee Eimin ene 828 ¢ ve WI 


where sı = 1. The substitution represented by the row sG ` 
in the second square is 


Ug! = 818388 +++ $4 Suid. ` FA dq ` `£ Son. 


To show that the replacements indicated in wz and us’ are cor- 
rect we note first that the first cycles in uz and us’ are the same, 
since 83 is commutative with each of its powers. Also, since 
84 = 58,99 and 8, = 82%, we have 88, = 8,89. Therefore s; is 
replaced in u by what sa is in us’. Moreover, if s, is replaced 
by 8» in va, $, by sz i in us, 8; by s, in u and 8y by s, in tu’, it 
results that & is replaced by 8, in us and by sq in u’. In fact, 
the product uzus’ gives s, replaced by s,, while in uu; we 
have 8, replaced by the product $431. Hence 3182 = 8,. Sim- 
ilarly, we have that s, is replaced by s, in ug’. From this we 
see that the substitution 


i= (8 AS d (8 v82) (8n8 c) 


transforms us into uz’ so far as the elements involved are 
concerned. Continuing this, we ultimately obtain a substi- 
tution ¢ of order 2 that transforms any power of us into the - 
same power of us’. Consider next the substitutions u, and 
u,’ represented by the rows Gs; and 8,@ respectively (5; not in 
the cyclic subgroup generated by 8). In u; we have s, re- 
placed bz what s; is in ue’ and in u,’ we have s, replaced by 
what s, is in us. Now G and G' are simply isomorphic and 
this isomorphism may be established such that all the substi- 
tutions begin with s. Then ¢ transforms G into a group that 
is simply isomorphic with G' and such that the first two letters 
in corresponding substitutions are the same. Since G and G' 
are regular it follows that £ transforms G into Or. 
2. In the substitution uz of G we have the cycle 


Sk8,898p39) 8,833 ++ - 8582, 


where Speo" is to be considered as one letter. Let 8p = Sint ` 1 
Then, since s,* = 8:8285 1, we have zën = $49", that is, in 
the substitution of G” corresponding to the row s,@ will be 
found the above cycle. This shows that the substitutions of 
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G dnd G' are composed of the same: cycles combined differ- 
ently when G is not abelian. Take for example, 


G = 1, (abe) (def), (acb) (dfe), (ad) (bf) (ce), 
(ae) (bd) (cf), (af) (be) (cd), 
H = 1, (abe) (dfe), (ach) (def), (ad) (be) (cf), 


(ae) (bf) (cd), (af) (bd) (ce). 
URBANA, ILLINOIS 
September 24, 1918. 


CORRECTIONS. 


Proressor G. Lorra has kindly pointed out the fact that 
the curves discussed in the first part of my article “Some 
Algebraic Curves” published in volume 25, pages 85-87 of 
the BULLETIN are special cases of curves discussed in his 
treatise “Spezielle Algebraische und Transcendente Ebene 
. Kurven," volume I, pages 390—4 (1910). However the main 

theorem of the section, viz., the rth polar of B with respect 
. to C, is C,_, is not found in Loria’s treatise. 
. J. H. Weaver. 

On page 472 of the BULLETIN for July, 1918, line 10, for 
certain functions ¢ read certain functions of t; line 4 from 
bottom, for [*"” read e**”, i 

On page 53 of the BULLETIN for November, 1918, line 11 
from bottom, for field read fluid. On page 56, line 4, for 
tanh (uu) read tanh ($uu). 


NOTES. 


TEE total membership of the American Mathematical 
Society on January 1, 1919, was 723, including 79 life members. 
The total attendance of members at all meetings held in 1918, 
including sectional meetings, was 222; the number of papers 
read was 137. The number of members attending at least 
one meeting was 155. Accessions to the Library in 1918 
included 74 periodicals and 12 non-periodicals, making a total 
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of 5,561 volumes, exclusive of unbound dissertations, con- 
tained inthe Library. The usual List of Officers and Members 
will not be issued in 1919. 


At the meeting of the London mathematical society on 
February 13, the following papers were read: By H. 8. 
‚CarsLaw, “ Diffraction’ of waves by a wedge of any angle"; 
by T. C. Laws, “Properties of pentaspherical coordinates.” 


Tux March number (volume 20, number 3) of the Annals of 
Mathematics contains the following papers: “On quaternions 
and their generalization and the history of the eight square 
theorem," by L. E. Dicxson; “Non-symmetric kernels of 
positive type," by CanoriNx E. Szety; "Elementary proper- 
ties of the Stieltjes integral,” by H. E. Bray; “A kinematical 
property of ruled surfaces," by J. K. WHITTEMORE; “Systems 
of linear inequalities,” by L. L. Dives; “On the shortest line 
between two points in non-euclidean geometry,” by T. H. 
GRONWALL; “The generalized gamma functions,” by E. L. 
Post; “On the most general plane closed point-set through 
which it is possible to pass a simple continuous arc," by R. L.- 
Moorz and J. R. Kring; “Repeated integrals,” by D. C. _ 
GILLESPIE. di 


Tue following university courses in mathematics are an- 
nounced for the summer session: 
COLUMBIA University (July 7 to August 15). By Pro- 
fessor JAMES MacrAY: Geometric constructions, five hours.— 
By Professor EpwarD Kasner: Graphical methods, including 
nomcgraphy, five hours; Applications of the calculus, five 
hours.—By Professor W. B. Frre: Theory of functions of & 

complex variable, five hours. : 


CCRNELL University (July 7 to August 15). By Pro- 
fessor VIRGIL SNYDER: Algebraic and projective geometry, 
five hours.—By Professor D. C. Grzespre: Higher analysis, 
five hours.—By Professor F. W. Owzns: Advanced calculus 
(con-inuation), five hours.—By Dr. H. B. Owens: Differential 
equations (continuation), five hours. 


UNIVERSITY or CHrcAGo (June 16 to August 29). By Pro- 
fesscr G. A. Briss: Differential equations, Lie theory, four 
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hours; Differential calculus, five hours.—By Professor H. E. 
Staucut: Elliptic integrals, four hours; Integral calculus, 
five hours.—By Professor E. J. Witczynsxi: Metric differ- 
ential geometry, four hours; Algebra, five hours.—By Pro- 
fessor J. W. A. Young: Solid analytic geometry, four hours. 
—By Professor F. R. Movrron: Solution of numerical dif- 
ferential equations, four hours.—By Professor W. D. Mac- 
MriLLAN: Celestial mechanics, four hours.—By Professor 
A. B. CoBLE (of the University of Illinois): Elliptic modular 
functions, four hours.—By Professor T. H. HILDEBRANDT 
(of the University of Michigan): Theory of functions of a 
real variable, four hours; Limits and series, five hours.—By 
Professor G. W. Myers: Teaching of secondary mathematics, 
five hours. 


_ Proressor U. Auatnt, of the University of Modena, has 
been appointed professor of descriptive geometry at the 
University of Padua. The Italian Society of Sciences (the 
XL) has awarded its gold medal for 1916-1917 to Professor 
Amaldi for his researches in infinite groups of transformations. 


Proressor T. Levi-Crvrra, of the University of Padua, 
has accepted a professorship of mathematical analysis at the 
University of Rome. 


PaorzssoR C. SEVERINI, of the University of Catania, 
has been transferred to the University of Genoa, as professor 
of analysis. 


Dr. Erena Frepa has been appointed docent in mathema- 
tical physics at the University of Rome. 


Dr. O. Lazzartno has been appointed docent in rational 
mechanics at the University of Turin. 


Dr. L. Voura has been appointed docent in mathematical 
astronomy at the University of Genoa. 


Prorzssor G. HaMEL, of the technical school at Aix la 
Chapelle, has been appointed professor of mathematics at the 
University of Tübingen, as successor to Professor A. von 
BRILL, who retires at the close of the present academic year. 
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Dr. E. Fanta, of the German technical school at Brünn, 
Czeko-Slovakia, has been promoted to an associate professor- 
ship of mathematics. 


Dr. F. NOETHER, of the technical school at Karlsruhe, has 
been promoted to a professorship of mathematics and me- 
chanics. 


Prorsssor W. Gross, of the University of Vienna, has 
been awarded the Richard Lieben prize for his work in the 
calculus of variations. 


Dr. E. WEITZENBöcK, of the University of Graz, has been 
appointed professor of mathematics at the German technical 
school at Prague. 


PROFESSOR F. Grazr, of the technical school at Darmstadt, 
has retired from active teaching. 


Dr. H. von SANDEN, of the University of Göttingen, has 
been appointed professor of mathematics and mechanics at 
the Clausthal school of mines. 


Proressor W. Sens has been chosen rector of the 
Braunschweig technical school. 


Prorzssor STEINITZ, of the Breslau technical school, has 
been appointed honorary professor at the University of 
Breslau 


Prorsssor J. N. VAN DER Vriss, of the University of 
Kansas, has resigned to continue his work, undertaken during 
the war, as secretary of the central district of the Chamber 
of Commerce of the United States at Chicago. 


Proressor Unisse Dr, of the University of Pisa, died 
October 28, 1918, in the city of Pisa, where he was born 
November 14, 1845. After receiving the doctorate at the 
age of nineteen, he spent a year at the University of Paris, 
under Professors Bertrand and Hermite. In 1867 he was 
appointed professor of mathematics at the University of Pisa, 
which position he held until his death. His early memoirs 
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on differential geometry attracted considerable favorable 
attention, but he is best known by his work in analysis, 
particularly the “Fondamenti per la teoria delle funzioni di 
variabili reali,” “La serie di Fourier;” and the four volume 
treatise “ Lezioni d'analisi infinitesimale,” in which the founda- 
tions of the calculus are laid with greater rigor and greater 
generality than in any previous writings. He exercised a 
deep influence on the training of young mathematicians and 
on the organization of mathematical teaching in Italy. He 
was a member of the learned societies of all the countries of 
Europe. 


PROFESSOR Siro MEDICI, of the technical school at Florence, 
fell in battle October 22, 1917. 


Prorzssor M. Bortasso, of the University of Messina, 
died October 3, 1918, at the age of forty years. 


Proressor C. L. Doors, of the University of Pennsyl- 
vania, director of the Flower Observatory, died March 3, 
1919, at the age of seventy-five years. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BIEBERBACH (L.). Differential- und Integralrechnung. 2ter Band: In- 
hnung. itfaden fur den mathematischen und technischen 
EES t, Band 5.) Leipzig, Teubner, 1918. M Pp 


Brown (S. J.) and Carron (P). Calculus. Annapolis, U. S. Naval 
Institute, 1918. $3.35 


Capron (P.). See Brown (8. J.). 
Dmezıory (F.). See Sarmon (G.). 


EmNCYELOPÁDIB der mathematischen Wissenschaften. Band III 1 Heft 6: 
M. ias, Elementargeometrie und elementare nichteuklidische 
Geometrie in synthetischer ee Mit Zusätzen von W. F. 
Meyer. 2ter Teil (Schluss). Leipzig, eubner, 1918. 


EncrKLoPApIe der mathematischen Wissenschaften. Band III 2, Heft 7: 
C. Segre, Mehrdimensionale Räume. Leipzig, Teubner, 1918. 


FimvLer (W.). See Sarmon (G.). 


x 
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Frıcks (B.). Lehrbuch der Differential- und Integralrechnung und ihre 
Anwendungen. 2 Bande. Leipzig, Teubner, 1918. 8yo. 12+399 
+6+413 pp. Geb. M. 15.00+15.00 


GarpÉANo (Z. Q. px). Las construciones matemáticas adaptadas al 
complemento de análisis infinitesimal. Zaragosa, Casanal. 8vo. 


76 pp. Pes. 2.00 
——. Nociones de crítica matemática. Zaragoza, Casanal. T6 pp: 235 
es. 2. 


JAMES (G). Some theorems on the summation of divergent series. (Diss., 
Columbia.) New York, 1917. 28 pp. 


Karon (A. M.) and Lovrrr (W. V... Mathematics for collegiate students 
of agriculture and general science. Revised edition. New York, 
illan, 1918. 12mo, 7-+337 pp. 32.00 


Lovrrr (W. V.). See KENTON (A. M.). 
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THE LIFE AND SERVICES OF MAXIME BÖCHER.* 


Maxtwe Böcker was born in Boston, August 28, 1867, 
and died at his home in Cambridge, September 12, 1918. His 
father, Ferdinand Böcher, was the first professor of modern 
languages at the Massachusetts Institute of Technology. 
Shortly after Mr. Charles W. Eliot, at that time professor 
of analytical chemistry and metallurgy in the same institution, 
became President of Harvard University, Professor Böcher 
was called to Cambridge (in 1872) and for three decades was 
one of the leading teachers in the faculty of Harvard College. 
He was an enthusiastic collector of books. His library, which 
was divided after his death, formed the nucleus of the library 
of the French Department and yielded, furthermore, a welcome 
accession to the library of the Cercle Francais; but its most 
important part, the valuable Moliére and Montaigne collec- 
tions, passed intact to the library of Harvard College. It 
was through the generosity of Mr. James Hazen Hyde, who 
bought the whole library, that such a disposition of the books 
became possible. 

As a college teacher Ferdinand Böcher is remembered by 
many men for whom college life in their student days offered 
varied attractions, as one who helped them to see and enjoy 
the beauty of language and literature. 

Maxime’s mother was Caroline Little, of Boston. She 
was of Pilgrim ancestry, being a descendant of Thomas Little, 
who joined the Plymouth Colony in its early days and in 1633 
married Anne Warren, the daughter of Richard Warren, who 
came inr the Mayflower. . 

Thus Bécher’s boyhood was passed in a home in which 
much that is best in the spirit and thought of France was 
united with the traditions and intellectual life of New England. 
He attended various schools, both public and private, in 
Boston and Cambridge; but it was to the influence of his 
parents that the awakening of his interest in science was due. 

He graduated at the Cambridge Latin School in 1883 and 
took the bachelor’s degree at Harvard in 1888. Then followed 
three years of study at Göttingen, where he received the degree 





* Tor a critical estimate of Bécher’s scientific work the reader is referred 
to Professor Birkhoff’s article ın the February BULLETIN. 
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of doctor of philosophy in 1891, and at the same time the 
prize offered in mathematics by the philosophical faculty of 
the university. From 1891 till his death he was a member 
of the Department of Mathematics in Harvard University. 
He married Miss Marie Niemann, of Göttingen, in 1891. 
His wife and three children, Helen, Esther, and Frederick, 
survive him. ~ 

His college course was a broad one. Outside of his main 
field of mathematics and the neighboring field of physics he 
took a course in Latin and two courses in chemistry, and 
courses in philosophy under Professor Palmer, in zoology 
under Professor Mark, and in physical geography and meteor- 
ology under Professor Davis; and it is interesting to note 
that in his senior year, beside his work in mathematics, he 
elected Professor Norton’s course in Roman and medieval 
art; a course in music with Professor Paine, and an advanced 
course in geology with Professor Shaler and Professor Davis, 
and Professor (then Mr.) Wolff. In his senior year he also 
competed for a Bowdoin Prize, and the committee awarded 
him a second prize for an essay on “The meteorological 
labors of Dove, Redfield, and Espy.” At graduation he 
received the bachelor’s degree summa cum laude, with highest 
honors in mathematics, his thesis being “On three systems of 
parabolic coordinates.” A travelling fellowship was granted 
him, end it was twice renewed. 

Bécher’s education was not confined to the courses he took. 
He was a reader and a thinker, and he was interested in many 
of the general questions of the day. But generalities did not 
satisfy him; he demanded of himself that he know precisely 
the essential facts. His critical powers were early cultivated, 
and he was endowed with good judgment. In debate, he. 
was able to marshall his facts with rapidity, to arrange them 
strategically, and to make his point with clearness. In re- 
buttal, he was an expert. 

I recall an incident which occurred at a meeting of the 
M. P. Club* in the early nineties, and which shows the char- 
acteristics last mentioned. Professor Woods had given an 
interesting talk on surfaces which are applicable to one an- 
other, and had illustrated his subject with models from the 
Brill collection in the mathematical library of the Institute. 

* This club was formed in the eighties for the purpose of bringing the 


memters of the departments of mathematics and physics at the Massa- 
chuse-ts Institute of Technology and Harvard into closer relations. 
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One of the members of the Club was a physician, whose 
interest in mathematics had been kindled by Benjamin Peirce, 
and who, though not a profound mathematician, nevertheless 
delighted to read mathematics, much as our ancestors read 
their Horace. He asked a question which was based on his 
doubt, whether parallel lines, in any logically necessary inter- 
pretation of the words, “meet at infinity.” Now, there was 
also present a learned professor from another institution, and 
it pleased him to answer the doctor from a mighty height. 
But, in his answer, he was thinking only of projective geom- 
etry, and his arrogance made Böcher indignant. ‘That is 


_not true in the geometry of inversion,” the latter replied. 


“That is not geometry,” was the professor’s scornful rejoinder. 
“Jt is what Klein calls geometry,” came back quick as a flash. 
“Oh, Klein is not a geometer.” This was the professor’s 
last shot. In two brief statements of facts the youthful 
Böcher had put his opponent into the position of asserting 
that the man who wrote the “ Vergleichende Betrachtungen 
über neuere geometrische Forschungen" was not a geometer! 

Above all, Böcher was sincere. He liked to argue and to 
defend a position; but when the game was over, it was the 
truth which had been brought out that pleased him most. 

He distrusted popular conclusions, even when the public 
was a learned one. It was facts, not views, that he sought, 
and his own intellect was the final arbiter. The following 
incident is characteristic of his type of mind. When his last 
sickness was developing, he needed a physician, and the well- 
known doctors were away in the war. He made inquiries 
one day regarding a young practitioner of rising fame, with 
whom Professor Birkhoff had recently had some experience. 
The latter said in closing, “I must add, however, that Dr. 
is pessimistic. He is given to taking a gloomy view of 
the condition of his patients.” “I do not care whether he is 
pessimistic or not,” was Böcher’s reply, “if the diagnosis is 
correct.” 

The later years of his life were not happy ones. Even as 
far back as the winter of 1913-14 his strength was frequently 
inadequate for the daily needs. He neyer complained; in 
fact, he was unwilling to talk about himself even for a moment. 
But for one whose demands on himself were such as Böcher’s 
it must have been a severe trial not to achieve the full measure 
of results of- which the mind was capable and for which it 
longed to work. 
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He was a Puritan, and with the virtues he had also the faults 
of the Furitan. There was no place in his world for human 
weakness, even though the individual had done his best. A 
reverence for human beings because of their struggles to 
attain higher things was lacking in his make-up; he respected 
only results. And so, to many a man who came into personal 
relations with him in his profession, he seemed cold and un- 
sympathetic. What the stranger, however, too often failed 
to observe was that Bócher applied the same stern standards 
to himsslf. Why should others expect to fare better? 


In order to understand the mathematical work of Bócher 
it is well to consider at the outset the state of the science as 
he found it. The nineteenth century was an era of intense 
mathematical activity, not in one land alone; but among all 
the peoples which were leaders in scientific thought. If it 
was nct reserved for mathematicians to make formal dis- 
coveries coordinate in importance with those which formed 
the crown of the discoverers and early developers of the 
calculus, it is none the less true that mathematical imagina- 
tion never played more freely, not only in geometry and 
algebre, but also in analysis-and mathematical physics. 

But mathematics was no longer in its infancy. In the 
great age just preceding the French revolution, a mathe- 
matician could know, at least in its essential parts, all that 
had been done in the science up to that time, just as, a century 
earlier, the man of learning was conversant not only with 
mathematics and physics, but also with the principal systems 
of philosophy. With the enormous expansion of the subject 
matter, or detailed theories, which grew up and flourished 
with amazing virility in an age characterized by its struggle 
for intellectual freedom, a point had been reached where it 
seemed as if mathematics was destined to disintegrate through 
the very volume of its scientific content. 

It was at this time—the eve of the Franco-Prussian War— 
that two youths met in Berlin, who were to become leaders in - 
mathematical thought—Felix Klein and Sophus Lie. True, 
these men were remote from each other in their specific 
mathematical interests, and their life work lay in different 
fields. Lie built up a consistent, harmonious theory which 
both yielded new results and brought old ones under a common 
point of view. With Klein it was not a question of developing 
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a method for its own sake, or even of caring for method, 
‘except in so far as he was thus able to uncover the natural 
interrelations of parts of the science which hitherto had seemed 
foreign to each other. : 

A pupil of Clebsch and Plücker, Klein early became ac- 
quainted with the geometric advances that group themselves 
about the names of Monge and Poncelet, of Steiner and von 
Staudt. In analysis, the theory of functions, as developed by 
Cauchy and his followers, was already beginning to come into 
itsown. Göttingen was filled with the traditions of Riemann, 
whose life touched fingers with that of Klein. In algebra, 
Galois's contributions were still new, and Hermite and Kro- 
necker had, hardly more than a decade previously, solved the 
general equation of the fifth degree. 

Klein's first great contribution toward unifying apparently 
unrelated disciplines was the Erlanger Programm of 1872 
mentioned above, on a Comparative Consideration of Recent 
Advances in Geometry. It was here that he set forth pro- 
jective geometry, not as an isolated science—geometry, par 
excellence—but rather as one (true, the most important) of a 
whole array of geometries, of which, in particular, the geometry 
of reciprocal radii, or inversion, is a member; for the basis of 
each of the geometries is the group of transformations which 
leave invariant certain configurations, and two geométries 
are essentially equivalent when their groups are isomorphic 
and their elements stand to each other in a one-to-one and 
continuous relation. 

It would have been easy for Klein at this stage to found a 
school on the basis of postulates. If the thought ever oc- 
curred to him, he rejected it both because the results to be 
obtained would lack important mathematical content and 
because he instinctively sought the specific interrelations of 
seemingly distinct branches of mathematics, in order that 
one might yield new theorems, or illumine old ones, in the 
other. 

It was to an environment imbued with such traditions 
that Bécher came, when he was matriculated at Göttingen in 
the fall of 1888. His previous training at Harvard had pre- 
pared him to enter at once on advanced work. In the last 
year of his college course, as has already been said, he had 
written a thesis on parabolic coordinates. Klein was begin- 
ning the continuation of his lectures on the potential function, 
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and these were followed by his lectures on the partial differen- 
tial equations of mathematical physics, and on the functions 
of Lam’. He also lectured at this time on non-euclidean 
geometry. 

Tt is seldom thata student is brought into such vital contact 
with the chief branches of mathematics as was the case with 
Böcher. : His thesis was on Developments of the Potential 
Function into Series, a subject which he shortly after worked 
out at greater length in a monograph. Though the leading 
ideas had been set forth by Klein in his lectures, nothing 
could be further from the truth than to think that Bécher 
merely elaborated some details. The subject was an exceed- 
ingly broad one. It required for its treatment not so much a 
specific knowledge of the theory of the potential, although 
Böcher was thoroughly equipped on that side; nor even famil- 
iarity with the geometry of inversion, of which he had made 
himself master; but rather, the power to carry through a piece 
of detailed analytic investigation with accuracy and skill, and 
with this work Klein occupied himself only in the most general 
way. Nor was it a question of the proof of convergence for 
the series obtained. Indeed, these proofs have not as yet 
been given, though recent advances have been made by 
Hilbert with the aid of integral equations. The importance 
of the dissertation in its influence on Bécher lay largely in the 
fact that it stimulated his interest in mathematical physics, 
in pure geometry, in algebra, and in applied analysis. More 
precisely, beside the general geometrical ideas and theories 
above mentioned, the specific study of the Dupin cyclides and 
their generalization by Laguerre, Moutard, and Darboux was 
involved.* Through the method of elementary divisors, he 
was led to éxamine in detail a chapter in pure algebra, together 
with its application in more than a single field in geometry. 
From the formal solution of the first boundary value problem 
for Laplace’s equation by means of series to the study of 
boundary value problems for the partial differential equations 
of physics of other than the elliptic type and the treatment 
of these problems by the more recently developed methods of 
integral equations, was a natural course. Throughout all his 
work, the total linear homogeneous differential equations of 
the second order were a constant source of further investiga- 


* An appreciation of Bécher’s contributions in this field will be found 
in Professor Bırkhoff’s article. 
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tions, both by himself and by his pupils, and his last great 
published work, the Paris lectures, is in this field. 

In the fall of 1891 Bócher began his career as university 
teacher, being appointed to an instructorship in the depart- 
ment of mathematics of Harvard University. It is the 
practice of that department to give to each of its members 
an elementary, an intermediate, and an advanced course. 
Bócher's teaching, both elementary and advanced, was success- 
ful from the beginning. He did not have to “learn to teach”; 
teaching came to him naturally. Doubtless he was aided in 
this direction by the example of his father and the family 
traditions, for his mother had also been a teacher; nor were 
his parents the only ones of the immediate family who had 
been engaged in that profession. The standards of clearness, 
both in thought and expression, which characterize French 
men of letters and science, Bócher made his own, not by a 
conscious effort, but through an inner driving force which 
made it a part of his very nature to find suitable expression 
for his ideas. “He never tried to be clear," Major Julian 
Coolidge wrote me this fall, “because his constitution was 
such that he did not know how to express his thoughts in 
any but the clearest form." I would not, however, be under- 
stood as saying that he achieved his success as a teacher 
without effort. He gave careful thought to the preparation 
of all his instruction, both as regards the choice of material 
and the presentation; but he was able to do this without 
serious loss of time or energy. . 

His intermediate course in the first year of his teaching was 
on modern geometry. Professor Byerly had already de- 
veloped this course to a point which gave it an important 
place in the undergraduate instruction. The outlook on 
geometry which Bécher had acquired under Klein enabled 
him to make the course still more effective as an introduction 
to the ideas and methods of the higher geometry of the 
present day. He gave this course repeatedly (about every 
other year) during the whole period of his service, and he 
was engaged in the preparation of his lectures for publication 
at the time of his last illness.* 

* Since this course meant so much to Professor Böcher, the reader will 
be interested in his description of 1t in the Departmental Pamphlet: 

“3. INTRODUCTION To MODERN GEOMETRY AND MODERN ALGEBRA. 


The subjects considered in this course are: 
(a) Affine Transformations; The use of Imaginaries in Geometry; 
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In the minds of some readers the word lecture in connection 
with a sophomore course may cause doubts as to the efficiency 
of the instruction. The objection is raised that sophomores 
cannot take notes and get only vague outlines of ideas which 
they cannot develop further. It must be remembered, how- 
ever, that this course is a free elective, and that it is chosen 
by men who have interest in mathematics and capacity for 
its pursiit. Moreover, frequent exercises are assigned (as a 
rule, daily) which range all the way from simple tests on the 
essentia.s to problems whose solution is possible only for 
students who really dominate the methods. These problems 
are corrected and returned to the student. 

So much by way of apology. Let me now say, with all 
aggressiveness, that it was largely to the lecture method that 
both Professor Bócher and I owed the awakening of our 
interest in mathematics when we were undergraduates in 
Harvard College. The instruction thus imparted stimulated 
thought, and the exercises assigned developed power—the 
power to obtain new results, even in the undergraduate stage. 
-It was with exultation that we followed courses given by this 
method, in which our mathematical powers grew before our 
very eyes. In saying this, I am also stating Bécher’s views, 
for he repeatedly expressed himself on this subject in con- 
versaticn. 

Bécher’s advanced course in the first year of his professional 
life took the form of a seminary, the subject being curvilinear 
coordinates and functions defined by differential equations. 
A part of the instruction consisted of formal lectures on the 
latter topic, and he thus began, even at that early date, to 
treat tcpics in a field of analysis in which he was to become 
eminent. 


In the eightiesp a number of American students of mathe- 
matics "rom various colleges went abroad, chiefly to Germany, 
for further instruction and guidance in mathematics. When 


Abridged Notation; Homogeneous Coordinates; Intersection and Contact 
of Conics; Envelopes; Reciprocal Polars; The Parametric Representation 
of Straight Lines and Conics; Cross-Ratio; Projection and Collineation; 
Inversion. 

(b) Complex Quantities; The Elements of the Theory of Equations; 
Determinants; The Fundamental Conceptions in the Theory of Invariants. 

The portion of the course devoted to the geometrical subjects (a) will 
be two or three times as extensive as that devoted to the algebraical 
subjects (b), and the relations between these two parts of the course will 
be emphasized." d 
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they returned, some of them became university teachers and 
strove, so far as in them lay, to give to their students ad- 
vantages like those to be found in Europe at a mathematical 
center. Bócher was one of this latter group. With rare 
discernment for problems of importance, on which advanced 
students might work with a reasonable prospect of success, 
he gave himself unstintingly to the task of helping such stu- 
dents to carry through pieces of investigation and to put their 
results into good form. He did not foster work on the part 
of his students by artificial means—by high praise or an &ppeal 
to ambition. He felt that the student must be possessed of 
idealism and must, of his own nature, find satisfaction in 
scientific activity; otherwise, the writing of a doctor's thesis 
would represent only a forced growth. At times, it seemed to 
the beginner in research that he was unappreciative. But 
the student who had capacity for mathematical investigation 
and loved the science found an open ear and a ready response 
when he came with & contribution of real scientific merit, 
be that contribution in itself large or small. 

The awakening in the science of mathematics in this 
country was followed at once by the springing up of the New 
York Mathematieal Society, which shortly after became the 
American Mathematical Society. Of the latter Bócher early 
became a member, and he took a keen interest in its affairs, 
contributing to its BULLETIN and participating in all its 
activities. He and Professor Pierpont were the speakers at 
the first Colloquium given by its members—at Buffalo, in 
1896. When the establishment by the Society of a journal 
devoted to research was under discussion, it was through his 
insight that a way out of the difficulties which seemed in- 
surmountable was found. Among the older members of the 
Society were those who saw in the establishment of such a 
publication an unfriendly act toward the American Journal of 
Mathematics. At a meeting of about a dozen mathematicians, 
held in New York in the fall of 1898 to discuss the question, 
this view was represented by the late Dr. McClintock. 
Böcher asked him if he saw any objection to the Society's 
publishing its Transactions. 'To the surprise of all, there 
came a prompt answer in the negative. The difficulty was 
overcome. The Society might not establish the “Journal of 
the American Mathematical Society," but it might publish 
the “Transactions of the American Mathematical Society”! 
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Producers of mathematical research are, as a rule, not 
facile in their expression. When one has been engaged in the 
protracted study of a problem, the early difficulties and the 
underlying deng become obscured through familiarity with 
the facts, and the writer produces a paper hard to read. The 
early editors of the Transactions labored, and not without 
success, to impress on the contributors the importance of 
making easily accessible to the reader the main results and 
methods of the paper, and of showing the relation of the 
investigation to previous work. It was here that Bécher’s 
power as a critic was of great service. But a critic, to be 
helpful in such work, must be constructive. How admirably 
Bécher was adapted for this undertaking, could not be shown 
more strikingly than by the opening paragraphs of his Dis- 
sertation, which are a model of what an introduction to a 
scientific paper of wide scope should be. He was not a 
member of the first editorial boards, for at that time the 
Annals of Mathematics had just been taken over by Harvard 
University, and he was doing similar work for that journal. 
But from the start he was in close touch with the editors of 
the Transactions, and his views on general questions and 
specific papers were helpful to them. Later, he served for 
two terms (with the exception of one year, in which he was 
absent "rom the country) on the editorial board. 

He was president of the Society from 1908 to 1910. For 
his presidential address he took as the subject: “The-pub- 
lished and unpublished works of Charles Sturm on algebraic 
and differential equations.” He delivered the address in 
Chicago. The meeting will live in the memories of all who 
were present, especially in those of the eastern colleagues, as 
a particularly delightful occasion. 

Bécker’s judgment of men, too, was sound, and those who 
had occasion to discuss nominations or appointments with 
him felt that & decision which had his approval could be 
trusted. 

The breadth of Bécher’s knowledge of mathematics was 
accompanied by a true sense of perspective. His estimate of 
the importance of an investigation was extraordinarily sound. 
In his own work, this quality of mind was both a help and a 
hindrance., It helped him to choose well the problems which 
he and his students were to study. It can fairly be said that 
Böcher never occupied himself with an unimportant problem. 
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On the other hand, the enthusiasm just of doing things in 
mathematics—the joy of living, so to speak—gives to one’s 
mental work a momentum which carries it over the obstacles 
of disappointment and discouragement, when one effort and 
another fail to yield results, and along with much which is 
valueless for others there come, now and then, contributions 
worthy of a lasting place in the science. I will not say that 
Bécher was without such enthusiasm; but he did not show 
it in his intercourse with others. His nature was reserved. 
He would not talk on personal matters relating to himself, 
and this disinclination extended even to his scientific work. 

He was, however, glad to discuss the work of others with 
them. He was quick to grasp the central idea and often could 
express it more clearly than its author. The early meetings 
of the Society were prized by those who attended them less 
for the formal papers presented than for the informal gather- 
ings in the evening or about the breakfast table. It was here 
that the real mathematical discussions took place, and who of 
those who had the rare good fortune to be associated with 
that little group will ever forget what Bécher was to us in 
those days? His special field was analysis; but so broad were 
his sympathies and his learning that he usually took a leading 
part in the discussions. His criticism was always helpful, 
often constructive, and freely given in the finest spirit. 

We have mentioned the Presidential Address. At the St. 
Louis Congress, in 1904, he delivered an address on “The 
fundamental conceptions and methods of mathematics.” 
He gave a lecture at the Fifth International Congress of 
Mathematicians, at Cambridge, England, in 1912, his subject 
being: "Boundary problems in one dimension.” In 1913-14 
he was exchange professor at Paris. His opening lecture was 
of a general nature and was entitled: “Charles Sturm et les 
mathématiques modernes.” 

It.was not until late that Bécher occupied himself with the 
writing of text-books. He had published some expository 
articles, chief among which were the pamphlet on “ Regular 
points of linear differential equations of the second order,” 
Harvard University Press, 1896; an article on “The theory 
of linear dependence,” Annals of Mathematics, (2) 2 (1901) 
and an “Introduction to the theory of Fourier’s series,” 
ibid., (2) 7 (1906); three years later he wrote Tract 10 of the 
Cambridge (England) series, entitled: “An introduction to 
the study of integral equations.” 


348 LIFE AND SERVICES OF MAXIME BÖCHER. [May, 


_ The Algebra appeared in 1907. Hitherto, books on algebra 
in the English language had been of the Todhunter type, or 
they had followed the lead of Salmon, through whom “ Higher 
Algebra” came to mean specifically the study of the algebraic 
invariarts of a linear transformation. What the mathema- 
tician needed to know of linear dependence and the theory of 
linear equations, of polynomials (factorization, resultants, and 
discriminants), the reduction of one or of two quadratic forms 
to normal type (including, perhaps, the rudiments of elemen- 
tary, divisors) he had to pick up as best he could. In no one 
place were they treated systematically, and most of the treat- 
ments were inadequate for the present day needs of the science. 
Bócher filled this gap in a thoroughly satisfactory manner. 
The Algebra was received with appreciation, both in this 
country and abroad, and at the suggestion of Professor Study 
a German translation was prepared. How thoroughly the . 
work had been done originally is seen from the fact that 
practically no revision was needed. 

The Trigonometry (written jointly with Mr. Gaylord) and 
the Analytic Geometry are so widely and intimately known 
as to require no detailed comment. These books present. 
elemen-ary subjects in a form accessible for elementary stu- 
dents, and treat them with a degree of accuracy, elegance, 
and perspective seldom attained by writers of text-books. 


-I have spoken of Klein's efforts to unify mathematics. 
Bóchers aim may be described by saying that he strove to 
clarify mathematics. . To illustrate by a single, but important 
example, let me consider the theory of functions of a complex 
variable. In the early nineties there were two distinct schools, 
and neither sought to aid or to learn from the other. Cauchy 
. based his theory on the calculus of residues, obtaining Taylor’s 
theorem as a corollary. With Weierstrass and Méray power 
series formed the foundation. The integral was more pliable 
and better adapted to the needs of the subject. But the 
questions which the critics had raised regarding limits, and 
in particular the reversal of the order in a double limit, 
had not been settled in a satisfactory manner for integrals, 
‘and even for series they were ignored by the writers of the 
Cauchy school. On the other hand,, Weierstrass restricted 
his infnite processes to differentiation and power series. His 
treatment was rigorous, but clumsy, and the whole theory 
'. took on a formidable aspect. i 
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- Riemann's methods were thought of less as forming an 
independent theory than as yielding an important mode of 
treatment for certain classes of functions; e. g., the algebraic 
functions and their integrals, and the functions defined by 
linear differential equations or their resolvents ; notably, the 
P-function and the automorphic functions. 

In 1893-94 Böcher gave for the first time in his career the 
introductory course on the theory of functions of a complex 
variable, and in the same year he repeated his course on func- 
tions defined by differential equations, laying stress on the 
complex theory. The subjective effect is obvious. For him, 
it could not be a question of developing the general theory of 
functions as an end in itself. He was interested in the theory 
as a tool—as a means of investigating, for example, the func- 
tions defined by differential equations. But he was interested 
in improving the tool, in developing better machinery than had 
come down to us. He cared nothing for the schools. He 
sought the simplest method for solving each problem. 

Of course, he was rigorous. But for him, rigor was not a 
strait-jacket. For him, rigor was not something superimposed 
on a proof, already satisfactory to a normal mind, by a certain 
cult of mathematicians. If a proof was not rigorous, it was 
not clear—it had not succeeded in analyzing completely the 
situation. Not that, with him, there was no place for intui- 
tion in mathematics. Quite the reverse. He recognized 
clearly that rigor is relative, depending on the domain of 
conceptions and the logical maturity of the student, and he 
was a master of diagnosis in determining: what his students 
required or could receive, and what their minds must reject. 

His contributions of the kind we have been considering 
were not confined to improving proofs already complete. 
He discovered gaps and filled them; as in the case of the 
theorem that a function which is harmonic in the neighbor- 
hood of a point, that point excepted, and becomes infinite 
there, must be of the form (when n = 2): 


u= klogr+ o, 


where w is harmonic at the point, also. 

How extensive and how useful this work of Bécher’s was 
will become evident to any one who will turn to the writer’s 
Funktionentheorie, volume I, and look up the references under 
Bécher’s name in the index. And what he did in this field, 
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he did in others. His Algebra, for example, affords number- 
less instances in point. 

In the early years of our professional lives we were in con- 
stant incercourse over such matters. Each of us was seeking 
to clarify and simplify his subject. Neither of us regarded the 
theory of functions of a real or of a complex variable as an 
end in itself, for each had his own ulterior uses for the theory— 
Bécher, his differential equations, both complex and real, 
In fact, for each of us the theory of functions was applied 
mathematics, and in presenting its subject matter and its 
methods to our students, our aim was to show them great 
problems of analysis, of geometry, and of mathematical 
physics which can be solved by the aid of that theory. 

Böcher was quick to grasp the large ideas of the mathe- 
matics that unfolded itself before our eyes in those early years. 
His attitude toward mathematics helped me to have the 
courage of my convictions. The F unktionentheorie is largely 
Bécher’s work, less through the specific contributions cited 
on its pages than through the influence he had exerted prior 
to 1897—long before a line of the book had been written. 
We worked together, not as collaborators, but as those who 
hold the same ideals and try to attain them by the same 
methods. It was constructive work, and in such Bécher 
was ever eager to engage. 

Wırrıam F. Oscoop. 


HARVARD UNIVERSITY, 
CAMBRIDGE, MASSACHUSETTS, 
December, 1918. 


A THEOREM ON LINEAR POINT SETS. 
BY DR. HENRY BLUMBERG. 


(Read before the American Mathematical Society December 28, 1918.) 


Ler A be any given linear point set. We define the “ rela- 
tive exterior measure* of A in the interval I” as m. (A, I) fl, 
where m, (A, I) represents the exterior measure (Lebesgue) 
of the subset of A in J, and lis the length of J. We then 
define the “relative exterior measure of A at the point x” as 


* Cf. Denjoy, Journal de Mathématiques, ser. 7, vol. 1 (1915), p. 180. 
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k, if l | 
lim Me(4 In) _ , 


1,0 


fot every sequence {I„} of intervals enclosing x and having a 
length L that approaches 0 with increasing m. It is the 
purpose of this note to prove the : 

THEOREM. The relative exterior measure of every linear point 
set exists and is equal to 1 at every one of its points, with the 
possible exception of those of a set of measure 0. 

Proof. Let M represent the subset of the given set A 
that consists of points where the relative exterior measure of 
A is not 1. Hence there: exists, for every point x of M, an 
integer n, such that for every e> 0 there is an interval 
enclosing t and of length < e in which the relative exterior 
measure of A is < 1 — l/n, For a given z, let n,’ be the 
smallest integer having the property just described. Desig- 
nating by M, the set of x’s for which n,’ = m, we obtain the 
decomposition 


M=M+M+ EMG ee. 


Our theorem will be established if we show that M, is of 
measure zero. 

Let I, of length l, be any interval of the linear continuum. 
According to the definition of M,, every point x of M, may 
be enclosed in an arbitrarily small interval J, in which the 
relative exterior measure of M and a fortiori of M, is <1— 1/n. 
The intervals J, may be so chosen that they lie entirely in an 
interval I’ of length < l+ 8, where ô is any given positive 
number. According to a well known theorem, we may select 
from the J,’s a denumerable infinity [J’, J”, J'", .. :] having 
the same interior points as all the J,’s. Let m, be the measure 
of the portion of I’ covered by the intervals J’, IM, d'al, 
We distinguish two possibilities: 


(1) lm m S 31 
Ae 

and 

(2) lim m, > $1. 
no 


We shall prove that in either case the exterior measure of the 
subset of M, in I is < [1 — (1/3n)]l. In the first case, this is 
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evident. In the second case, suppose m, > SL It is easily 
shown by elementary reasoning that we may extract from 
the sequence J’, J”, J”, =, Ma sequence J’, J”, ..., JO 
which cover the same portion of J’ and no part more than 
twice. Since the relative exterior measure of M, in every 
J is < 1 — 1/n, it follows that the interior measure of the 
set complementary to M, is greater than l,/n in every J, 
(of length /,); and since no part of the continuum is covered 
by more than two, J’s, we conclude that the total interior 
measure of this complementary set in the portion covered by 
the J, [e = 1,2, --- y], is > 3- (1/n)-20— l/3n. Therefore the 
exterior measure of the subset of M, in lis < l+ 5 — EI 
and since 6 may be chosen arbitrarily small, this exterior 
measure is S I — (J/3n). 

Havirg thus proved that the relative exterior measure of 
M, is < }— (1/3n) in every interval, we may now show 
that the measure of M, is zero. To this end, we show that 
a linear set S whose relative exterior measure is «1-—£, 
k > 0, in every interval is necessarily of measure zero. For let 

= exterior measure of S. For every given positive e we 
may then enclose S in a set of intervals J, of total length 
<m-+ e Furthermore, the subset-of S in each I, may be 
enclosec in a set of intervals of total length < (1 — Di, 
where L = length of I,; and therefore the entire set S,ina 
set of intervals of total length < X,(1 — kyl, € (1 —h)\(m+ ©. 
Therefore ' 


Q— kmt 2) > m, m < E Pr 


and accordingly m = 0. Our theorem is thus proved. 

Let Z be the subset of A of zero measure at the points of 
which the relative exterior measure of 4 is not 1; and let 
H = A— Z be the remaining set. Since A and H differ by 
a set of zero measure, the relative exterior measure of the one 
is the same at every point as that of the other. Therefore H 
has the relative measure 1 at every one of its points, and may 
be thought of as “homogeneous” as to exterior measure. 
We thus have 

CoRGLLARY 1. Every linear point set A may be represented as 


A=H+Z, 
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where H is a (“homogeneous”) set having relative exterior 
measure 1 at every one of its points, and Z is of measure zero. 

We obtain a particular case of our theorem if we assume A 
to be a measurable set. Exterior measure will then be re- 
placed by measure, and relative exterior measure by “relative 
measure.” We thus have 

COROLLARY 2. The relative measure of a measurable set is 
. 1 at every one of its points except possibly at those of a set of 
measure zero. 

Corollary 2 is equivalent to a theorem of Lebesgue-Denjoy.* 
The present note, therefore, also gives a very simple proof 
of this important theorem. 

So far the author has not succeeded in proving the theorem 
of this note for higher dimensions, although there seems to be | 
little ground for doubting its validity in n-space. 

Universiry or Dao, 


A GENERAL FORM OF GREEN’S THEOREM. 
BY PROFESSOR P. J, DANIEL. 


In this paper a form of Green’s theorem is considered which 

, applies, on the one hand, to the boundary of any set E, 

measurable Borel, and relates, on the other hand, to potential 

functions which satisfy a general integral form of Poisson’s 
equation, 

aV 

pur ON 


ds = | date, v), 


where a(z, y) is some function of limited variation in (z, y). 
In particular it can be used in mathematical physics in 
problems in which mass (or electric charge) is not distributed 
continuously. 

Let Vite, y), Hatz, y) be two potential functions defined and 

* Lebeague, ns sur l'Intégration, pp. 123-124, and Denjoy, loc. cit., 
pp. 182-137. “ tive measure” is equivalent with Denjoy’s “épais- 
geur,” e's considerations are indi (as far as the theorem in 
question is ae being based on properties of integrals. Denjoy’s 
proof is direct, but still comparatively involved and long. 
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“ differentiable”* in the fundamental square J(0 S « <1, 
0<y 1); let 
9T, aV, . OV. 3V: _ 


—— — 9 ——- = — U — T= 0 — 
dz 1; ay 1; Ox 2; Ha 


oy ` 
be summable with their squares in J. 
Furthermore assume that 2, ts satisfy Ri; o, v» satisfy Ra. 

R,. The total variation of u(z, y) varying y(0 $ y $ 1) isa 
function of z, finite nearly everywhere and summable 
in(0€e€£1.. 

Ry. The same as s Ri, with v? in place of u, and with the röles 
of z and y interchanged. 

Ina previous paperf the author has shown that, under these 

restrictions, we May express 


oVı 
ds = dz d 
I an E ude + vidy 


f day. 
E 


In the present paper it is further proved that 
aV 
a Ve ads = f. Vido, + Í (uytis + vy2)dady. 


Consider a Un r (a Sz Sb, c S y € d) contained in J. 
We have 


in the form 


f „de = f "ale oy eus dide 


ze f à f aon y). 


In this d datz, y) may be regarded as a Stieltjes integral 


with y as variable, which, by Rı, exists for nearly all values 
of z and is summable in z. Then 


ES f ée d datz, y) = d dal (x, y) 


* De la Vallée Pun Cours d’Analyse, 3d ed., vol. 1, § 147. . 
1 P. J. Daniell, this Burer, Nov., 1918 
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will be an absolutely additive function of rectangles r. Simi- 
larly 


: : 
f NL = d [o (b, y) — v(a, y)dy 


= f'a if E 


= [dee v), 


f. udg + ody = f date, y) 
Bir) i r 


where a = oi + a". 

For nearly all values of v, (0V;jóy) = — u is uniformly 
bounded with respect to y, by Rı. Then, for nearly all 
values of x, Hat, y) is an absolutely continuous function of y 
and must be of limited variation in y. . 

By a theorem on integration by parts,* 


d d d 
-f d,(Vou1) = -f Vies — [dr 


d d 
max f Haat + f unusdy, 


for nearly all values of z. 
Again since V; is “differentieble” at every point of J, it 
is continuousf and uniformly bounded. 

If max|V;|- K, the total variation of Vow, varying 
y(0 S y € 1) will be not greater than 


1 
K x variation of u; + f | urus | dy. 
0 


44, % are summable with their squares in J, so that uu, is 
1 

‘also summable in J, or f | uru | dy is a summable function 
0 


' ofa where it exists (nearly everywhere). Then Vu; will also 
satisfy Ji, and similarly Viv; will satisfy fü. 


* P. J. Daniell, Transactions Amer. Math. Society, October, 1918. 
1 De la Vallée Poussin, ibid. 
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Combining the various facts, we then obtain 


b d 
Trade = — f di f d, (Vus) 
B(r a e 


b d b d 
— f de f Podyt, + f de f Wdy 


Tra + Tansei 


The change from repeated to double integrals is legitimate, in 
the first integral (Stieltjes) because V, is uniformly continuous, 
in the second because 445 is summable in J. Similarly 


f Fondy = f Foda” + Tase 
Br) r r 
Then 


f Hatz + vidy) = f Veda + f (uru + vit3) daddy. 
Bo») r r 


This is an equation in which all three expressions are absolutely 
additiv2 functions of rectangles, and Hat, Dap satisfy R,, Ra 
respect:vely; therefore for any set F, measurable Borel, 
contained in J, 


r ôV: 
d V; on 5 = J Vader + f (Urug + 0109) dedy. 
BLE) n E E 


This was the theorem to be proved and we can rewrite it in 
the form 


Vs ern = f Vader + f (grad Vi:grad Fods. 
BCE) n E. JE 
Corollary 1. Interchanging V, V, and subtracting, 


i OV; OV, SS n 
Ja O- W on E = f Vada, - f Yıdon. 


Corollary 2. Instead of this make Hz Rass E. 


f Vi ds = J Vde + d grad? Yd8. 
BCE) n E E 
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Three dimensions. The case of three dimensions js more 
valuable in applications; and the proof is exactly similar. 
We content ourselves with the mere statement. [Our previous 
notation is altered; u; takes the place of v, and v, of — u.] 
Let Vi, V; be two potential functions, defined and “ differen- 
tiable” in the cube J (0 € z <1, OSyS10S2)); 
let the six partial derivatives be summable with their squares 
in J; and let dVi/dz, OV;/Ox satisfy Ry; 9Vilóy, 3V:/ðy 
satisfy Ra; 0V1/d2, OV2/dz satisfy Ry. 

Rı. The total variation of u varying (0 Sa <1) is a 
function of (y, z) finite. nearly everywhere and sum- 
mable in (OS y < 1,0 S z < 1). 

Re, Hy. The same as R, with v, w in place of u and with 
cyclical interchanges of c, y, z. 

If the element of normal is drawn outwards, 


OV; f 
>48 = | dei 
I: on r 1 


is an absolutely additive function of rectangular parallelo- 
pipeds r and ay (x, y, ai is a function of limited variation in J. 
‚Then we can define for any set E, in J, measurable Borel, 


OV; d 
<—dS = . 
IM on A 


and Green’s theorem becomes 


9Vi 
V, — 
B(X) * an 


dS — f tos + f (grad Vı- grad V3)d vol. 


The two corresponding corollaries follow immediately. 
Rick Insterure ` 
HovsroN, Taxas. 
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ROTATING CYLINDERS AND RECTILINEAR 
VORTICES. 


BY PROFESSOR H. BATEMAN. 


$1. Rectilinear Vortex and Rotating Cylinder in a Stream of 
Incompressible Fluid. 


WE shall assume that the rotation of the cylinder produces 
& circulazion around the cylinder which may be approximately 
represenzed by placing a rectilinear vortex along the axis of 
the cylirder, a device which was adopted by Lord Rayleigh* 
in his paper “On the irregular flight of & tennis ball.” Let 
V be the velocity of the stream, 27k the circulation around the 
cylinder and 2zc the strength of the rectilinear vortex at the 
side of the cylinder. Assuming that the axis of this vortex 
is parallel to the axis of the cylinder, the motion is two- 
dimensional and we may represent the velocity potential & 
and stream line function d as follows: 


2 r BER 
TEE u ( a+ Ë) ik log z + ie log? 
2 872 


where a is the radius of the cylinder, z = x + iy is a complex 
variable specifying the position of a point relative to the axis 
of the cylinder, zo specifies the position of the vortex, and 2; 
that of its image. 

Let (u; v) be the component velocities of the fluid at (x, y), 
(uo, vo) the component velocities of the vortex; then differen- 
tiating she above equation with regard to z we find that 


d a? Ak, 1 1 
u — W= dÉ SEA EE 
In calculating (uo, vo) we ignore the infinite velocity produced 
by the vortex itself, consequently 








w e 
Zo Zo — 3; 


* Mess. of Math. EUR au Papers, vol. 1, p. 344. See also 
Lamb’s Hydrod ed. 1916, p. 77; ü , Mess. of 
Math., vol 9 SCC us" Report on Gyroseopie Theory, Report of 
the Advisory Committee for Aeronautics, No. 146, p. 238. 
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Let us write 
2 
zo = toe, Here, z = Sette; 
u 
then since : 
do : 
"di = Up — Wo, 
we find that ‘ 
d 
X7 rt: ;) 0050 
dd, a. k Cro 
Tog — v(: +5; en — £4 gd 


In order that the vortex may be stationary we must have 
either U = 0 or oos ën = 0. The former case has been dis- 
cussed by Greenhill* both for a stationary and moving vortex. 
In the latter case U, k, c, and ra must be connected by the 
equation 

k cro 


(1) zo(14£)-E4 


To ro —g 





To study the stability of this-stationary vortex let R, © 
denote small displacements from the stationary position; then 


. ER a? d ,k c(r®+a) 
Be ev(1- S) [e tot 


0 ro(ro) — a?)? 

When the upper sign is taken [0o = + (7/2), the vortex is 
in stable equilibrium if 
c(t? + a?) 
| (n — ef 
The velocity at the surface of the cylinder is determined from 
the formula 

* Encyclopedia Britannica. Article on “Hydrodynamics.” The pres- 


ent case may possibly also have been discussed by Greenhill in a paper, 
Quart. J. Math., vol. 15 (1878), which is at present inaccessible to me. 


a? k 
(2) ee 
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NAT. 2 
(3) ut e= |20 sin 0+ e a?— Dote cos de CN + =| ` 


The component" forces (X, Y) on the cylinder are given by 
the formula 


ao. f " (uf + v')ae "dB + p [aca 
0 0 


Expanding «+ ° by Fourier's theorem, we find that the 
terms involving cos 0 and sin 0 are 





AU sin 8 — AU sin 9 — 4 cos (6 — 6) 
ü a aro 
| +405 sin (0 — 200) + a 2 E 
hence the value of the first integral is 
X —iY = — Senf — ol in): 
On the other hand we have for r = a 


d, ON ` tot in u + im 





at "ot ae — GE — (atro) e^ l 
Ae UI ix —ið 2 
ae'*d u __ ae _ EE 
f ae” = roe = 0, f ae? — = ~ 2m (i DH 
aedo j 
d oi — (atro ae? (af) nm TI ae? — D = 


{- atọ + dj) cos add = d (uo + Zede 2 + mielu + dy), 


o 


T ald + iJ) sin 0d0 = — s (ug + ive "ës + relus + in),. 


0 
Ir 


dch a : 
— a cos dd = mc (uo sin 20o — vo cos 200) 
0 ot To 


’ — 100, = — 2mcti, 


Ze 0d a? . 
—-a sin dð = — mc (uo cos 20s + vo sin 260) 
o 9t fo 


+ reu = 2reu:. 
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Hence we finally obtain the formulas 
X = Brock — vi), Y- Irp(Uk — cuo + eu). 


For a stationary vortex X = 0, Y = 2xpUk and the trans- 
verse force is the same as in Rayleigh’s case when c = 0 
and there is no vortex.* 

For a stationary vortex (1) and (2) give the inequality 


t RE do | 
(rt — ei 


hence if U is positive and 0) = T/2, c must be negative and k 
negative. This means that the circulations around the vortex 
and cylinder are both in the counterclockwise direction and 
that the force 2rpUk is negative. Hence this force tends to 
move the cylinder away from the region where the cylinder 
and stream of air are moving in opposite directions. This 
phenomenon attracted the attention of Newton in 1671 and 
was the subject of some experiments by Magnus in 1852. 
Many other experiments have been made since this time 
and in his beautiful lecture ont “The dynamics of a golf ball” 
Sir Joseph Thomson showed with the aid of a pressure gauge 
that there is indeed a difference of pressure on the two sides 
of a golf ball rotating in a stream of air and remarked that 
when a golf ball is in flight this difference in pressure may 
‘provide a lifting force greater than the weight of the ball, 
so that a rotating golf.ball is a kind of flying machine. This 


- U> 





*In this case the formula gives Rayleigh’s law that the transverse 
force is proportional to the velocity of the stream relative to the eylınder 
and the velocity of spin. In the case of a ball this product must be multi- 
plied by the sine of the angle between the direction of motion of the ball 
relative to the air and the axis of spin. Rayleigh’s law was adopted by 
P. G. Tait (Nature, June 29, 1893; Papers, vol. 2 Pi 386) in his mathe- 
‘matical calculation of the trajectories of a golf ball and by Sir J. J. Thomson 
in his experimental method (Nature, Dec. 22, 1910) of imitating these 
trajectories by means of the path of an electron in superposed electric 
and etic fields. A slightly different law is adopted by Appell (Journ. 
de Physique, vol. 7 (1917), p. 5) in his analysis of iére’s experiments, 
ibid., vol. 5 (1916), p. 175. The formula has been established for a cylin- 
drical surface of arbitrary shape in a stream of fluid on the assumption 
that there is a circulation round the cylinder. This-is the basis of the 
theory of sustentation develo by Kutta, Joukowsky and others (see 
rina bias een nite err ar aris, 1916, and a paper by R. Jones, Proc. 
Roy. Soc. , vol. 92, A (1916), p. 107) and of the theory of propeller 
action which has been developed by R. Grammel (Jahrb. d. Schiffsbau- 
technik, vol. 17 (1916), p. 367). 

t Royal Institution, March 18 (1910); Nature, Dec. 22 (1910). 
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effect of rotation has been used to increase the range of 
spherical projectiles and in his experiments with golf balls* 
Tait conclusively proved that the great factor in long driving 
was the underspin communicated to the ball by the impact 
of the club. 

Lafayt has recently determined the way in which the pres- 
sure varies over the surface of a cylinder rotating rapidly in 
a stream of air and finds that when the transverse force is in 
the direction indicated by Magnus it is produced chiefly 
by the suction on the side which is moving in the same 
direction as the stream of air.t The analogy with the wing 
of an aeroplane is thus complete. 

The distribution of pressure is important, for it should 
indicate whether or not a rotating cylinder carries along with 
it one o» more vortices that do not produce any circulation 
around the cylinder. 

Lafay s results for a speed of rotation of 9,450 revolutions 
per minute and a velocity of the air stream of 19 meters per 
second are given below (p) and compared with the correspond- 
ing results for the case of no rotation (po). The pressures 
are in millimeters of water and represent deviations from the 
atmospkeric pressure. l : 


0 0 15 30 45 60 75 90 
p -18 -16 -12 -9 -8 -5 — 2 
m -—10 -0 —10 —10 -1 — 138 -17 


105 . 120 135 150 165 180 
3 


8 14 20 22 18 

—21 —21 —18 7 20 23 
0 —0 —15 —30 —45 —60 — 75 — 90 
p -—18 —23 —32 —63 —93 -102 —104 
po = 10 190419 di Hk — He, E 

—105 —120 —135 —150 —165  —180 

— 85 — 63 — 37 — 14 7 18 

—30 —21 — 13 7 19 23 





* Badminton Magazine, March (1896). 
+ Com.ptes Rendus, vol. 153 (1911), p. 1472. 
The experiments and remarks e by W. S. Franklin, Journ. Franklin 
Insi., vo.. 177 (1914), p. 23, are of some interest in this connection. 
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To compare these results with formula (3), we must take into 
account the fact that the theory gives no drag X when k = 0 
and c — 0. It seems reasonable to suppose, however, by 
analogy with (3) that the correct formula is of type 





k e | 0g — rg? : 
2 = ans 2 
nn Dx Iso +&+2 a? — 2aro cos (0 — bo) + =| I 

‚where f(0) is some function which gives the distribution of 
velocity in the case when there is no rotation of the cylinder. 
Now if c were zero the above formula would indicate that 
VP — p should differ from VP — Do by & constant proportional 
to k/a, where P is some constant. This means that 


(p — po)? + X(p + po 


should be constant where is some constant. This, however, 
is far from the case as may be seen from some of the values 
of (p — po)? and p + po 


(p — p)? 64 36 4 ib 9 8100 441 25 
tm —28 —26 —22 —21 —29 —118 —7 4 


It seems reasonable then to assume that the flow is modified 
by the presence of one or more vortices and if we wish to try 
to account for the drag on the cylinder with the aid of these 
vortices it is necessary to.assume that they are in motion 
relative to the cylinder just as in Kärmän’s theory of resistance. 

It should be noticed that the region of low pressure in 
Lafay's experiment occurs in the neighborhood of 0 = — 90°, 
&nd so is directly opposite to the region where a vortex can 
remain in stable equilibrium. Hence if a vortex forms in 
the region of low pressure* it cannot remain stationary. 

If c is negative and uo positive so that the vortex is carried 
away by the stream, Y may be decreased in magnitude and 
may even be positive instead of negative. A vortex with 
counterclockwise rotation may perhaps form when U is 
greater than the circumferential velocity of the rotating 
cylinder. As before, we suppose that the rotation of the 








at the back of the sphere; coreless vortices will be formed periodically and 
the fluid. Phil. 
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cylinder is counterclockwise. If on the other hand c is posi- 
tive and u, positive our formula shows that Y is negative and 
numerically greater than in the case when there is no vortex. 
A vortex with clockwise rotation may, perhaps, form in the 
neighbcrhood of 6 = — 90° when the circumferential velocity of 

the rotating cylinder is greater than the velocity of thestream. ` ` f 

To account for the force on the cylinder in the direction of 
the axis of x it is necessary to suppose that a vortex ‘with 
counterclockwise rotation moves away from this axis and 
that a vortex with clockwise rotation moves towards this axis. 

It skould be mentioned that Lafay has found* that the 
directicn of the transverse force in the Magnus experiment 
could ke reversed. Experimenting with a smooth aluminum 
cylinder 35 em. long and 10 cm. in diameter, he found that 
if the velocity of the air stream were kept constant at 18 or 19 
meters per second and the velocity of rotation gradually 
increas2d, the direction of the force on the cylinder first 
swung to one side of the air stream, attained a maximum 
inclination to it of about 11°, then swung to the other side, 
attained a maximum inclination of about 57°, and finally 
appeared to approach asymptotically to a direction making 
an angle of 45° with the air stream. 

The maximum inverse effect occurred when the cylinder 
was rotating at a speed of 1570 turns per minute giving a 
circumferential velocity of about 8.22 meters per second which 
is less -han the velocity of the air stream. On the other hand 
the direct effect was quite marked when the speed of rotation 
was 9450 turns per minute, in which case the circumferential 
velocity is in the neighborhood of 50 meters per second and 
is greater than the velocity of the air stream. This is exactly 
in accordance with the above view that the transverse force 
is modified by the production of vortices in the neighborhood 
of the region 6 = — 90° and that the direction of rotation in 
the vortices depends upon whether the circumferential velocity 
is greater or less than that of the stream of air. 

Tt is well known that the drift of a projectile fired from a 
rifled gun is exactly opposite to the direction of the transverse 
force which is indicated by the normal Magnus effect, but here 
we are dealing with a case in which the component velocity of 
translation of the bullet in a direction perpendicular to its axis 
is perhaps at some time greater than the circumferential 


* Comples Rendus, vol. 151 (1910), p. 867; vol 153 (1911), p. 1472. 
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velocity due to its spin and so the transverse force may be 
reversed as in Lafay’s experiments. In Kärmän’s theory of 
resistance* it is supposed that vortices with opposite senses 
of rotation are formed alternately behind a cylinder and move 
down the stream in two rows at a certain distance apart. 
These vortices occupy the region of the “wake” behind a 
cylinder in a stream of fluid. Now in Lanchester’s theory of 
the Magnus effectf it is assumed that the wake behind the 
cylinder is displaced to one side on account of the rotation of 
the cylinder. If the vortices in this wake are produced some: 
where in the neighborhood of 6 = — 90°, the displacement 
of the wake to one side would be accounted for by the previous 
remark that a vortex with counterclockwise rotation moves 
away from the axis of x and that a vortex with clockwise 
rotation moves towards] the axis of z while it is carried down 
the stream.§ .It should be mentioned, however, that here we 
imagine the resistance of the cylinder to arise from the veloci- 
ties of the vortices in a direction at right angles to the stream, 
while in Kármán's theory the resistance arises from the 
momentum which is carried away from the cylinder whenever 
a fresh pair of vortices is formed. This momentum is calcu- 
lated from the circulations around the vortices and the distance 
between the two rows, while the rate at which the vortices 
are formed is calculated from their final distance apart in a 
row and their final velocity relative to the cylinder which is 
now parallel to the axis of x. The difference between the two 
points of view is probably the same as the difference between 
the initial and final stages of an action; for, when the motion 
of the vortex perpendicular to the stream is considered, we 
are dealing with the actual transfer of momentum from the 
cylinder to the fluid or vice-versa. 


$2. Two Rectilinear Vortices and a Rotating Circular Cylinder 
in a Stream of Fluid. 


An interesting attempt to throw light on the initial stages of 
the formation of the two rows of vortices in the Kelvin- 


LH a eee) Ch DOM. aon): See also RT 
; ynamique, Paris (1916), Ch. 8; Lamb, Hydrodynamics, 4th' ed. 
(1916) p. 210. j ] f ; 

1 Aerodynamics, vol. I. 

1 When vortices originate on opposite sides of the z-axis as in the case 
of no rotation they must both move away from the axis of z if they are 
to produce a positive zx. 

$ If it crosses the axis of z it must then move away from it. 
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Kármán theory of resistance has been made by L. Fóppl* 
who has shown that when a cylinder is at rest in a stream of 
fluid two vortices which are images of one another in the axis 
of x can be in equilibrium in a stationary position behind the 
cylinder provided they lie on the curves 


+ 277 sin? 9 = P — oi 


Fóppl found that the vortices are stable for symmetrical 
displacements but unstable for asymmetric displacements. 
The former result is of some meteorological interest in connec- 
tion with the flow of air past a mountain or other obstacle 
which is shaped roughly like a half cylinder standing on a 
plane. It is well known in fact that an eddy can form behind 
a mountain over which a wind is blowingt; near the rock of 
Gibraltar the eddy motion is sometimes quite large. 

The second result is of interest because it indicates that if 
two vortices form in symmetrical positions behind a cylinder 
as they do behind a flat plate, they will be in unstable equilib- 
rium for asymmetric displacements; consequently one vortex 
may be imagined to get ahead of the other and a new one to 
be formed to take its place, thus giving rise to an alternate 
formaticn as imagined by Lord Kelvin and Kärmän.t It 
should be mentioned that in Föppl’s analysis the strength of 
the vortices when in equilibrium increases with their distance 
from th2 cylinder while in Kärmän’s analysis the strengths 
of all the vortices in one row are supposed to be the same 
and equal but opposite in sign to those of the vortices in the 
other parallel row. 


If zo = roe indicates the position of one of the vortices 
and c the strength, we have in Föppl’s case 


c= v(1-5) (nz) 
To s To 


* Munshen Seele (810). 

t See, for instance, W. H es, Report Ke the Advisory Committee 
for CS No. 92, March aba w W. N. Shaw, Scrence Progress, 
vol. 6 

i alternate formation of two rows of vortices has been observed on 
many occasions. See for instance Osborne Reynolds, Phil. Trans., vol. 
174 (188%); Ahlborn, “Ueber den Mechanismus des hydrodynamischen 
Widerstandes,” Hamburg (1902); Mallock, Proc. Roy. Soc., vol. 2 
(1907), p 262; vol. 84 (1910), p. 490; Engineering, April 19 (1912); 
Bénard, Comptes Rendus, vol. 147 (1908), pp. 839, 970; vol. 156 813) 
p. 1003; vol. SE pm 7, ' 89, 171; Rayleigh, Phil. Mag., vol 29 (1915), p 
433. Joukowaky, oc. cit. 
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and the velocity at the surface of the cylinder is given by the 
formula ‘ 
w+ e= [ 20 sin 6 
8 4ero(ro? — a?) sin 8 sin bo li 
{ro’+a®—2arı cos (0-8) } {ro?--a?— 2ar, cos (06+65)} | ° 


Since 2rj! sin 0) = rg + a? it appears that the velocity van- 
ishes when 0 = 0, 0 = r and also when 


N 





1 a 1 s 
= — — ni 2 2 ain? 
cos 6 gq (r+ =) cos z än + 4a? sin? bo. 
This equation ‘can give a real value of 6, for when ro? = 3a’, 


we have 
_ 436 — VB 
= 9 


When the surface velocity q is plotted as a function of 6, 
q and 6 being regarded as polar coordinates, a curve is ob- 
tained which is shaped like a butterfly with two wings. The 
measurements of J. T. Morris,* A. Thurston} and A. Lafayt 
indicate that for a cylinder in a stream of fluid the curve 
indicating the distribution of velocity should be shaped like a 
butterfly with only one pair of wings. The lack of agreement 
is to be expected on account of the instability of the two vor- 
tices behind the cylinder. A comparison of the theoretical 
formula ought to be made with some measurements of the 
velocity over the surface of a semi-cylinder standing on a 
smooth plane surface over which a wind is blowing. Of 
course the roughness of a rotating ball or cylinder has a great 
influence on the magnitude of the transverse force exerted 
by the wind as is clearly shown in the experiments of Sir 
Ralph Payne-Gallwey,§ Sir Joseph Thomson and Command- 
ant Lafay. Curiously enough the former found that to obtain 
the best lifting effect with a golf ball the ball must not be too 
rough. This suggests that with a very rough ball vortices: 
are produced which modify the Magnus effect. 


cos 0 « 1. 





* Engineering, Aug. 8, 1013. 
Ibid, Aug. 21, 1914. 


. Cit. 
! The Times, March 16, 23, 1909. Nature, April 22, 1909. 


368 ROTATING CYLINDERS AND VORTICES. [ May, 


It may be of interest to indicate briefly the extension of 
Föppl’s analysis for the case in which the cylinder rotates and 
there is no symmetry about the axis of x. Using zo and zs to 
indicate the positions of the vortices and 21 and ze those of 
their imazes in the cylinder, the appropriate expressions for 
$ and y are given by 


Ei 


2 
D g4ip= U( «+ d -Hik log etic log 


2— 20 A 2— 29 
— clo ; 
2—2] £— 23 








Differentiating to obtain the velocities we have 


; a? ik. 1 1 
re v(1- $E el; | 





























: 1 1 1 
T o nd i]. 


zo = ree, g = rae) R= rÈ + rè — Qrore cos (Oo Dal 


S? = rere? + at — 2a?rgra cos (do — 03) 


Writing 


we find taat when ug = vo = 14 = v = 0, 
a k cro : 
0-2 v(1 — Ecos 260) + EE a ) int 


+ Ze (ry sinfs — ro sin 8o) + u (rara sin bo — a? sin 69), 





gi : k Gro 
D Ue 209 + E a) 


To 
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+ B (ra cos 0 — ro cos 6,) + uL (roro cos fo — o cos 65) 


and two similar equations with the suffixes 0 and 2 inter- 
changed and — c written in place of c. 

Multiplying the first of these equations by cos ĝo, the second 
by sin 6) and subtracting, we get 


(ro? — a?) | oos bo — ma (r — a?) sin (6 — a) | =0. 
Similarly i e 


roi 


a? a? 
[s — HJ cos fy = (s — E) cos ba. 


This equation tells us that the projection on the axis of x 
of the interval between a vortex and its image in the cylinder 
is the same in both cases. It is clear then that the vortex 
which is furthest from the plane y = 0 is also furthest from 
the axis of the cylinder. There is another equation connecting 
To, Üo, f2, Oz, but it is very complicated; the two equations 
show, however, that when one vortex is given the position of 
the other is determined. The component forces on the cylin- 
der are easily found bysan extension of the analysis of $ 1. 
They are ; 


(r2 — a?) | Zoos 0, — m (ro? — a?) sin (6, — s | = 0, 


X = 2rpelvo — v, — ge + $3), 
Y= 2mp(Uk — cus + cu, + eus — cus). 


When both vortices are stationary we have X — 0, Y — 2xpUk 
as before. This result seems to be true for any number of 
stationary vortices outside a cylinder, as is probably well 
known.* 

We have seen that a rotation of the cylinder alters the 
possible stationary positions for a pair of vortices; it may also 
alter the period of formation of the vortices in Kärmän’s 
theory of resistance. This is not easy to settle mathemat- 
ically but the matter may perhaps be tested experimentally. 

Eiffel found during his measurements of the force exerted 
by a stream of air on a sphere that at a speed above twenty 





X 


, * See for instance the remark in $3 of Föppl’s paper. X 
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miles an hour the flow was smoother and the force more 
constart. The vortices behind the sphere are usually said 
to be flattened out* and presumably the period of formation 
which depends on the distance between the two rows of vortices 
is changed. The rate of formation probably increases with 
the velocity of the stream until the flow becomes practically 
steady: at high speeds. 

Now a rotation of the cylinder or sphere may cause a 
change in the critical velocity above which the flow is prac- 
tically steady, consequently it may be worth while to deter- 
mine this critical velocity for a given velocity of the stream 
and different velocities of rotation of the cylinder. This 
critical velocity may be closely connected with Lafay’s 
critical velocity at which the sign of the transverse force in 
the Magnus effect is reversed; it should be noticed, however, 
that Lafay made his experiments in a wind of 19 meters a 
second which had a velocity more than double Eiffel’s critical 
' velocity and noticed at which speed of rotation the change 
occurred. 

It is known that at high speeds the periodic formation 
of vortices is responsible for the production of soundt and the 
period is presumably that of the sound. In the case of the 
aeolian harp§ the sound is most intense when the period is 
close to one of the natural periods of the stretched string or 
wire. An effect of rotation of the stretched string or wire on 
the pitch of the sound produced in a given type of wind 
might perhaps be determined experimentally but there would 
be dificulties. For the mathematical theory of the aeolian 
harp the sound produced by the oscillation of a vortex about 
a state of uniform motion ought also to be considered, for this 
may contribute to the observed sound as well as periodic 
formation of vortices, but the effect is probably negligible. 


§ 3. Vortices in a Compressible Fluid. 


It was shown by Lord Kelvin that vortex lines in a com- 
pressible fluid move with the fluid provided the density of 





* Cf. Loening, Military Aeroplanes, p. 51. . 

TC. Cowley and Levy, Aeronautics in Theory-Experiment (1918), 
pp. 17-20. 

t See for instance Mallock, Proc. Roy. Soc. London, vol. 84 (1910), p. 490. 
. &lord Rayleigh, Theory of Sound, vol. II, p. 412, vol. 1, p. 212; Phil. , 
Mag., vol. 29 (1915), p. 433. 
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the fluid is a function of the pressure only and the body forces 
have a single-valued potential. It is also true that the circula- 
tion in any circuit moving with the fluid remains constant. 
An accurate theory of vortex motion ina compressible fluid is 
difficult. To make progress, it seems worth while to make an 
assumption which is nearly true except in the immediate 
neighborhood of a vortex. 

Let us consider a two-dimensional irrotational motion in 
which the velocity potential & satisfies the wave equation 


a6 Op 1d _ 

Ox? | dy? AR’ 
wherein c, the velocity of sound in the fluid, is supposed to be 
constant. The component velocities (u, v) will then satisfy 
the same equation. A solution appropriate for the repre- 
sentation of a rectilinear vortex moving with constant com- 
ponent velocities a, b may be derived from the well known 
solution for a stationary vortex by an application of the trans- 
formations of the theory of relativity. The result is 
u pe(y— bt) Ne — gi — 

(8°) (z— at)’+ (ea) (y— bi) -2ab(z— at) (y— bt) * 
u uc(z— at) Ni a — p 

° (E-A e ay Ny B 3-2ab(a— af) (y 60 
where 2ru is the strength of the vortex.*' 

To find the paths of the particles of fluid relative to the 
moving vortex, we write X = z — at, Y = y — bt, X? + Y? = 2, 
bX — aY = w, u = dz/dt, v = dy/dt; then it is easy to see that 
c Ye — a? — B(aX + bY) =, 

ez — u oe 





u = 





5 = 4 aX+bY=0, e u 
dz. — 2(f& — w) 
dw une dB 
2 = AetoslaYctI-ats 


where A is an arbitrary constant. 
* „is positive for counterclockwise rotation. 
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Thus relative to the moving vortex a particle of fluid 
appears to describe a curve whose equation is 


X4 Y? Aare + Sax — aY} 
2 
Nea S Box -an+Be-e- . 


When A = — (à)? — a — b), we obtain an equation 
which is satisfied by X = 0, Y — 0 and this represents & 
curve having an isolated point at the origin which is in 
accordance with the theorem that the vortex moves with the 
fluid. As A varies, we obtain first a number of ovals sur- 
round:ng the origin, then a curve which touches itself on the 
axis cf y,* after completing the circuit, and then goes to 
infinity. Finally we obtain a series of curves which lie outside 
the last one and like it go to infinity. Each curve is described 
by a point which starts moving almost in the direction of the 
- y-axis, then swings around the origin in the clockwise direction 
and finally returns to a state of motion very nearly parallel 
to the z-axis. 

Let us now consider two rectilinear vortices of strengths 
Gen and — 2p respectively moving parallel to the axis of x 
with constant velocity o and at a distance apart equal to 2y. 
If the velocity of each vortex is that produced by the other, 
we heve simply 

uc 
2yv? — a? 


2 "c 
a? = bok ybe— Fe. 


For z real value of a? we must have cy? > p. Hence when the 
circulations around the vortices are given they cannot move 
paralel to one another at a distance apart less than 2u/c. 
If the two vortices are in a stream of fluid moving with 
velocity U the equation determining a is 


pe 
= U+- m - 
a= Ut e d 


*We put y = bX — aY, z=0X-+bY to obtain a curve which is 
syronetrical with regard to the axis of y. 


a = 


or 
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or 

4y'(ct — a) la — Uy? = pict. 
It should be noticed that a is numerically less than c whatever 
the value of U. 


The velocity potential of a vortex moving with constant 
velocity differs by a constant from the function 











= (ay — bx)y _ f k 
u tan a at) + b(y — bi) saf KZ SE y, 8), 
where 
a? + Vin 

and 
A(z, y, 8) + iB(a, y, 8) , 

E i a+ p 1/2 

B E — as) + b(y — bs) — iylay — | A 


Alg, y, 8) + iB(a, y, 9) 
a +? 1/2 
i Ee — as) + bly — bs) — iy(ay — Si f 
For a vortex which is moving with component velocities 
f(r), n(r) at time r and is at an infinite distance from the 
origin at time r = — œ, the natural generalization of the 
function B(z, y, 8) is obtained as follows: 
Let r be defined in terms of x, y, s by the equation 
le — &(r)P + [y — (0E = 2(s — 7)? «Es, 
where &*%r)+ 3"(7) < c and primes denote differentiations 
with respect to r. Let 
Ur) = (7) + iew'(7), — ep(r) = E? + 9”, 
m(r) = v'(r) — ie£'(1), dei = oF — BI — af: 
then 
AQ, y, 8) + iB(e, y, 8) 


-[ Get I: 
fe — Er) Ur) + (y — «(01mG) — éis — Dp) | ^ 
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This result may be of interest for an analysis of the sound 
produced when a vortex oscillates about a state of uniform 
motion. It must be remembered, however, that the above 
analysis is only approximate, for velocities are treated as 
small in the derivation of the wave equation. f 


Txroor COLLEGE OF TECHNOLOGY, 
PASADENA, CAL. 


SHORTER NOTICES. 


Lectures on the Philosophy of Mathematics. By James BYRNIE 
Suaw. Chicago, The Open Court Publishing Company, 
191€. vii + 206 pp. 

Tur purpose of Professor Shaw’s book is a discussion of the 
evergrzen question: What is mathematics? While in his first 
chapter the author develops in a highly exalted style various 
aspects of this subject, the greater part of the subsequent 
chapters may be said to be essentially devoted to two more 
specific questions, viz., what influences operate and have 
operated in the development of mathematics, and how may 
existing mathematics be concisely described. With the treat- 
ment of these questions, perhaps not always recognized as 
explicit and distinct, Chapters II to XIII are taken up, 
together occupying 140 pages. To the first question the 
author gives a positive answer, viz.: “Mathematics is a ` 
creation of the mind and is not due to the generalization of 
experiences or to their analysis; nor is it due to an innate 
form or mold which the mind compels experience to assume, 
but is the outcome of an evolution, the determining factors of 
which are the creative ability of the mind and the environ- 
` ment in which it finds the problems which it has to solve in 
some manner and to some degree.” ‚The second question is 
answered in a negative sense; as the various fields and prin- 
ciples of mathematics are discussed, the conclusions are reached 
that mathematics is not wholly arithmetic, nor geometry, nor. 
logistic; that mathematics can not be completely char- 
acterized as a theory of invariance, nor as a theory of functions, 
etc., however important each of these principles may be. 
The closest approach to a satisfactory answer to our second 
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question the author appears to find in the statement that 
mathematics is a theory of equations. ‚On page 152 we read: 
“This is the most important central principle of mathematics, 
namely, that of inversion, or of creating a class of objects 
that will satisfy certain defining statements. If the mathe- 
matician does not find these at hand in natural phenomena, 
he creates them and goes on in his uninterrupted progress. 
This might be considered tó be the central principle of mathe- 
matics, for with the new creation we start a new line of mathe- 
matics, just as the imaginary started the division of hyper- 
numbers, just as the creation of the algebraic fields started a 
new growth in the theory of numbers.” 

Chapters XIV, XV and XVI take up respectively “Sources 
of mathematical reality” (15 pages), “The methods of mathe- 
matics” (17 pages) and “ Validity of mathematics” (10 pages). 
There is finally given on pages 196 and 197 a double entry 
table for the classification of existing mathematics, presenting 
in schematic form the division of the whole field on the basis 
of which the discussion is carried on in Chapters II to XIII. 
This very interesting and suggestive mode of dividing mathe- 
matics is not the least valuable part of the book. Fach 
mathematical topic is classified as to its structure and as to 
its central principle. Structurally, mathematics falls into two 
main divisions, static mathematics and dynamic mathematics. 
In the former group we find arithmetic, geometry, tactic and 
logistic; in the latter group are placed algorithms, algebra, 
transmutations and inferences. The central principles of 
mathematics are taken to be form, invariance, functionality 
and inversion. 

The book is written in an easy, flowing style; sometimes, 
as for instance in the first six pages in a flowering style, 
reminiscent of an earlier, literary epoch. In ‚places it is 
sketchy, so much so as to be of little.value to the non-profes- 
sional reader for whom the book is intended, and to be some- 
what irritating to the, mathematician. A rather strong ex- 
ample of this is found on page 26, where we find the following 
statement: “By introducing a ‘measure of a set’ Lebesgue 
and others have found a means of handling sets satisfactorily ”’; 
others are to be found on pages 90, 91, and at the end of 
chapter VII. This floweriness and sketchiness of style have 
in a few instances led to what seems to the reviewer to be an ` 
overstatement of perfectly sound positions. As such we 
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would characterize the assertion that “Nothing whatever in 
our sense-data tells us that the earth is rotating” (page 156), 
and the claim that “we find in mathematics that subject 
whose ~esults have lasted through the. vicissitudes of time 
and are regarded universally as the most satisfactory truths 
the human race knows” (page 154). Why is Lie relegated to 
the remote period of the Norsemen? 

While the author “cherishes the hope that the professional 
philososher too may find some interest in these lectures,” he 
addresses himself primarily to “students of fair mathematical 
knowledge,” such as may be secured through an ordinary 
college course in mathematics. The book is intended to be 
non-technical from the philosophical as well as from the 
mathematical point of view. Indeed it seems to the reviewer 
that the author has taken the term “philosophy of mathe- 
matics” in the more or less popular sense, in which it means 
general discussion about the nature of mathematics, rather 
than ir the sense of systematic, rigorous, scientific discussion. 
This being assumed, and the assumption is not intended as a 
criticism of the value of the book, it is understood why one 
finds nowhere a statement of the author’s general philosophical 
position, of his beliefs and convictions on some of the funda- 
mental questions of philosophy, on which many of his con- 
clusions are based, and a knowledge of which is indispensable 
for an understanding and just appraisal of his work. Hints 
are found scattered throughout the book, as for instance on 
pages 30, 55, 59, 88, etc.; and perhaps the most definite 
statement of a philosophical credo is that on page 166: “The 
mind, it is true, as Kant insisted, organizes experience, but it 
does this by methods that are evolutionary. It originates 
schemes from its own activity, and makes a choice of which of 
severa. equally valid schemes it will use." But it seems clear 
that a systematic, critical examination of the philosophical 
positicn and of the conclusions derived therefrom would be 
entirely out of keeping with the purpose of this book. 

While granting without hesitation, particularly at the pres- 
ent stege of development of the subject, the value of a general, 
let us say intuitional, discussion of the philosophy of mathe- 
matics, the reviewer would like to use this opportunity to 
call attention to the scientific aspects of this subject. To these 

may be said to belong (a) the study of the logical structure of 
` mathematics; (b) the philosophical discussion of concepts to 
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which mathematics gives rise, such as infinity, countability; 
(c) the introduction of a mathematical point of view, and as 
far as possible, of mathematical methods into the discussion 
of problems belonging to the domains of epistemology, of 
ethics, and to other philosophical fields. For progress in the 
treatment of these questions the closest cooperation between 
philosophers and mathematicians is essential. Such coopera- 
tion will certainly be stimulated by the reading of Professor 
Shaw’s book.. , ‘ARNOLD DRESDEN. 


Functions of a Complex Variable. By Tuomas M. MACROBERT. 
“London and New York, Macmillan, 1917. xiv + 298 pp. 

Tms book is designed for students who have acquired a 
good working knowledge of the calculus and desire to become 
acquainted with the theory of functions of a complex variable 
and its principal applications. The material has been well 
chosen for accomplishing this purpose. The first two chap- 
ters are intended to familiarize the student with the geomet- 
rical representation of complex numbers in a plane and with 
simple rational and irrational functions of a complex variable. 
Some fundamental properties of holomorphic functions are 
established in Chapter III and these are used in defining 
certain elementary transcendental functions. Chapters IV to 
VII deal in order with the theory and practice of integration, 
convergence of series and the Taylor and Laurent expansions, 
uniformly convergent series and infinite products, and various 
summations and expansions. Up to this point (page 131) the 
book gives to the student an introduction to the elementary 
parts of the classic theory of functions of a complex variable 
with some of the simpler applications. 

The theory of the gamma functions is presented in Chapter 
VIII (pages 132-159) in a way which is not very satisfying. 
The development of the initial elementary properties of ellip- 
tic functions is to be found in Chapters IX, X, XI (pages 160- 
207) in an exposition which is pleasing and particularly well 
suited to the needs of the young learner. The remaining chap- 
ters (IX to XV, pages 208-276) are devoted to differential 
equations, in part to general theorems and in other part to 
special cases, such as the equations of Legendre and Bessel. 
This division of the book also is well suited to the needs of the 
beginner. 

Besides numerous worked examples the book contains many 
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problems. In addition to those interspersed throughout the 
text, there are to be found at the ends of the chapters and in 
& set of miscellaneous examples at the end of the book no 
fewer than 550 problems.’ Many of these are quite elementary 
in character and serve merely to familiarize the reader with ` 
the notions involved in the text. Many others contain sig- 
nificant theorems which would be demonstrated in a more 
extensive treatise. i 

Concerning the character of his exposition the author says 
in his preface: “In order to avoid making the subject too 
difficult for beginners, I have abstained from the use of strictly 
arithmetical methods, and have, while endeavoring to make 
the proofs sufficiently rigorous, based them mainly on geo- 
metrical conceptions.” It is evident that the desirable golden 
mean here is a matter on which there is likely to be’difference 
of opinion. The reviewer believes that the statements are 
sometimes too loose. Thus “closed region” is first defined on 
page 92. Yet several times on the earlier pages statements 
have been made involving the word “region” which are cor- 
rect only when one understands “closed region.” For cases 
in point see page 24, line 6 up; page 26, line 7; page 39, line 7 
up. In theorem 2 of page 93 it should be specified that the 
path of integration is finite in length or the proof should be 
modified. For theorem 2 on page 39 one should read “No 
[closed] region can contain an infinite number of isolated sing- 
ularities [and no other singularities],” the words in brackets 
being those which one must insert into the theorem to make 
it accurate. These may be taken as examples of loose state- 
ments which are all too frequent, especially in the first 131 
pages, in which the more general matters are treated. 

A student who has been forewarned against these somewhat 
‘loose’ statements will find the book one by the reading of 
which Le will be much profited. Many persons will probably 
find it also a suitable source of elegant elementary problems 
for enforcing a clear understanding of numerous fundamental 
notions and theorems. R. D. CARMICHAEL. 


Lecons sur les Fonctions Elliptiques en Vue de leurs Applica- 
tions. Par R. pe Monressus DE BALLORE. Paris, 
Gauthier-Villars, 1917. 

Tux object of these lectures, which M. de Montessus de 


Ballore delivered at the Faculté des Sciences of Paris in 1915- 
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1916, is to present in an elementary manner the fundamental 
properties of the ordinary elliptic functions. The first part 
deals with the Jacobian functions sn, cn, dn, and the elliptic 
integrals, the second part with the Weierstrassian forms Pu, 
fu, cu, and the third part with the general properties of 
elliptic functions and their applications to the Jacobian and 
Weierstrassian forms. 

In the fourth and last part, the 6-functions are considered. 

As may be expected from the announcement in the preface, 
the book does not contain anything beyond well known ele- 
mentary propositions. In view of possible applications, of 
which the book does not contain any, particular attention is 
` given to the construction of formulas for numerical computa- 
tions. , 

‚The reviewer must confess that he would have expected a 
course of lectures on elliptic functions at the University 
Paris planned from a higher point of view, as is customary at 
that famous center of mathematical activity. For this reason 
the Lecons, in spite of their excellence of execution and 


typography, are disappointing. 
ARNOLD EwcH. 


NOTES. 


Tue April number (volume 41, number 2) of the American 
Journal of Mathematics contains the following papers: " Asymp- 
totic satellites near the straight-line equilibrium points in 
the problem of three bodies," by DANIEL BucnBANAN; “Con- 
cerning the invariant theory of involutions of conics," by 
WAYNE SENSENIG; “Note on seminvariants of systems of 
partial differential equations," by A. L. NzrsoN; “On a 
method for determining the non-stationary state of heat in an 
ellipsoid,” by BrsmurIBHUSAN Darra; “Nilpotent algebras 
generated by two units, ? and j, such that 7 is not an indepen- 
dent unit," by G. W. Surra. 


Tax Circolo matematico di Palermo announces that it has 
resumed the publication of its Rendiconti. Contributors are 
invited to submit manuscripts to its committee of publication 
under the usual conditions. 
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BEGINNING with the volume for 1919, Nyt Tidsskrift for 
Matematik will be published by the Mathematical society of 
Copenhagen. The name of the periodical has been changed 
to Matematisk Tidsskrift. 


Ar the meeting of the London mathematical society held 
March 13, the following papers were read: By J. HAMMOND, 
“The sdlution of the quintic”; by L. J. MorDELL, “A simple 
algebraic summation of Gauss’s sums”; by P. A. MacManon, 
“Djiviso-s of numbers and their continuations in the theory 
of partitions”; by S. RAMANIJAN, “Convergence properties 
of partitions,’ and “Algebraic relations between certain 
infinite products.” 


AT the meeting of the Edinburgh mathematical society 
held March 14, the following papers were read: By C. G. 
Knort, “Systems of rays in quaternion symbolism”; by E. T. 
WHITTAKER, “Some disputed questions of probability." 


Ture British association for the advancement of science will 
resume -he holding of summer meetings. In 1919 the meeting 
will be held at Bournemouth under the presidency of Sir 
CHARLES Parsons. s 


Tus Adams prize for 1918 has been awarded to Professor 
J. L. Nrcnotson, of King’s College, London, for his researches 
in mathematical astronomy. 


Dr. G. WALLENBERG, of the Charlottenberg technical 
school, has been promoted to an honorary professorship of 
mathematics. 


Proressor O. HórpER has been chosen rector of the Uni- 
versity of Leipzig. 


ASSOCIATE professor W. Marruzes, of the University of 
Basle, has been promoted to a full professorship of mathe- 
matica_ physics. 


Proressor G. Rost has been chosen rector of the University 
of Würzburg. 


t 
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Prorssor J. K. Lamonp, of Pennsylvania College, Gettys- 
burg, has been given two years leave of absence to engage in 
Red Gross work. He is now associate director of the depart- 
ment of military relief, in charge of home service, Pennsyl- 
vania-Delaware division. ' 


Dr. C. E. WirpER has been appointed instructor in mathe- 
matics at Clark University. 


Prorrssor W. H. Garnerr, of Wesleyan College, Win- 
chester, Ky., is on leave of absence for the year. 


Prorzssor A. L. Ruoron, of the department of mathe- 
matics at Georgetown, Ky., College, has been appointed 
associate professor of education at Pennsylvania State College. 


Dr. G. W. Moume, of Barnard College, Columbia Uni- 
versity, has been promoted to an assistant professorship of 
mathematics. 


Mr. W. W. EnLrorr has been appointed instructor in 
mathematics at the University of Kentucky. 


Proressor H. G. ZEUTHEN, of the University of Copen- 
hagen, died February 15, 1919, at the age of eighty years. 


Proressor F. E. Moien, head of the department of mathe- 
matics at Otterbein College, died March 26, 1919. He had 
been a member of the American Mathematical Society since 
1910. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


Brouwer (L. E. J.). Begründung der Mengenlehre unabhangig vom 
logischen Satz vom ossenen Dritten. Iter Teil: emein 
Mengenlehre. , 1918, . 2.00 

Burnsive (W. 8. and Panron (A. W.). The theory of equations. 
London, Longmans. Volume 1, 8th edition, 1918. 14 + 286 pp. 
Volume 2, 6th edition, 1916. 9 -+ 288 pp. Each, 10s. 6d. 

Furrer (R.). Synthetische Zahlentheorie. Leipzig, Göschen, 1917. 
8 + 271 pp. z / 
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Govursar (E.). Cours d'analyse mathématique. Tome II: Théorie des 
fonctions analytiques. uations différentielles. 3e édition. Paris 
Gauthier-Villats, 1918. 8vo. 4 + 670 pp. Fr. 30. 

Kırraer (L.). Grundriss der Differential- und Integralrechnung. 2ter 
Teil: Integralrechnung. lite vermehrte Auflage. Hanover, Hel- 
wing, 1918. M. 17.00 

——. Tabelle der wichtigsten Formeln aus der Integralrechnung. Han- 
over, Helwing, 1918. M. 1.20 


Kure (O.). Fermats letzter Satz. Berlin, Meyer und Müller, 1918. 

Kowatrwsx1 (G.). Einfuhrung in die Infinitesimalreehnung. 3te 
A Leipzig, Teubner, 1918. M. 1.20 

IxETZMANH (W.). Der pythagoreische Lehrsatz. Mit einem Ausblick auf 


das Fermatsche Problem. 2te Auflage. Leipzig, Teubner, 1918. 
4 + 69 pp. M. 1.00 


Lmmow (M.). Differentialrechnung. (Aus Natur und Geisteswelt, Nr. 
387.) 2te Auflage. Leipzig, Teubner, 1918. 83pp. Geb. M.1.50 
——. Integralrechnung mit Aufgabensammlung. (Aus Natur und Geis- 
teswet.) 2te Auflage. Leipzig, Teubner, 1918. Geb. M. 1.50 
(O.). Wahrscheinlichkeitsrechnung. 2te Auflage. Leipzig, 

Teubner, 1918. ` M. 1.00 
MENDELSSOHN (W.). Einfuhrung in die Mathematik. (Aus Natur und 
Gesiteswelt, Nr. 503.) Leipzig, Teubner, 1918. 113 pp. Geb: 150 


Panton (A. W.). See Burnsmz (W. BI 

Praxr (L.C.). See Wasser (W. P.). 

Pruss (A). Ueber vollstandig zerfallende algebraische Raumkurven und 
Flächen. (Dias.) Kiel, 1918. 

Rosm (M.ı. Einleitung in die Funktionentheorie. Die komplexen Zahlen 
und ihre elementaren Funktionen. 2te verbesserte A . Berlin, 
Göschen, 1918. | M. 1.00 

ScunoEkckH (C.). Die Höchstzahl der reellen Züge einer Raumkurve nter 
Ordnung in m Dimensionen. (Diss. Kiel, 1917. 

WEBBER (W. P.) and Pranr (L.C.). Introductory mathematical anayen 
New York, Wiley, 1919. 13 + 304 pp. $2. 

WIELEITNER (H.). Der Begriff der Zahl in seiner logi hen und historisch- 
en Entwicklung. (Mathematisch-physikalische Bibliothek.) 2te 
durckgesehene Auflage. Leipzig, Teubner, 1918. M. 1.00 


Zuse (T.). Das Verhaltnis der Logik zur ‘Mengenlehre. Berlin, 
Reutäer und Reichard, 1917. 


Il. ELEMENTARY MATHEMATICS. 


Crantz (P.) Arithmetik und Algebra zum Selbstunterricht. Leipzig, 
Teubner, 1918. iter Teil, 4 + 116 pp. 2ter Teil, 4 + 123 pP- i 

` M. 1.20 + 1.20 

Fıscmer tP. B.). ‘Rechenaufgaben aus der Kriegszeit. Leipzig, Teubner, 
1917. 48 pp. | M. 1.20 
HARTENSTEIN 3n pontes logarithmische und trigonometrische 
Tafeln für den Schulgebrauch. 2te Auflage. Leipzig, Teubner, 1917. 
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Haare (R. 8.). Solid geometry Including mensuration of surfaces and 
solids. 4th edition. ‘London, Rivingtons, 1918. 123 pp. 48. 


dongen (F. T.). Problems and questions on algebra. Cleveland, Univer- 
‘sity Supply and Book Company, 1919. 2 4- 66 pp. $0.40 


Lirzpnyur (P.). Vierstellige Tafeln zum logarithmischen und Zahlen- 
rechnen für Schule und eben ın neuer Anordnung. Leipzig, Teubner, 
1918. 32 pp. M. 1.40 


RAUSORRLBACH (H.). Divisionstafel enthaltend ' drei- oder vierziffrige 
Quotienten aller ein- bis dreiziffrigen Dividenden und aller swei- 
zifrigen Divisoren. Gottingen, 1918. M. 7.60 

Scumirz (B.). Das neue Multiplikations-Verfahren. Leipzig, Adler, 
1918. 13 pp. Geh. M. 2.00 

——. “Triplex”; das neueste und vollkommenste Verfahren der ameri- 
kanischen Buchführung. Leipzig, Adler, 1918. 22 pp. + 4 plates. 
Geh. . M. 8.00 

SCHUSTER (A.). Mathematische Unterrichtabriefe. ı Leipzig, Verlag Na- 
turwissenschaften, 1918. . 6.45 


Tomrome (H. E). Der goldene Schnitt. (Mathematisch-physikalische 
Bibliothek, Band 32.) Leipzig, Teubner, 1918. M. 1.00 


IH. APPLIED MATHEMATICS. 


ANUARIO del observatorio de Madrid para 1919. Madrid, Imprenta de la 
Casa Editorial Bailly-Baillidre, 1918. 741 pp. 


ArPELL (P.) et DaurHEVILLE (S.). Précis de mécanique rationnelle. 
Introduction à l'étude de la Aysia e et de la mécanique appliquée. 
2e édition. Paris, Gauthier-Villars, 1918. 8vo. 8 + 734 P no 

r. 50. 


Aquino (R. pz). The “newest” navigation altitude and azimuth tables. 
2d stereotyped edition enlarged and improved. London, Potter, 1918. 


8vo. 52 + 176 + 40 pp. 125. 
AUERBACH (F.. Die graphische Darstellung. 2te Auflage. Leipzig, 
Teubner, 1918. » M. 1.20 


Barney (E.). Arithmetische Aufgaben nebst Lehrbuch der Arithmetik 
fur Metallindustrieschulen, vorzugsweise für Maschinenbauschulen 
(Werkmeisterschulen), die Unterstufe der höheren Maschinenbau- 
Schulen und verwandten technischen Lehranstalten. Bearbeitet von 

: 8. Jakobi und A. Schlie. 4te Auflage. Leipzig, Teubner, 1917. 6 + 


223 pp. M. 2.80 
BrxmrcE (F.). Die Berechnung statisch unbestimmter Tragwerke nach der 
Methode des Viermomentensatzes. Berlin, 1918. M. 12.00 


BöRNsTEIN (R.). Die Lehre von der Wärme, 2te Auflage. Leipzig 
Teubner, 1918. M. 1.50 


Borrximwicz (L. yon). Homogeneität und Stabilität in der Statistik, 
Upsala, Almquist und Wiksells, 1918. 
DavurHEVILLE (S.). See APPELL (P.). 
Donoan (D. C.). See Furry (E. 81. 
Furry (E. S.) A handbook of physics measurements. In collaboration 
- with O. W. Silvey, G. W. Sherman and D. C. Duncan. 2 volumes. 
New York, Wiley, 1918. 8vo. 9+ 251 +10 + 233 pp. 
$2.00 + $2.00 
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Förr (A). Vorlesungen über technische Mechanik. Band 3: Festig- 
keitslehre. 6te Auflage. Leipzig, 1918. M: 15.00 


= A.). A treatise on gyrostatics and rotational motion. Theory 
applications. London, Macmillan, 1918. Super royal T 


HAUSSNEF. (R.). Darstellende Geometrie. Iter Teil. 3te vermehrte und 
verbesserte Auflage. Berlin, 1018. M. 1.00 


HxewxmL (O.). Graphische Statik mit besonderer rn 
' Einflusslinien. iter Teil. Berlin, 1918. , M? 1.00 


cks (W.). Einführung in die geometrische Optik. Nout 
Berlin, 1918. M.1 
Hunter |J. pg G.). The earth’s axis and triangulation. (Survey p 
India, Professional paper No. 16.) Dehra Dun, Office of the 
nometrical Survey, 1918. 8 +219 pp. +6 charts. Be 


Jaxoni (&). See Banpzx (E.). ^ 
LórzBEykR (P.). Darstellende Geometrie des Geländes. Dresden, 
Ehlermann, 1918. : 
Manus A1. Grundzüge des Versicherungswesens. 8te irap 
Auflege. Leipzig, 1918. M. 1.20 


Maıssn»e (O.. Anwendungen der Wahrscheinlichkeitsrechnung. rn 
zig, Teubner, 1918. 


MtLLER (A). Die Referenzfláchen des Himmels und der 
Braunschweig, Vieweg, 1918. 162 pp. Geb. M.6 


MtürLER (R.). Leitfäden für die Vorlesung über darstellende RA 
3te Auflage. , Braunschweig, Vieweg, 1917. 179 pp. M. 7.00 


Norton “A. Pi A star atlas and telesco vu rn. handbook (Epooh 1920) for 
students and amateurs. London and Edinburgh, Gall and Inglis, 
1919 25 pp. + 16 maps. 


Porncanh (EL). Die neue Mechanik. 3te Auflage. Leipzig, m iol 


Scum (A.). See Banpzy (E.). 


ScmupEI kv (A). Leitfäden für den neuzeitlichen Linearzeichenunter- 
richt. Handbuch für den Lehrer. Leipzig, Teubner, 1916. N er + 
pP. * 


Serum (L.). Principe de Carnot contre formule e que de Clausius, 
essai sur le thermodynamique. Paris, Dunod et KE 1917. 2 pp. 
4.50 


Seeraran (Q. W.). See Furey (E. S.). 
Suver (D. W.). See Furry (E. 8.). 


VATER (R.). Praktische Thermodynamik. (Aus Natur und SE 
Nr. 396.) Leipzig, Teubner, 1918. 96 pp. Geb. M.1 


WrirrENEAUER (F.). Aufgaben aus der technischen “Mechanik. n 
Band. Berlin, 1918. , M. 12.00 
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THE MARCH MEETING OF THE AMERICAN MATH- 
EMATICAL SOCIETY AT CHICAGO. 


Tax twelfth regular meeting of the American Mathematical 
Society at Chicago, being also the forty-third regular meeting 
of the Chicago Section, was held on Friday and Saturday, 
March 28 and 29, at the University of Chicago. The various 
sessions were attended by about forty persons, among whom 
were the following thirty-one members of the Society: 

Dr. I. A. Barnett, Professor H. F. Blichfeldt, Professor G. 
A. Bliss, Dr. Henry Blumberg, Professor W. D. Bussey, Pro- 
fessor R. D. Carmichael, Professor E. W. Chittenden, Pro- 
fessor A. R. Crathorne, Professor D. R. Curtiss, Professor 
L. E. Dickson, Professor L. W. Dowling, Mr. E. B. Escott, 
Professor A. M. Kenyon, Professor W. C. Krathwohl, Pro- 
fessor Kurt Laves, Professor A. C. Lunn, Professor G. A. 
Miller, Professor E. H. Moore, Professor E. J. Moulton, Pro- 
fessor H. L. Rietz, Professor W. H. Roever, Mr. J. B. Rosen- 
bach, Dr. A. R. Schweitzer, Professor J. B. Shaw, Professor 
E. B. Skinner, Professor H. E. Slaught, Professor E. B. Van 
Vleck, Professor G. E. Wahlin, Professor E. J. Wilczynski, 
Professor J. W. A. Young, and Professor Alexander Ziwet. 

Twenty-nine persons joined in a dinner at the Quadrangle 
Club on Friday evening. Following the dinner, a number of 
short informal speeches were made in response to calls from 
Professor Bliss who presided. Professor Slaught read inter- 
esting extracts from a letter which he had just received from 
Professor E. R. Hedrick, who is in France helping to organize 
educational work for members of the American Expeditionary 
Forces. Professor Ziwet of the University of Michigan ex- 
tended a most cordial invitation to members of the Section to 
come to the summer session of the Society next September at 
Ann Arbor. Several members spoke against the too common 
practice among mathematicians of giving gratuitously infor- 
mation of a technical nature to persons untrained in mathe- 
matics; it was argued that the worth of mathematics would be 
more widely appreciated and its development correspondingly 
more rapid if mathematicians demanded adequate compen- 
sation for such services. 

At a short business session on Saturday morning there was. 
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a discussion of the desirability of holding the December meet- 
ing of the Section this year in St. Louis in conjunction with 
the meetings of the American association for the advancement 
of scierce. It was voted to leave the matter to the program 
committee for decision. 

In reading his paper on “Differential corrections for anti- 
aircraft guns,” Professor Bliss paid tribute to the efforts of 
mathematicians who have been engaged in war work of a 
mathematical nature, mentioning especially the effectiveness 
of the work headed by Major F. R. Moulton at Washington 
and by Major Oswald Veblen at the Aberdeen Proving Ground 
on balistic problems. 

Friday afternoon was devoted to a symposium on the geom- 
etry of numbers, relating largely to the work of Minkowski. 
Formel papers were presented as follows: 

I. Professor H. F. BLICHFELDT: “Report on the theory of 
the geometry of numbers,” giving the fundamental theorems 
with applications to homogeneous and non-homogeneous forms. 

II. Professor L. E. Dicxson: “ pplications of the geometry 
of numbers to algebraic numbers.” 

Sytopses of these papers will appear in the July BULLETIN. 

Professor G. A. Bliss, chairman of the Section, presided at 
the various sessions, being relieved by Professors Curtiss, 
Miller, and Carmichael. At the sessions on Friday and Satur- 
day mornings the following papers were read: 

(1) Professor E. J. WILCZYNSKI: “A new geometrical rep- 
resentation for a function of a complex variable.” 

(2) Dr. A. L. Nezson: “Plane nets conjugate to a given 
congruence of straight lines” (preliminary report). 

(2) Professor A. B. Coste: “On the ten nodes of a rational 
plane sextic and of the Cayley symmetroid.” . 

(4) Dr. FronENcE E. ALLEN: “On a class of sectrix 
curves.” 

(5) Professor W. H. Busszy: “A note on the problem of 
the eight queens.” 

(5) Professors E. W. CHITTENDEN and A. D. PrrCHER: 
“On the theory of developments of an abstract class in rela- 
tion to the calcul fonctionnel." 

(7) Professor E. J. WrLozYwski: “The scientific work of 
Gabriel Marcus Green." 

(8) Professor G. A. Buiss: “Differential corrections for 
anti-aircraft guns." 
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(9) Professor H. L. RrETz: " Functional relations for which 
the coefficient of correlation is zero." 

(10) Professor L. L. Dives: “Systems of linear inequal- 
ities.” 

(11) Professor E. J. MouLTON: “A note on a proof of the 
law of the mean.” 

(12) Dr. A. R. Schwertzer: “On pseudo-groups with an 
application to the algebra of logic.” 

(13) Professor G. A. Murer: “Groups containing a rela- 
tively large number of operators of order two.” 

(14) Dr. Henry BLUMBERG: “On a theorem of W. H. Young 
and G. C. Young.” 

(15) Professor E. B. Van Vrecz: “On Green's lemma.” 

In the absence of the authors, the papers of Dr. Nelson, 
Professor Coble, Dr. Allen and Professor Dines were read by 
title. 

Abstracts of the papers follow below. The abstracts are 
numbered to correspond to the titles in the list above. 


1. In this paper, Professor Wilczynski interprets the com- 
plex variables z and w as points upon the same Neumann 
sphere, and joins by straight lines the points which correspond 
to each other by means of a functional relation w = F(z). 
The resulting congruence has a large number of interesting 
properties. Its focal surfaces are real surfaces of positive 
curvature, and the foci on each line of the congruence divide 
harmonically its two points of intersection with the sphere. 
The congruence is a W-congruence, and all of the asymptotic 
lines of the focal surface belong to linear complexes. The 
Neuman sphere is the directrix quadrie of the focal surface. 
The asymptotic lines of the focal surface correspond to the 
minimal lines of the z-plane and can be obtained with ease. 
The developables of the congruence, which are real, are also 
obtained and interesting relations are shown to exist between 
the directrices, axes, and rays of the two focal sheets, as well 
as between the directrix, axis, and ray curves. 


2. Dr. Nelson has made use of Wilezynski’s methods in the 
study of the projective properties of a congruence of straight 
lines as related to those of the plane nets which are conjugate 
to it, in the sense of Guichard. Following are some of the 
results. 
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(1) If the plane nets have straight lines for constant values 
of one perameter, one of the nappes of the focal surface of 
the congruence is developable, and conversely. 

(2) If the first Laplace transforms of the plane nets have 
straight lines corresponding to the constant values of one 
parameter, the new focal nappe of the minus first derived 
congruenze becomes developable, and conversely. 

(3) If the plane nets are periodic under the Laplace trans- 
formation, of period three, the following properties hold for 
the congruence: 

(a) The lines which join the first and second, and the minus 
first and minus second, Laplace transforms of the surface 
point of either of the focal nappes will intersect on the axis of 
that surface point. 

(b) This point of intersection will be the harmonic conjugate 
of the surface point with respect to the foci of its axis. It 
will also be one of the foci of the joint axis which corresponds 
to the surface point. 

(c) The joint axis curves and joint ray curves coincide and 
become parametric. 

(d) The parametric tangents at a particular surface point 
of either focal nappe will be the double rays of the involution 
determined by the axis tangents and ray tangents at the 
same point. 


3. The notion as developed by Professor Coble of the 
congruence of n points in a projective space under Cremona 
transformation leads to an infinite discontinuous group which 
can be exhibited as a group of linear transformations with 
integer coefficients. Thus the group has a modular theory 
and in an earlier paper the types of finite groups obtained by 
reduction modulo 2 were determined. It now appears that 
these modular groups have not merely an arithmetic but also 
a geometric existence when the n points are properly spe- 
cjalizec. Such cases for example are the ten nodes of a 
rational plane sextic, and in space the ten nodes of a Cayley 
symmetroid. Some of the theorems obtained are as follows. 
A general rational plane sextic can be transformed into pre- 
cisely 28-31-51 projectively distinct sextics and under such 
transformation these types are permuted by a group iso- 
morphic with a theta modular group of genus 5. Again. if 
there exists a quartic curve with a triple point at one node 
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and on the nine others (one condition on the sextic) then 
there exists a similar quartic with a triple point at any one 
of the nodes. Similar theorems apply to the symmetroid. 
In this case the genus of the group is 4. "There is thus fore- 
Shadowed a uniform parametric representation of the ten 
nodes in terms of abelian modular functions of genus four. 


4. A system of curves discussed in a paper presented to the 
Society by Dr. James H. Weaver in April, 1917, is shown by 
Miss Allen to be a special case of the Schoute sectrix curves 
and of the araneid or “spider” curves. It is shown that the 
system for successive values of n may be generated by a bi- 
rational transformation, consisting of an inversion followed 
by a perspectivity. The generation of the entire system of 
araneids by alternate applications of these two operations is 
also proved. 


' - 5. The problem of the eight queens is the determination 
of the ways in which eight queens can be placed on a chess 
board—or more generally, in which n queens can be placed 
on a square board of n? cells—so that no queen can take any 
other queen. Professor Bussey’s note shows that in the special 
case in which n is a prime number p, there are p? — 3p solu- 
tions furnished by the p? — 3p straight lines of slopes 2, 3, 4, 
***, (p — 2) of the finite euclidean geometry of order p°. 
The solutions furnished by this method are not the only 
solutions, however. 


6. In a paper, which has not been published, entitled 
“Classes which admit a development” (presented to the 
Society, March 21, 1913), Professors Chittenden and Pitcher 
discussed the theory of developments A of an abstract class 
in relation to the calcul fonctionnel of Fréchet. [A develop- 
ment A of a class P is a system ((P™)) of subclasses of 
P (m= 1, 2,3---; m= Im, b^, cl, Cf. E. H. Moore, 
Introduction to a Form of General Analysis, Yale University 
Press, New Haven, 1910.] In the present paper the above 
mentioned theory is refounded and based upon a set of five 
properties of a development A which together imply that the 
class P is a compact metric space (cf. Hausdorff, Grundzüge 
der Mengenlehre, Leipzig, 1914). The five properties are 
proved to be completely independent in the sense of E. H. 
Moore (loc. cit.). 
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The recults of the general theory are applied to obtain the 
necessary and sufficient conditions that a topological space ` 
(cf. Hausdorff, loc. cit.) be equivalent to a compact metric 
space. A further application is made to spaces of non- 
metrical analysis situs. Every limited domain in a space 6 
satisfying the axiom system 24 (Z2) of R. L. Moore (Trans- 
actions of the American Mathematical Society, volume 17, 1916) 
is a compact metric space. This result was obtained inde- 
pendently by R. L. Moore by another method. 

The paver will appear in the Transactions. 


7. Professor Wilezynski’s paper, intended for publication in 
the BULLETIN, is devoted to a brief description of the mathe- 
matical work of Gabriel Marcus Green, whose premature 
death inflicts a heavy loss on American mathematics. 


8. In the applications of ballistics it is customary to com- | 
pute a first approximation to the path of a projectile on the 
assumpticn that there is no wind, and on the further assump- 
tions that the density of the air and the weights of the pro- 
jectile and powder charge are normal. These are ideal 
conditions rarely if ever realized in actual firing. The range 
table must therefore contain differential corrections which 
can be applied in the field, either mechanically or personally, 
to account for the actual conditions at the time when the 
firings are made. The so-called differential corrections appear 
as the solutions of a system of linéar differential equations 
which are solved by mechanical quadratures. In the paper 
of Professor Bliss an auxiliary system of linear differential 
equations is used by means of which the number of solutions 
to be computed by mechanical quadratures is reduced to 
three. The remainder of the computation is of the simplest 
sort, requiring no especial skill, and relatively rapid. 


9. In this paper, Professor Rietz treats some simple and 
striking cases in which the correlation coefficient of two 
variables x and y is zero although there is a simple functional 
relation between z and y. The result r = 0 may be accounted 
for by a consideration of the lines of regression. This brings 
out the importance of testing the curve of regression, and the 
danger of making applications of the correlation coefficient 
without knowledge of the underlying theory. In the cases 
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cited, for a single valued function y = f(x), the correlation 
ratio 5, can be used appropriately instead of r to give a sum- 
mary notion of correlation. 


10. In this paper, Professor Dines constructs a theory 
relative to systems of linear inequalities, which to a consider- 
able extent parallels the classic theory of systems of linear 
equations. The paper will appear in the Annals of Mathe- 
matics. 


A 

11. A proof of the law of the mean for derivatives has 
been based on the law of the mean for integrals (Goursat- 
Hedrick, Mathematical Analysis, volume I, page 155). Pro- 
fessor Moulton calls attention to an error in the proof, and 
shows how it can be corrected. The hypotheses of the 
theorem proved in this way are more restrictive than when 
proved in another common way. It is pointed out that if 
Denjoy’s generalization of integration is used the derivative 
f'(z) need not be continuous on the interval (a, b), nor in- 
‘tegrable in the sense of Riemann or Lebesgue. The restric- 
tions are that f'(z) must exist and be finite at every point of 
the interval. - 


12. A set E of elements forms a pseudo-group if E satisfies 
a set of properties 2[p1, ps, ---] necessary for an abstract 
group (finite or infinite) and including closure with regard to 
the undefined relations pı, p2, --- generating X. Every group 
is a pseudo-group as are also the semi-groups of Dickson 
and Hilton. In a previous paper Dr. Schweitzer exhibited a 
pseudo-group Z(0) satisfied by 6(z, y) = aly of an abstract 
group. Inthe present paper Dr. Schweitzer constructs further 
pseudo-groups, in particular with reference to distributive 
properties. Among the latter class there exists a pseudo- 
group satisfied by t(z, y) = x ya and r(z, y) = zyx of an 
abstract group and possessing duality with reference to the 
generating relations t(x, y) end r(z, y). This pseudo-group 
2[f, 7] has the property that it is satisfied by any set of 
elements obeying the "additive" and “multiplicative” laws 
of the algebra of logic. Incidentally, a new set of postulates 
for the latter discipline is obtained merely by assuming that 
for the pseudo-group Z[f, 7] the “principle of absorption" 
Ce, r(x, y)] = x is valid. Fundamental for the discussion is 
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the fact that the properties £(z, x) = z, t[e, r(&, y)] = z or y, 
tiz, r(y, 2] = v[£ Go, y), Ei, ail and their duals are valid both 
for the abstract group It, y) = 2 lys, jdm zyx] and 
the algebra of logic [t (z, y) = xy r(x, y) = e+ yl. 


18. Professor Miller's paper appears in full in the present 
number of the BULLETIN. 


14. A given planar set S is said to have a triangular void 
at a point P, if P is the vertex of a triangle containing no points 
of S in its interior. According to a recent result of W. H. 
and G. C. Young (Proceedings of the London Mathematical 
Society, 1918), a planar set having a triangular void at every 
one of its points is of measure zero. Dr. Blumberg gives a 
simple proof of this theorem, and a generalization based on 
the following definition: Let C, be the circle of center P and 
radius r and m,(S, C,) the exterior measure of the portion of 
S in C,; then we define the “upper exterior measure of S at 
P" as 

lim sup m(S, C.) 
r>0 ar ' 


The generalization is as follows: A planar set having its upper 
exterior measure < 1 at every one of its points is of measure 
zero. This theorem is utilized to obtain certain general prop- 
erties of functions of two variables. Extension to higher 
spaces is immediate. 


15. In the proofs which have been given for Green’s funda- 
mental lemma 


f GE y) dads -f P(x, y)dy 


notable restrictions have been imposed upon the houndary. 
The usual condition is that the contour C shall be cut by a 
parallel to the axis of X in a finite number of points or consist 
of a finite number of “regular” pieces. The paper of Pro- 
fessor Van Vleck gave a proof for the general case in which 
Cis merely conditioned to be a simple closed rectifiable curve. 
Over its closed interior P(z, y) is supposed to be continuous, 
while the requirement for 9P/öx is that it shall be properly 
integrable. E. J. Mouton, 
Acting Secretary of the Chicago Section. 
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THE APRIL MEETING OF THE SAN FRANCISCO 
SECTION. 


Tat thirty-third regular meeting of the San Francisco Sec- 
tion was held at Stanford University on Saturday, April 5, 
with the chairman, Professor Cajori, presiding. The total 
‘attendance was twenty, including the following thirteen mem- 
bers of the Society: i 

Professor R. E. Allardice, Professor B. A. Bernstein, Pro- 
fessor Thomas Buck, Professor Florian Cajori, Professor M. 
W. Haskell, Professsor L. M. Hoskins, Professor D. N. Leh- 
mer, Professor W. A. Manning, Professor H. C. Moreno, Dr. 
F. R. Morris, Professor C. À. Noble, Dr. Pauline Sperry, Dr. 

‘J. S. Taylor. 

The next meeting of the Section will be held at the Uni- 
versity of California, October 25, 1919. 

The following papers were presented at the April meeting: 

(1) Professor R. E. Atnarpice: "Note on the sextic with 
eight cusps.” 

(2) Professor FLORIAN Casonrt: "Observations on the de- 
velopment of algebraic notations." 

(3) Dr. J. S. TAYLOR: “A set of five postulates for Boolean 
algebras in terms of the operation ‘exception. ” 

(4) Dr. PAULINE Sperry: “On the work of Gabriel Marcus 
Green in the field of projective differential geometry." 

(5) Dr. Y. R. Caro: “A note on ‘continuous’ mathe- 
matical induction.” 

(6) Professor L. M. Hoskıns: “Effect of the asssumption 
of variable elasticity upon estimates of the rigidity of the 
earth.” 

(7) Professor W. A. MaxuiNG: “A fundamental theorem 
for simply transitive primitive groups." 

(8) Professor E. T. BELL: “On the number of representa- 
tions of an integer as à sum of 3, 5, 7, 9, 11, or 13 squares." 

(9) Professor E. T. BELL: “ On the number of representa- 
tions of 2n as a sum of 2r squares." 

(10) Dr. L. L. Smart: “Summability of double series.” 

Dr. Chao was introduced by Professor Bernstein. The 
papers of Professor Bell and Dr. Smail were read by title. 
Abstracts of the papers follow. 
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1. In his note on the sextic with eight cusps, Professor 
Allardice finds the equation of this curve, and establishes the 
relations that connect the eight cuspidal points. 


2. Professor Cajori observes that the adoption of algebraic 
notations is subject to two opposing forces: (1) The disinclin- 
ation of mathematicians to memorize many symbols, (2) The 
convenience and power acquired from a well-chosen symbol- 
ism. In elementary algebra no large group of symbols in- 
vented by any one author has ever been bodily and perman- 
ently adopted; each symbol had its own struggle for existence, 
dependent not only upon merit but also upon particular con- 
figuration of circumstances. Bi-asymmetrical marks other 
than the numerals and letters of alphabets. hardly ever sur- 
vived. Notations have crossed national boundaries less easily 
than have principles and processes. There still exist side by 
side certain Juplicate notations, rendering elementary algebra 
unnecessarily difficult. There is little precedent to indicate 
how much in the acquirement of desirable notations can be 
achieved by national and international organization. 


3. Dr. Taylor presents a set of five comparatively simple 
postulates in terms of the operation “exception” with a 
proof of their consistency, independence, and sufficiency for 
the logic of classes. The complete existential theory of the 
five poszulates 1s then developed, followed by a short dis- 
cussion of the relative importance of the element 1 and nega- 
tion (not-a). In order to show that each is as powerful ` 
as the other in one respect at least, a,second set of postulates 
is presented in which, instead of postulating the element 1 
and defining not-a, not-a is postulated and the element 1 de- 
fined, a thing which curiously enough has never been done 
heretofore. 


4. Ina brief résumé, Dr. Sperry recited some of Dr. Green’s 
more important contributions to the theory of projective dif- 
‘ferential geometry, emphasizing especially his work on (a) 
the geometry of one-parameter families of space curves, and 
conjugate nets on a curved surface, and (b) the general theory 
of curved surfaces and rectilinear congruences, as best illus- 
trating the uniqueness of his analytic methods and the keen- 
ness of his geometric intuitions. 
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5. Dr. Chao proves a theorem concerning a propositional 
function (x) defined for a real interval and satisfying the 
following two conditions: (1) (a) is true; (2) there exists a 
constant A in the interval such that (x) implies g(x + ô) for 
| 0«68 S A. 


6. Estimates of the rigidity of the earth are based upon the 
comparison of the actual yielding of the earth to tidal and 
centrifugal forces, as inferred from certain refined measure- 
ments, with the computed yielding of an elastic sphere having 
the dimensions and mass of the earth. The solution of this 
problem is known for a compressible sphere of uniform den- 
sity, and for an incompressible sphere in which the density 
varies with distance from the center; the elastic moduli being 
in both solutions assumed to have uniform values throughout 
the body. Professor Hoskins has obtained the solution for a 
class of cases in which the elastic moduli as well as the density 
vary with distance from the center, and has obtained numer- 
ical results for a series of cases conforming closely with what 
is known regarding the actual properties of the earth. It is 
found that the known observational results are in close har- 
mony with the computed strain of a sphere in which the elastic 
moduli are assumed to vary continuously from surface values 
based upon the known properties of rocks to values between 
six and seven times as great at the center. This would give 
& value of the modulus of rigidity at the center of about 
1.70 X 10% C. G. S. units—about double the value for steel. 


7. The theorem stated by Professor Manning is to this 
effect: If the subgroup that leaves one letter of a simply trans- 
itive primitive group fixed has a multiply transitive constitu- 
ent, of degree m say, then one of two things must occur; either 
all the transitive constituents of the subgroup that fixes one 
letter are multiply transitive groups of the same degree m in 
. simple isomorphism, or at least one transitive constituent of 
the maximal subgroup in question is of a degree greater than 
m and a divisor of m(m — 1). 


8. Defining as a primitive function of a positive integer n 
one whose values may be calculated from the real divisors of 
n alone, and as a simple function any sum of a finite number 
of primitive functions whose arguments form a recurring 


‘398 MEETING OF THE SAN FRANCISCO SECTION. [June, 


series of the second order, Professor Bell determines all cases 
in which the number of representations of an integer as a sum 
of 3, 5, 7, 9, 11, or 13 squares is simple. ‚The integers to be 
represented are classified first according to their linear forms 
modulo 8. For 3, 5, 7, 9 squares all possible cases are simple; 
for 11 or 13 squares only some are simple, and for 15, 17, 19, 
21, 23, 25 squares none are simple. "The criteria deciding this 
seem to indicate non-simplicity for all odd numbers of squares 
> 25; hence a special interest attaches to the cases treated 
in the paper. The resulting formulas are well adapted to 
numerical computation, and a comparison with the existing 
formulas for 5 or 7 squares (Eisenstein, H. J. S. Smith) shows 
a marked saving of labor in actual use. For 3, 5 and 7 squares, 
and for some cases of 9, 11 or 13, the number of representations 
may be calculated by several rapid recurrences. An inter- 
esting by-product of the determination for 3 squares is a new 
derivation of the class number for a negative determinant by 
finite processes only. This leads to results, in finite form, 
which also easily yield numerical values, and which should be 
of use in the construction of tables beyond those existing, 
should the necessity for such arise. 


9. In two papers Liouville (Journal de Mathématiques, series 
2, volume 6, 1861, pages 233,369) gave four general formulas 
vrelating to the number of representations of 2n as a sum of 2r 
squares. These contain as very special cases all the known 
instances in which such representations are either primitive 
or simple as defined in the preceding paper. Liouville sup- 
pressed both the proofs and the essential detail of showing 
how the undetermined coefficients, without knowledge of 
which his formulas cannot be used, may be found; these are 
supplied in Professor Bell’s second paper. In proving the 
formulas it appears that similar general theorems exist for 
2n + 1 as a sum of Ze squares, and that corresponding but 
less elegant results may be stated for both 2n and 2n + 1 as 
a sum of 2r + 1 squares. Total and proper (as defined by 
Eisenstein) representations are treated by one analysis. 


10. In a recent paper in the Annals of Mathematics (Decem- 
ber, 1918), Dr. Smail has given & general method of summa- 
tion for divergent series, based on a summation formula in- ` 
volving & function undefined except for certain restrictive 


i 
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conditions, In the present paper he extends this method to 
double series, and discusses the application of the method to 
convergent double series. It is found that the summation 
functions of the familiar methods of Cesaro, Hólder, Borel, 
LeRoy, Riesz, Vallée-Poussin, etc., can be used d in building up 
summation formulas for double series. 
B. A. BERNSTEIN, 
Secretary of the Section. 


ON A CERTAIN GENERATION OF RATIONAL 
CIRCULAR AND ISOTROPIC CURVES. 


Ax BY PROFESSOR ARNOLD EMOH. 
(Read before the American Mathematical Bociety December 28, 1917.) 
1. Introduction. 


A CIRCULAR curve contains the circular points at infinity, 
or the isotropic points of the plane, as single, or as singular 
points. A plane isotropic curve is defined as a curve, all of 
whose infinite points are absorbed by the isotropic points. 
The equation of such a curve, which is necessarily of ever 
order, in eartesian coordinates m&y be written in the form 


(1) (+ y)* + eis, y) = 0, 


in which (z, y) is a polynomial of degree 2k — 1 at most. 

If P(£, n) is a fixed point and A(z, y) any other point so 
that PA = p, and 0 the angle between PA and the posi- 
tive direction of the x-axis, then the coordinates of A are 
z= + pcos, y = n+ psin0, and satisfy equation (1) 
when 4 is on the curve. The condition for this is an equa- 
tion of the form 


(2) trete +--+ -+ aap F es = 0, 
in which aı, a, +--+, Œg} are coefficients, which, in general, 
depend on £, n, 0 and the coefficients of (1); while ass is 


independent of 8. The roots pi.ps, :::; Pas of (2) are the 
distances PA; (i = 1, 2, 8, ---, 2k) of the points of inter- 
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section Ai, de, * - *, Aan of the transversal through P, including 
an angle @ with the positive part of the z-axis. Evidently 
the product 


(3) P1p2*** Pak — Ak 


is constant for all transversals through P. 

This constant product is called the power of the point P with 
respect to the isotropic curve. This is one of the principal 
properties* of an isotropic curve. In fact an isotropic curve 
may also be defined by this property. In this paper I shall 
establish the necessary and sufficient conditions for the form 
of parametric representation of rational circular, in particular 
of rational isotropic curves, and their generation by rational 
transformations in a complex plane. As an application the 
complete representation of all rational circular cubics, and 
all rational isotropic quartics will be given. 


2. Parametric Representation of Rational Circular and I sotropic 
Curvea. 
Let 
_ FO _ &© 
(4) z-— H (t) DH y= H(t) , 


in which F, G, H are polynomials in t, with real coefficients, 
without z common factor, represent a rational curve. To 
real values of ¢ correspond real values of x and y, or real points 
on the curve. The curve passes once through each of the 
isotropic points, when for a complex value t; of t 


©) Die, lim) e, im (4) = +3, 


Dm imti NS 


and, as a consequence, also for the conjugate value i 


6) Gi c lmg-e m(ije-i 
tali tok tat, \* 

The algebraic sign of i might, of course, be reversed. From 

this it follows that a necessary condition that the curve (4) 

pass through the isotropic points is that H(t) = 0 has complex 

roots which are not common to F(t) = 0 and G(t) = 0. But 


* E. Pascal, Repertorium der höhern Mathematik, vol. 2 (first half), 
pp. 436-438 (1910). 
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complex roots of A(t) = 0 occur in conjugate pairs. Let 
ti, ty; te, ty; +++; te, tp be complex roots of this equation, so 
that H(t) may be written in the form 


N H()-[(—5)6— t) --- (— tlt — à) h) 
(6 — WEG), 


where &(¢) is a polynomial in t, which contains none of the 
other factors of H(t). The two brackets in (7) may be written 


in the form 
GL ott + a... + Ok, 


(Lait? at... + Ob, 
and are clearly conjugate expressions, so that the first may 
be written in the form r — is, the second in the form r +i, 


in which r and s are in general polynomials in ¢ of degree k. 
Hence, (7) has the form : 

(8) Hu = Git JE). 

Incidentally we have proved 

TuxonEM 1: If a polynomial equation with one unknown, 
and real coefficients, has only imaginary roots, then the poly- 
nomial may be represented as the sum of the squares of two other 
polynomials. 

Suppose now that i, satisfies the equation r — is = 0, 
and that for this value of ¢ not both r and s vanish simul- 
taneously. Then t; according to (5), defines an isotropic 
point of the curve, when t; is a root of the equation 


(9) G(t) — iF(t) = 0, 


or 


and 


F + iG) = 0. 


Consequently, when the roots t, ts, +++, i of r— is = 0 
all define isotropic points, (9) may be written in the form 


(10) FQ + iG(t) = (r — it), 


where W(t) is a polynomial in ¢, which in general, has complex 
coefficients, and which, when u and » denote polynomials in 
t with real coefficients, may be written in the form 


P(t) = u + i. 
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u and v must not vanish identically simultaneously, and may 
reduce to constants. Now 

(r — 4s) (u + iw) = ru + 8? + ilro — su), 
so that from (10) 
(11) F(t) = ru + sv, 


G(t) = ro — su. 
Hence 
THEOREM 2: Every rational circular curve may be para- 
metrically represented in the form 


" ru + si 
" teg 
(12) 
p rho c M 
YS (n she 


where all letters on the right hand side stand for polynomials 
in t, such that r and e have no common roots. The polynomials 
ru + sv, rv — su, (r + 8*)b, likewise have no common roots. 
When the degree of r* + s* is 2k, then the curve has each of the 
circular pcints as a k-fold point. Conversely, from (12) follows 
readily that every parametric representation as defined by (12) 
represents a circular curve with the circular points as k-fold 
points. 

When ® reduces to a constant, which we may place equal io 1, 
and the degrees of ru + sv and rv — su are equal to or less than 
that of f? + 8, all infinite points of the curve are at the circular 
points, so that, in this case, the curve is isotropic. 


3. Isotropic Curves in a Complex Plane. 


. From the parametric representation of an isotropic curve 








p muto fa, PO SU 
(13) are Far 
we find 
, ., uti 
(14) ipm. Say 


If we replace 1 in u, v, r, s by the complex variable 


t=s=a+y, 
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and put z' + iy' = z', (14) assumes the form 

(15) x! = f(z)/9(2), 

in which f(z) = u + to, g(z) = r + is, and f(z) is a polynomial 

whose degree is at most equal to that of g(z), and has no factor 

in common with g(z). Moreover g(z) has no real roots. Hence 
THEOREM 3: By the rational transformation 


z = f(z)/9@), 

in which f(z) and g(z) are polynomials as defined above, the real 
axis of the z-plane is transformed into a rational isotropic curve. 
On the other hand, when f(s) and g(z) are arbitrarily given in 
advance, subject to the conditions that the degree of f(z) 18 at most 
equal to that of g(z), that g(x) = 0 has no real roots, and f(z) = 0 
and g(z) = 0 have no common roots, then (15) always defines an 
isotropic curve. 

The proof of the second part of the theorem follows easily 
DAE equations (14) and (13) from (15) in the reversed 
order. 

Instead of separating in f(z) and g(z) the terms with real 
coefficients from those with complex coefficients, as under- 
stood in (14), we can also separate all real from all imaginary 
terms, when considering f(z) and g(z) as polynomials in z and 
y. Thus, from (15) we get an expression for 2‘ of the same 
form as (14), but in which u, v, r, s are now real polynomials 
in z and y, which satisfy the Riemann-Cauchy differential 
equations. Formulas (13), with the new meaning of u, v, 
r,'s, represent the same isotropic curve as before, if we let 
y = 0, and if we let z = ¢ assume all values of the real axis. 

When in (15) z describes the real axis, the cartesian equa- 
tion of the corresponding isotropic curve described by 2’ is 
obtained in the following manner: For the real axis z = 2; 
consequently, when 


F@) = aye tor": + om, 
ge) = ben + bua + bar? + ++ + bw 
with m < n, we have the conditional equations, 
2 (boz^ + bia" + bat? + +++ + ba) 
— (en + ait + agg? + bas) = 0 
Sites + Bari + Bear? + «++ + By) l 
— PH + a + +++ H üs) = O. 


(16) 
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The resultant of these two equations in z is a polynomial in 
z' and 2’, which, when set equal to zero, and on replacing =’ by 
a’ + wy’, 2 by x’ — ty’, reduces to the ‚required equation of 
the isotropic curve. As both equations in (16) are of degree 
n, the degree of this curve will, in general, be 2n, which is 
also apparent from (13). This method of finding the curve 
described by 2’, when z describes the real axis, is valid for 
any rational transformation between z and z', and includes 
the generation of all rational circular curves. 


4. Rational Circular Cubics. 


As an example for this method, the cartesian equation of 
all rational circular cubics, with the origin as a singular point, 
will be derived from the corresponding rational transforma- 
tion of the superposed complex plane 


e+taztb 
(a+ i)z + Cy + 38)" 


where a, b, a, B, Y, ô are real, and ad — By +0. Equations 
(16) have now the form 


(18)  s-[a— (æ+ ibil t b (y+ 38) = C, 
(19 2+ [a— (a — i8)z]a +b — (y — iô)? = C. 


Eliminating z between (18) and (19), the resulting equation 
in the cartesian plane reduces to 


(x8 — Bry) (a? + y?) (Bz' + ay’) + (8 — abi + b8*)z^ 
(20) + (276 — goë — aby + 2ba)z'y' 
+ (E — aay + boe)y? = 0 


This may represent any rational circular cubic, with the 
singular point at the origin, by choosing a, b, a, B, y, 9 properly. 





(17) = 


5. Rational Bicircular Quartics. 


Instead of treating quartics in the same manner as circular 
cubies, the reversed order will here be followed. The problem 
now is, to find the rational transformation in the complex 
plane, when the equation of the curve is given. The equation 
of any bicircular rational quartic, with the origin as a singular 
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point, may be written in the form 
(21) (2? + y'3)* + Loi + By!) (a2 + am 
— (P + ap)? + bey + cy? = 0, 
in which p is the distance from the origin of one of the four 
points of intersection of the quartic with the 2’-axis. 
The circle l 
(22) x+y — pz' — Qty’ = 0, 


through this point and the origin, cuts the quartic in only one 
variable point, corresponding to the parameter t. The coordi- 
nates of (21) can therefore be expressed rationally in terms of 
t, by solving (21) and (22) simultaneously. The result is 


(23) a PPH 26t-+c)?— 2t(4pt+ 2at-+ Bp-- b) (484-2814-c) 
- (+F OF (Apt + 2at+ Bp tbe” 
2t(Apt+2at-+ Bp+b)? 
(24) y= ZPPH 26t-+ 0) (4pt--2ot-- Bp+b) 
(4P + 26t + c)? + (4pt + 2ot + Bp + b) 


If we put 47+ 28t + c = r, 4pt + 2at + Bp +b — s, (23)- 
and (24) may be written in the form 





(25) sre 
7 — su 
(26) y= Sig 


which is in agreement with the general result contained in’ 
(13), in which » = 0. Hence 


U 
rb ag? 

or, putting ¢ = z, 

8 — 4(a + p)a* — 2bz + cp 

— 4x + [28 + i(4p + Zeib + i(Bp + b) 


is the required transformation, which transforms the real 
axis into the given rational bicircular quartic. 


(Q7). s 
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For example, Bernoulli’s lemniscate 


(28) tem + wg — Qa2(2’? — y?) = 0 
is obtained by the transformation 

|. av — 1) 
GE er gl 


6. Transformation of a General Algebraic Curve in the z-Plane. 


Instead of restricting ourselves to the rational transforma- 
tion of tha real axis in the z-plane, we may ask the question, 
what effect the transformation (18) has upon an agebraic 
curve C of the order p and of deficiency p, when u, v, r, 8 
are obtained as polynomials of z and y from the rational 
transformation (15), in which the degree of g(z) is n, that of 
f(z) m, with m <n. When C does not pass through the 
common intersections of the, curves r = 0 and s = 0, C will 
intersect the curve 7? + s? = 0 in Zum imaginary points which 
by (18) are transformed into the circular points at infinity. 
Each circular point is therefore a un-fold point of th» trans- 
formed curve OI. Now to a straight line D in the z'-plane 
corresponds in the z-plane a curve I of order 2n. This curve 
l cuts C in 2un points, which, conversely, are transformed into 
the 2un intersections of / with C’. The order of C’ is there- 
fore 2un, and as the circular points absorb all 2un infinite 
points of C', this curve will be an isotropic curve. According 
to Clebsch,* the deficiency of C’ is the same as that of C, so 
that a rational curve C is transformed into a rational isotropic 
curve C. Evidently nothing in the generality of representa- 
tion of rational circular and isotropic curves is lost by taking 
in place of a general curve C, the real axis. It is therefore 
not necessary, for our purpose, and in this place, to give 
further details of the relation between C and C”. 


* Vorlesingen uber Geometrie, vol. 1, pp. 661-674 (1876). 
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THE SELF-DUAL PLANE RATIONAL QUINTIC. 


BY PROFESSOR L. E. WHAR. 
^ 


A SELF-DUAL curve is defined to be a curve which has the 
same number of cusps and double points as it has inflexional 
tangents and double tangents respectively; and furthermore 
there are correlations—including polarities—which send the 
curve into itself. ` 5 

Haskell, in this BULLETIN, January, 1917, found the maxi- 
mum number of cusps of an algebraic plane curve, and enumer- 
ated the self-dual curves. The well known binomial curves 


a" = qo" 7267 


have been extensively studied and shown to be self-dual.* 
The case of the rational plane quartic has been considered in 
my dissertation at the Johns Hopkins University.} 

‚We here consider briefly the quintic. Since the class of the 
curve is to equal the order, we have as the fundamental 
equation, 

^ = n(n — 1) — 2d — Be, 


where d is the number of double points and c the number of 
cusps. Hence we have for the quintic, 
2d + 3e = 15,. 

an equation which has three solutions, as follows: 

UI d=0, c=5, 

2) d=3, c = 3, 

(3) d=6, c=1. 
‘Case (3) may arise from the degenerate quintic composed of a 
conic and a cuspidal cubic. 


The second case, that of the rational quintic, is the one to 
be considered here. Furthermore, we consider the curve which 


* Loria, Spezielle Ebene Kurven p. 308; Wieleitner, Algebraische 
Kurven, p. 186; Snyder, American ournal, vol. 30; Winger, American 
Journal, vol. 36. 

ł “The self-dual plane rational quartic,” Dissertation, Johns Hopkins 
University, May, 1913. 
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is self-dual in all possible ways, which will be invarian- under 
the largest possible group of transformations. The cusps then 
will be distinct. By taking the products of the correlations 
two at a time we obtain the collineations of a collineation 
group under which the curve is self-projective. These must 
interchange cusps, say, in all possible ways, and hence the 
curve must be invariant under a Gs composed of a esche ga, 
the elements of which interchange the cusps cyclically, and 
three elements, obtained by adding to the gs an element of 
period two, ard which leave one cusp fixed while interchanging 
the other two. 

Now the equations of the rational quintic invariant under 
the dihedral Gs are* 


(1) zy = Č + 5’, zı = 56-41, ss BLL 


The flexes -are @+ 1, and the cusps ? — 1. The G, is gen- 
erated by the elements 


(2) t=, tell, (w = 1), 
with the appropriate ternary transformations 
(3) Xo’ = Xo, ei = QU Ta = Ot. 


(4) Xo = Ti; xy’ = o, Xe! = ©. ! 


Let us now add a correlation which will send any point of 
the curve into a line of the curve, and vice versa. In par- 
ticular we desire a correlation that will interchange cusps and 
flexes, and likewise double points and double lines. 

In order to obtain the correlation we need the line equations 
of the curve, which are obtained by taking the Jacobians of 
(1) two at a time, and are 


(b beör-l, heit), br lürtr* — 1). 


The binary transformation ir = — 1 will send the, cusp 
i = 1 into the flex line r = — 1, and conversely. Let us ask 
that this send any point of the curve into a line of the curve. 
Now any point of the curve is 


(6) EX + 5£) + EGB + 1) + & t 2) = 0 
and any line is, 


(7) a(S — 1) + zr — 5) — zl0r(r — 1) = 0. 
* See Winger, 1. c., p. 73. 
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Making the substitution, {= — Ir in (6), we have, after 
simplifying, 

(8) £o(57° — 1) + El — 57°) + &(r — 75 = 0. 

By identifying (7) with (8) there results the polarity 

(9) £o = to, Dez & = 102. 


: Combining (9) with the elements of the collineation group 
Gs, we obtain altogether six correlations which leave the curve 
unaltered. The latter statement is true since elements of the 
Ge send any point of the curve into a second point, and this 
transformation followed by (9) must send the original point 
into a line of the curve. The correlations, with the elements 
of the Gs, make up a Gs of collineations and correlations under 
which the curve is invariant. The following table gives the 
elements of the group, binary and ternary: 


Collineations. 
zy ay! Xe! v 
1 = s =%, | =a, =t 
8 To, oxi, wa, wt, 
8 `> To, e, Wis, a wt. 
T: ts To, To, It. 
ST: Edi DEn, W Ts, wjt 
ST Tis Gira, wre, w/t 
Correlations. 
£o & & T 
De = to, = Ti, = 102, == 1/t 
Hos Zo, WE], 10oz,, = wjt 
IS? To, c^, 10wxz, Met wjt 
UT Ti, Zo, 1025, —t 
Ilo (S T) Zi wto, 10w!r;, — ot. 
To: (ST): T1, wx, AOcx2s, — oí. 


It is easily verifiable that these elements have the group 
properties. Only the first four of the correlations are polari- 
ties, and of these IoT alone refers to a real conic, the equation . 
of which is 

Tot + 5r? = 
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This conic is tangent to the curve at t = 0, t = ©, and inter- 
sects the curve at six other points. At one of the latter points 
a tangent to the conic is, tangent to the curve at some other 
point. We may summarize with this theorem: The self-dual 
plane rational quintic admitting of the greatest possible number | 
of correlations is invariant under a Gis consisting of collineations 
and correlations. 


THROOP COLLEGE, 
Fetruary, 1919. ` 


. GROUPS CONTAINING A RELATIVELY LARGE 
NUMBER OF OPERATORS OF ORDER 
' TWO. 


BY PROFESSOR G. A. MILLER. 
(Read before the American Mathematical Society March 29, 1919.) 
$1. Introduction. 


Ir is well known that every group which contains at least - 
one operator of order 2 must contain an odd number of such 
operators and that there is an infinite number of groups such 
that each of them contains exactly 2m + 1 operators of order 
2, where m is an arbitrary positive integer or 0. It is also 
known that if exactly one half of the operators of a group 
are of order 2 then the order of this group must be of the- 
form 2(2m + 1) and it must be the dihedral or the gener- 
alized dihedral group of this order. Moreover, it has been 
proved that a group G of order, ` 


g = 2*(2m + 1) 


cannot contain more than 2*m + 2* — 1 operators of order 2, 

a being an arbitrary positive integer, and whenever G contains 

this number of operators of order 2 it is either the abelian 

group of order Ze and of type (1, 1, 1, ---) or it is the direct 

product of the abelian group of order 2* and of type (1, 1, 

1, ---) and the dihedral or the generalized dihedral group of 
order 2(2m + 1).* 


* G. A. Miller, this BULLETIN, vol. 13 (1907), p. 235. 
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From these theorems it results directly that when the order 
of a group is given but no other restrictions are imposed on 
the group, it is always possible to find an integer which repre- 
sents the upper limit for the number of operators of order 2 
, contained in a group of this order, and also to state how many 
groups of this order contain this number of operators of order 
2. In particular, there is no group of order 1,000 which con- 
tains more than 

23.62 + 23 — 1 = 503 


operators of order 2, and there are exactly three groups of 
order 1,000 which contain separately 503 operators of this 
order since there are three abelian groups of order 2°, p being 
a prime number. 

When the number of operators of order 2 contained in G 
exceeds g/2, this excess cannot be an even number, for if it 
were an éven number 2m it would result that the order of G 
would have to be twice an odd number. In fact, if we let 
2k represent the number of the operators of order greater than 
2 in such a group, it would follow that 


2k + 2m + 1 = 9/2. 


Since a group whose order is twice an odd number contains & 
subgroup of half its order composed of its operators of odd 
order, it results that m — 0 whenever 2m represents the num- 
ber of the operators of order 2 in excess of half the order of 
the group. That is, whenever more than half of the operators 
of a group are of order 2 this excess is an odd number. This ele- 
mentary theorem will be generalized in the following section. 

Let 9/2 — k, k being a positive integer, represent the num- 
ber of the operators of order 2 contained in G. When k is 
even, g is of the form 2(2m + 1) and hence G contains a sub- 
group of order 2m +1. If t represents any operator of order 
2 contained in G, the product of t and an operator in this 
subgroup of order 2m + 1 cannot be of order 2 unless ¢ trans- 
forms this operator into its inverse. As all of the operators 
of a group must correspond to their inverses whenever more 
than three-fourths of them correspond to their inverses in an 
automorphism of the group, it results that when k is even 
2m + 1 < 4k. In particular, there is only a finite number of 
groups which satisfy the condition that the number of their oper- 
ators of order 2 is equal to half the order of the group minus a 
given even number. 
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While the number of the operators of order 2 contained in a 
group cannot be equal-to one half of the order of the group 
plus a positive even number, it can be equal to one-half the 
order of the group minus an arbitrary positive number. In 
fact, there is a cyclic group such that the number of its oper- 
ators of order 2 is g/2 — k, k being an arbitrary positive integer. 
The order of this cyclic group is clearly 2(4 +1). Whenk=2 
or 4 there is no other group satisfying the given condition, 
but when k = 6 there is also a non-cyclic group of order 18 
which involves exactly 9 — 6 = 3 operators of order 2, as can 
easily be verified. 


$2. Groups in Which More Than One-Half of the Operators 
are of Order Two. 


Whenever more than one half of the operators of G are of 
order 2, this excess must be an odd number, as was noted 
above. We shall now prove that this odd number is always - 
of the form 2* — 1. When G is abelian and of type (1, 1, 1, 
3 it is evident that this condition is satisfied. In all other 
cases G contains a non-invariant operator s; of order 2. Let 
H, represent the subgroup of G composed of all the operators 
of G which are commutative with s; and let G — H; represent 
the totality of the operators of G which are not contained in 
H,. Since each of the operators of G — H; is non-conmuta- 
tive with s, it results that at least one half of these operators 
have orders which exceed 2, and hence.more than one half 
of the operators of Hı are of order 2. 

When H, is abelian it must be of order 2* and of type 
(1, 1,1, ---). Ifitis non-abelian, it contains a non-invariant 
operator 84 of order 2, and we let H, represent the subgroup 
composed of all the operators of H, which are commutative 
with ss. The totality of operators Hı — H; will again contain 
atleast as many operators whose orders exceed 2 as the number 
of its operators of order 2, and the central of H4 must exceed 
that of H;, which, in turn, exceeds that of G. By continuing 
this process we must arrive at an abelian group Hm composed ` 
of all the operators of Hm- which are commutative with one 
of its non-invariant operators Ze of order 2. The subgroup 
Hm has an order of the form 2" and is of type (1, 1, 1, -:-). 

Since Hm is a subgroup of G it is well known that all the 
operators of G may be uniquely represented as follows: 


Hat Hals T Hints + re + Hat. 
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As H, contains each of the operators $1, 82, © * *, 8m, It is evident 
that atleast half of the operators in each of these co-sets have 
orders which exceed 2. On the other hand, there is at most 
one of the co-sets Hals, Hals, -+ +; Hat, in which the number 
of operators whose orders exceeds 2 is rger than the number 
of its operators of order 2. To prove this fact it is only neces- 
sary to observe that the number of operators of order 2 in 
HL 2 Ê a S y, is equal to the order of the subgroup of Hy 
composed of its operators which are commutative with t If 
this order were less than 27 for two values of a the number 
of operators of order 2 contained in G would be less than 9/2, 
2" being the order of Hm. 

If the number of operators of order 2 in each of the co-sets 
Hata, Hals, +++, Hmt, is equal to 273 then Zei répresents also 
the excess over g/2 of the number of the operators of order 2 
contained in G. If one of these co-sets Ht, contains more 
operators whose orders exceed 2 than operators of order 2 
this excess is equal to the number of operators of order 2 
which are both contained in H, and commutative with 1 
Hence it has been proved that whenever the number of the oper- 
ators of order 2 contained in a group exceeds one half of the order 

. 0f the group this excess must be of the form Ze — 1. 

From the theorem which has just been proved it is easy to 
find the form of all the possible ratios between g and the num- 
ber of operators in G whose orders exceed 2 whenever g is of 
the form 2*. In fact, this number is evidently 2*7! — 2° and 
hence this ratio is always of the form 


i 9b 98 
Zi. Ge BP T° 


Moreover, there is an infinite system of such groups for every 
positive integral value of 8 > 1.* It may also be noted that 
whenever one of the co-sets Ht, 2 € a € y, involves more 
operators whose orders exceed 2 than operators of order 2, 
this co-set is composed of all the operators of G which 
are commutative with less than one half of the operators of 
Ha. Hence this co-set involves the inverses of all its operators 
and therefore each of its operators transforms H» into itself. 
As one of these operators is of order 2 this co-set and H. gen- 
erate a group whose order is twice the order of Hm, and hence 
the order of each operator of this co-set is a divisor of 4. 


* G. A. Miller, Annals of Mathematics, vol. 7 (1908), p. 57. 


4 
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We proceed to prove that whenever g is not of the corm Ze 
then exactly one half of the operators in each of the co-sets 
Hi,, 2 S a S y, are of order 2. If this condition ware not 
satisfied, A, would involve an operator e which would be 
commutative with an operator t of odd order contained in G 
and woulc transform into its inverse an operator f’ cf order 
4 found in the co-set in which more than half the operators 
would be of order 4. This follows directly from the fect that 
all the operators of the co-set involving ¢ are commutative 
with exactly half the operators of Hm while 7’ is commutative 
with at most one fourth of the operators of this subgroup. 

Let Hi 5e the subgroup composed of all the operators of G 
which are commutative with sı. If the product of d and an 
operator GI of order 2 which is found in H, but not in Hm had 
an order larger than 2 then &/ and ¢’ would be commutative 
since this product would be transformed into its inverse by 
sı and hence (u)! = Ui, Therefore,-it results thet t is 
transformed either into itself or into its inverse by all the op- 
erators of the group generated by the operators of order 2 
found in H, but not in Hm. These operators clearly generate 
Hı, since H, involves an operator of odd order and this cperator 
must be contained in each of its subgroups of index 2. 

Since € could not transform ? into its inverse it follows that 
é and H are commutative. Their product must be transformed 
into its inverse by s; and hence we are led to the contredictory 
equation 

(t3 = DÉI 


As the assumptions that one of the given co-sets contains more 
operators of order 4 than of order 2 and that the order of Gis 
divisible by an odd prime number led to a contradic-ion, we 
have proved that exactly half of the operators of each of these 
co-sets must be of order 2 whenever g is divisible by an odd 
prime. \ 

It will now be proved that the subgroup of index 2 under 
Hm composed of all the operators of Hm which are commuta- 
tive with 2, is the same for every value of a from 2 toy. If 
this were not true, the subgroup formed by the operators of 
Hm which are commutative with t would involve an operator 
4, which would transform into its inverse an operatcr i; not 
found in the subgroup H, composed of all the operators of 
G which are commutative with &. Just as before, we may 
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prove that f, is commutative with t because it is transformed 
either into itself or into its inverse by all the operators of order 
2 contained in H, but not in H,. 

Moreover, it, is transformed into tte = IC) whenever 
the order of this product exceeds 2. If this order were 2,8 
would transform (th)? = Ph? into Ai? = Ph. As this leads 
to a contradiction and as it, is also transformed into ty by 
41, it results that the two assumptions that G contains operators 
of odd order and that some of the operators of H,, which are 
commutative with a certain L are not commutative with 
every tp 2 Sa Sy, are contradictory. It therefore results 
that exactly half of the operators of Hm constitute the central of 
G whenever g is divisible by an odd prime number. 

Let K represent the central of G and suppose that g is 
divisible by an odd prime number. The quotient group G/K 
has an order which is divisible by all the odd divisors of g 
and at least one half of its operators are of order 2. If exactly 
half of these operators are of order 2, this quotient group is 
either the dihedral or the generalized dihedral group whose 
order is of the form 2(2m + 1). ` If'more than one half of its 
operators are of order 2, we may proceed as above and find a 
second quotient group in which at least one half of the oper- 
ators are of order 2. Hence we have established the following 
theorem: If the order of a group is 2*(2m + 1), m > 0, and af 
more than one half of its operators are of order 2 then this group 
contains an invariant subgroup of order 2°! and the correspond- 
ing quotient group is either the dihedral or the generalized dihedral 
group of order 2 (2m + 1). 

The subgroup of G which corresponds to the subgroup of 
order 2m + 1 in the quotient group does not involve any 
of the operators of H,, which transform each of the operators 
of G whose orders exceed 2 into their inverses, since more 
than one half of the operators of the former subgroup have 
orders greater than 2. This subgroup must be abelian since 
all of its operators whose orders exceed 2 correspond to their 
inverses in an automorphism and the products of these oper- 
ators must also correspond to their inverses. It therefore 
results from the preceding theorem that, of a group whose order 
is divisible by an odd prime number has the property that at lec st 
one half of its operators are of order 2, it is either a dihedral or o 
generalized dihedral group. It also results that D. is identical 
with Hı whenever g has an odd prime factor but this is not neces- 
sarily true when g is of the form Ze, as can easily be verified. 
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THE DERIVATIVE OF A FUNCTIONAL. 


BY PROFESSOR P. J. DANIELL. 


In his book on Integral Equations* Volterra has given & 
definition of the derivative of a functional and has stated 
somewhat restricted conditions under which the variation can 
be expressed as a linear integral. In the present paper it is 
shown that, under more general conditions, the variation is & 
linear functional in the sense of Riesz* and, therefore, a Stieltjes 
integral. This theorem is assumed as a condition in a paper 
by Fréchet. Let 


H 
FG] 
denote a functional F of a continuous function fx)(a Sx Sb). 


With Volterra we shall consider only continuous functions. 
Let us denote the first variation by 


. 1 
D(fio- lim ; (Uf + eg] — FI). 
In place of Volterra's four conditions we take the two follow- 


ing: 
I. F[f| satisfies the Cauchy-Lipschitz condition, namely 
that we can find a number M such that . 


| Fifi] — Fife]| < M max|fi(z) — fo(x)|. 


IL The first variation D(f’ ; ¢) exists for all continuous ¢, 
and all continuous f’ in the neighborhood of f; that is to say 
that a number 7 > 0 can be found so that the variation exists 


so long a3 
max|f’(«) — F| S 


Under these conditions the variation is a linear functional, 
and therefore a Stieltjes integral, 


Du: ei [ ed. 


* V. Vclterra, Equations Intégrales, p. 12 et seq. F. Riess, Annales 
de VEcole Normale Supérieure, vol. 31 Bid), p. 9. 
+M. Fréchet, Transactions Amer. Math. Society, vol. 15 (1914), p. 185. 
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In the first place 
DG ; le) = lim z (FU + del — FIA) 
= D "el, 
If we choose e > 0 so sinall that 
e| | max | g1|-+ e| m | max| e| € n, 

D(f + emp ; pi) will exist by II, and 
PI + de + emg: — Ff + emos] = dD(f + emos; p1) + 66, 
FIS + del — Ff] = dD(f ; e) + e, 
where ô, 8’ approach 0 with e. Then 

Pie, mgs) = lim = (Ff + de + emer] — HU 7 emer) 
OI: — Fif+ delt Fifl} 
= Him [D(f + emesi €) — D(f ; eil, 


(1) 


Similarly 
(8) Pie, mya) = m lim [DF + dei; ga) — DG ; eil 

The expression (2) is the product of l and a function of m 
independent of I, while (3) is the product of m and a function 


of L only, and they are equal. Each must be a product of im 
and an expression K independent of L m. 


P(ley ma) = ImK(pı, pa). 
In this make l = 1 = m; then 


Die, pa) = K(f, €). 


Or : 
: Dier, mes) = fm Pe, pa). 
Making m = l, 
: Pilg, ko) = PP( gi, v3). 
But - 


Ples ley) = llim 5 (Ff + do + den] 
— Fif+ de] — Fif+ ded + Fis} 
= Le, e). 
PP(¢1, p3) = lP(ev ex) 
Die, €x) = 0. 


f 
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(Ff eei + ee] — FU] — FIf + eval | 
+ F[f1— PU + eei + FIA} = 0, 
(4) DU: g+ eo) — DU: ed - DU: ed. = 0. 
Combining (1) and (4), we see that — 
DF; ap t cogs) = aD(f; e) + aD; e). 
Thus the variation is distributive in e. Secondly, from con- 


dition I, . 
LZ + eg] — FIfI| € Me max| e|, 


Or 
lim 


«ml 


or 
zt ue: : 
IDG: eil lim | FU + eel — NIS M mas | el. 
The variation is also bounded, considered as an operation on 
e. This proves it to be a linear functional by Riesz's defin- 
ition. To find the integrating function a(x) we may proceed 


as follows: 
Let (z; c, d) denote the continuous function, 


e- 1, EE 
=0, dsı<sb, 
e linear from c to d. 

a(c) = lim D(f; ¢), 

ds 


and in geaeral for any continuous olz), ' 


D;o- f vts) da(o). 


Then 


Rice INSTITUTE, 
Hoveron,, TEXAS. 
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a ë SCRITTI MATEMATICI. 

Scritti matematici offerti ad Enrico D'Ovidio in occasione del 
suo LXXV genetliaco, 11 Agosto 1918, e publicati per cura 
di Francesco GERBALDI e GINO Loria. Torino, Fratelli 
Bocca, editori, 1918. 8vo, 386 pages.’ Lire 30. 

Tee title of this volume sufficiently indicates its general 
character. A beautiful portrait forms the frontispiece, repre- 
senting Professor D’Ovidio as he will be remembered by many 
hundreds of Italians as well as by a number of Americans 
who, like the writer, have had the good fortune, at one time 
or another, to be among those in attendance at the University 
of Turin. l f ' 

There is & short preface written by Professors Gerbaldi 
and Loria in which is set forth the raison d'étre fér the volume. 
To quote the opening sentence—" On the approach of the 
day on which an inflexible law would retire Senator Enrico 
D'Ovidio from the university chair, there-arose in the minds 
of many students whom he has had in his long and glorious 
career as a teacher, the pleasant idea of choosing this occasion 
—which coincides with his 75th birthday—to manifest to him 
their sentiments of unalterable affection and, at the same 
time, to present to him their sincere good wishes ad multos 
annos.” 

Of the 103 persons contributing to the expense of publica- 
tion, and whose names appear directly following the preface, 
47 have been actual students under Professor D’Ovidio, and 
20 have.been, at one time or another, directly associated with 
` him as Assistenti in the University of Turin. The list con- 
tains many names well known to students of mathematics 
the’ world over, and bears witness to the great influence 
Professor D'Ovidio has had upon the growth of mathematics 
and upon the teaching of mathematics, not alone in Italy, 
but, mainly perhaps through his disciples, throughout the 
civilized world. This influence has been exerted from the 
University of Turin for more than forty years. 
` Following the list of contributors is a catalogue of 91 
publications by Professor D'Ovidio. Some of these are prob- 
lems or solutions of problems; two or three are elementary 
texts; a number are commemorative addresses or biographical 
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papers; the majority deal with problems in geometry; several, 
the most important perhaps, are concerned with the theory 
of binary forms. A glance at the titles of these papers leads 
to the conviction that Professor D’Ovidio’s great influence 
has come about rather more through personal contact as a 
teacher than through published writings, and goes to show 
that there is such a thing as creative teaching as well as 
there is creative scholarship—a fact worth noting in a time 
when so much emphasis is placed upon the latter function and 
apparent y so little is thought about the former. 

Tt woud be out of place here to review in detail the twenty- 
one papers forming the body of the volume. The titles and 
authors cf these papers with perhaps a word or two irdicating 

` the content must suffice. 


I. “Su alcune classi particulari di sistemi continui di quadriche, 

e sui rispettivi inviluppi." CORRADO SEGRE, Turin. 

The lines of ordinary 3-space can be imaged as points upon 
a V2in Ss. Astudy of point loci upon the V4 leads to proper- 
ties of ruled surfaces in Ss. In particular, sections of the V4 
by the planes in S; are images of quadratic reguli in. Ss. 
Professor Segre is thus led to what he calls concatenated 
quadric 3urfaces and quartic curves of the first kind, and to 
systems of concatenated quadrics and quartics. A quadric 
surface and a quartic curve of the first kind lying on the 
surface are concatenated, or chained together, if a simple 
quadrilateral inscribed in the latter has its sides lying upon 
the former. The present paper is evidently an outgrowth 
of a recent paper by Professor Segre in Annali di Matematica 
(8) 27, (1918), page 151. 


IL “Le frazione continue di Halphen." FRANCESCO GER- 

BALDI, Pavia. 
The continued fractions of Halphen (Traité des Fonctions 
Z- 


elliptiques, second volume) arise from the expression- p y ; 


' where X and Y are the values of a biquadratic expression 
when the variable assumes the values x and y, respectively. 
Halphen, and Jacobi before him, made use of elliptic functions 
in arriving at the development of irrational expressions like 
the above in continued fractions. Professor Gerbaldi returns 
to the more elementary methods.of Abel in the present paper. 
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Two other papers on the same subject have appeared ;—one 
in Volume 53 of Atti di Torino, and the other in Volume 51 
of Rendiconti R. I. Lombardo. 


III. “Le cubiche gobbe aventi ciascuno all’infinito tre punti 
reali e distinti." Geo Loria, Genoa. 

In 1879 D'Ovidio published an exhaustive study of twisted 
cubies making use of the symbolic notation of binary forms 
(Memorie R. Accademia Torino and Giornale di Matematiche). 
Professor Loria here studies the cubic hyperbolas, using only 
elementary means to arrive at the properties of these curves. 


IV. “Intorno ad un tipo notevoli di sistemi lineari di recipro- 
cità degeneri tra spazi ad n dimensioni.” EuGExıo Toarr- 
ATTI, Turin. 

The study of projective correspondences between hyper- 
spaces leads to the consideration of types of degenerate 
transformations (cf. Bertini; Introduzione alla. Geometria 
proiettiva degli Iperspazi). The present paper follows and is 
an extension of a note by the same author published in Atti 
di Torino, 1916-17. 


V. "Sulle congruenze W di cui una falda focale e una quad- 

Tica.” ALESSANDRO TERRACHI, Turin. 

One may consider & correspondence set up in which homol- 
ogous points are the foci on the same ray of a congruence. If, 
in this correspondence, asymptotic lines on the focal mantels 
of the congruence are homologous lines, the congruence is 
called a W-congruence. The author here studies the W- 
congruences in which one of the focal mantels is a quadric. 


VI. “Alcune osservazioni relative ai problemi secondarii della 
balistica esterna." Gumo Poprwt, Turin. 

A study of the effect of the wind and of the rotation of the 
earth upon projectiles, with the hope of modifying the classical 
differential equations involved so that theoretical results will 
be in closer accord with experimental data. 


VIL “Sulle curve che posseggono una infinità continua di 
correspondenze algebriche.” Gumo CasrELNUvOvO, Rome. 
À curve of genus greater than unity does not admit of 

an infinity of birational transformations into itself (Schwarz, 
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Crelle, 1375). Castelnuovo here studies those curves each 
of which is transformable into itself by a continuous infinity 
of non-birational algebraic correspondences and arrives at a 
generalization of the Schwarz theorem. The paper is based 
upon the classic memoir of Hurwitz (Mathematische Annalen, 


1886). 


VIII. “Le oscillazione armoniche nelle antenne radiotele- 
grafiche direttamente eccitate.” Leier LOMBARDI, Naples. 
This paper contains results of some experiments with radio 

apparatus at the polytechnic school in Naples. 


IX. “Sugli integrali semplici di 1* specie appartenenti ad una 
superficie algebrica.” FRANCESCO SEVERI, Padua. 
A development of one of Severi's brief notes communicated 
to the Académie des Sciences, Paris, in 1911 (Comptes Rendus, 
volume 152, page 1079). 


X. “Sopra alcune applicazioni della teoria dell’urto.” Emro 
ALMANSI, Rome. 
A brief study of the theory of impact in a system of moving 
bodies with application, in particular, to three spheres. 


XI. “Generalizzazione di una trasformazione di d’Ocagne.” 

ANGELO Pensa, Turin. 

The transformations of d'Ocagne may be found explained 
in an acticle by M. d’Ocagne, American Journal, volume 11 
(1889), pages 55-70. Pensa here generalizes the problems 
raised ty d’Ocagne (solved in particular cases by himself and 
others) and reaches general results by means of vector analysis. 


XI. “Estensione e studio di un metodo di sommazione 
generico di Borel.” Gustavo SaNNIA, Cagliari. 

This paper follows one by the same author published in 
Rendicenti del Circolo Matematico di Palermo, volume 42, 1917. 
Both papers are based upon Borel’s summation formula 
(Leçons sur les Séries divergentes, Gauthier-Villars, 1901). 


XIII. ‘Sopra la propagazione di onde in un mezzo indefinito." 
ExnNzsTO LAURA, Pavia. 


This paper deals with the motion of waves in a fluid medium 
when, in particular, the waves are reflected from a fixed 
surface. It follows an article by the same author published - 
in Atii di Torino, 1915. 
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XIV. "Problemi sulla determinazione delle linee sghembe.” 

Marrero Borrasso,* Messina. 

This paper deals with certain generalizations of the trans- 
formation of Combescure (Bianchi, Lezione di Geometria 
Differenziale, second edition, page 40). It follows a note by 
Bottasso published in Atti di Torino, 1917-18. 


XV. "Riflessioni sopra alcuni principii della teoria degli 
aggregati e della funzioni." BEPPO Lzvi, Parma. 
A logico-mathematical discussion dealing in particular with 
the Zermelo postulate (Mathematische Annalen, volume 59). 


XVI. “Nuovo metodo per la risoluzidne diretta dell’equazione 
ax + by = cin numeri interi e positivi, quando i tre numeri 
noti a, b, c sono interi e positivi. GIUSEPPE BERNARDI, 
Bologna. 

A short paper whose title sufficiently indicates its content. 

XVI. “Un interessante problema di geodesia pratica." 
NICODEMO Japanza, Turin. 

A discussion of the problem: To determine the mean error 


of two sides of a geodetic triangle when the third side and the 
three angles are measured. : 


XVIII. “Resto nelle formule di interpolazione.” GIUSEPPE 

Prano, Turin. 

A proof of an interesting theorem in determinants from 
which results, in particular, the well known Lagrange inter- 
polation formula together with a remainder. 

XIX. “Questioni elementari di massimo e minimo." Fru- 

BERTO CasTELLANO, Turin. 

Some problems in maxima and minima treated by algebraic 
equations and inequalities. 

XX. "Sulle varietà algebriche a tre dimensioni a superficie- ` 

Sezioni razionali.” Geo Fano, Turin. ~ 

An abstract from a memoir with the same title published in 
Annah di Matematica, (3), volume 24 (1915). 

XXI. "Introduzione alla teoria della forme in pid serie di 
variabili." GIOVANNI GIAMBELLI, Messina. 

A generalization of the theory of connexes (Clebsch- 

* Died Oct. 3, 1918. 
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Lindemarn). The paper follows two others on the same 
subject published in Turin by the author in 1910 and 1912. 

One cannot turn aside from reading these papers, however 
cursorily, without a feeling of profound admiration for the 
scholars who have made the book possible, and especially at 
at a time when the strain of the war was still in force. Each 
paper is a distinct contribution to knowledge or else a fuller 
development of such a contribution recently commenced. 
The total is a wholly worthy epitome of scientific activity even 
in normel times. It must, indeed, be a source of great 
satisfaction to Professor D'Ovidio to have so distinct a proof 
of the eszeem with which his many students, associates, and 
friends regard his long service and his personal qualifications 
as an inspiring teacher. One cannot do better, in this connec- 
tion, than to quote again from the preface. “And we are 
certain that to the loved teacher our publication will be doubly 
gratifying in as much as it serves also to show how Italy, in 
the tragic hours in which we live—not less than in the more 
grave and decisive periods of her earlier struggles for redemp- 
tion—ha not ceased to feed the sacred flame of science.” 

L. WAYLAND Dow Line. 





SHORTER NOTICES. 


Plane Geometry. By E. Lone and W. C. BrenkeE. New York, 

The Century Company, 1916. 

Tuas -ext has several very good features. First, before a 
theorem is demonstrated a method of attack is given. Second, 
frequent use is made of algebra and thereby many blind proofs 
are avoided. Third, construction work is introduced early 
inthe ccurse. Fourth, areas are introduced before proportion. 
Fifth, a little trigonometry and analytics is given. 

The main fault with the book is that it contains quite a 
number of inaccurate statements, e. g. “Place the triangles 
with tkeir longest sides together,” page 32; page 107, 
£= k + (b — a)? is only true if A is acute and that is not 
at all necessary; page 204, the definitions of the trigonometric 
functiors are incorrect. : 


F. M. MORGAN. 
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Plane Geometry. By Jonn H. Wurms and KENNETH P. 

Wiırnıams. Chicago, Lyons and Carnahan, 1915. 

Tms text in my estimation is an excellent example of what 
a plane geometry book should not be. It starts with a 
lot of formal definitions followed by demonstrative work. 
There are so many inaccurate and incorrect Statements, 
definitions, and proofs that I think it undesirable to list them. 
I shall however state a few: “An exterior angle of a triangle 
is the angle formed by producing one side of the triangle"; 
“A triangle is defined as a polygon bounded by three straight 
lines" and twenty pages later we find the definition of a 
polygon. “The limit of a variable is a constant which the 
variable is supposed to approach in value and can be made to 
differ from it by an amount that is less than any assignable 
value, but can not be made absolutely equal to it.” 

F. M. Morgan. 


Theories of Energy. By Horace Perry. New York, G. P. 

Putnam’s Sons, 1918. vii + 231 pp. 

THE title of this book is as misleading as the results are 
unsatisfactory. The author does not consider “theories of 
energy,” but advances a theory of energy due to his own read- 
ing and reflection. The plural character is due to the fact 
that he considers as theories: theory of energial propagation, 
theory of the energetic atom, theory of spectral lines, theory 
of gravity, theory of color, etc. The unsatisfactory character 
lies in both the results of his reflections and the gaps in his 
theory. 

In the first place (and to endeavor to point out the very 
long entire list of features of his explanation of energy would 
be tedious and unprofitable) we need to notice his idea of 
matter. He begins on the first page with the assertion that 
“All space is filled with matter, and in the infiniteness of space 
there is no vacuity anywhere, not even of the extent of an 
atom’s size, and the universe, embracing all the matter in 
existence, is continuous throughout.” This idea that the 
entirety of space is filled with a continuous material medium 
was new when Thomson’s vortex atom was at its best, butis far 
in the past at present. Perry’sether is perfectly continuous 
in all space, but as it has no cohesion between its parts, there 
is “merely a togetherness without any forcible hold." It is a 
“perfect fluid with perfect passability.”’ 
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This ether is subject to condensations and rarefacticns, 
which are propagated in all directions. The character of the 
wave thus produced seems not to enter his calculations. 

Matter is continuous. In fact the electron is not anywhere 
mentioned in the theory he advances. It is endowed with 
energy in the form of heat and chemical energy. The radio- 
active disintegration is merely the chipping at the surface of 
the atom due to the motion of the internal energy. Energy 
i3 then defined to be the internal action of the atom, all energy 
being densitic in character, which means it consists of conden- 
sation or rarefaction waves. The wave frequency differenti- 
ates the various forms of energy. Gravity on this scheme is 
of a single frequency. 

Magnetism is energy generated in the centers of tae iron 
atoms, being “the natural energy of the iron, modified by the 
substance with which the iron is combined in molecules, and 
augmentec through a certain method of reciprocal energize- 
ment.” The remaining definitions may be passed over. The 
author seems to be familiar with a number of antiquated text- 
books of a college grade, and somewhat with modern phenom- 
ena. From these he has attempted to build up an explana- 
tion of the very intricate laws and phenomena of the whole 
of physics. The result is what would have been expected. 

James BynNIE SuaAW. 


NOTES. 


Tee April number (volume 20, number 2) of the Trans- 
actions of the American Mathematical Society contains the 
following papers: “Memoir on the general theory of surfaces 
and rectibnear congruences,” by G. M. GREEN; “Modular 
concomitant scales, with a fundamental system of formal 
covariants, modulo 3, of the binary quadratic,” by O. E. 
GLENN; “Concerning a set of postulates for plane analysis 
situs," by R. L. Moore; “On the limit functions of sequerces 
of contintous functions converging relatively uniformly,” by 
E. W. CHITTENDEN. 


AT the meeting of the National Academy of Sciences held 
at Washirgton April 28-30, Professors OSWALD VEBLEN, E. J. 
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WILCZYNSKI, and E. B. WILSON were elected members. Pro- 
fessor EDWARD KASNER read a paper on “Geometry of the 
wave equation.” 


AT the meeting of the Edinburgh mathematical society on 
May 9, the following papers were read: By W. H. METZLER, 
“Theorems concerning the differentiation of a circulant;” 
by T. M. MacRoseRr, “The integrals of the hypergeometric 


equation.” 


Tae Indian mathematical society held its second conference 
at Bombay, January 11-13, in connection with the session of 
the Indian science congress. Professor A. C. L. WILKINSON, 
of Elphinstone College, Bombay, is president. The society 
has a membership of 195. 


Tn following university courses in mathematies are an- 
nounced: 


CoLUMBIA UNIVERSITY (academic year 1919-1920).—By 
Professor T. S. Fiske: Differential equations, four hours.—By 
' Professor F. N. Corm: Invariants and higher plane curves, 
three hours (second term) ; Theory of groups, three hours.— 
By Professor James Macuay: Theory of functions, four hours 
(first term).—By Professor D. E. Saar: History of mathe- 
matics, two hours; Practicum in the history of mathematics, 
four hours.—By Professor C. J. KEYSER: Modern theories in 
geometry, four hours.—By Professor EDWARD KASNER: Semi- 
nar in differential geometry, two hours.—By Professor W. B. 
Firs: Differential equations, three hours.—By Dr. J. F. 
Rrrr: Transcendental functions, three hours (second term). 


CORNELL UNIVERSITY (academic year 1919-1920).—By Pro- 
fessor James McManon: Mathematics of insurance and proba- 
bilities; Actuarial science.—By Professor J. H. TANNER: 
Mathematics of finance.—By Professor VIRGIL SNYDER: Bi- 
rational transformations; Theory of equations (second term). 
—By Professor F. R. SHAnPE: Fourier series and the potential 
function.—By Professor ARTHUR Ranum: Non-euclidean 
geometry (first term); Theory of numbers (second term).— 
By Professor W. B. CARVER: Projective geometry.—By 
Professor D. C. GILLESPIE: Elementary differential equations; 
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Calculus of variations.—By Professor W. A. Hurwitz: Theory 
of groups: Vector analysis.—By Professor C. F. Crate: 
Theory of differential equations; Mathematics for teachers. 
— By Professor F. W. Owens: Advanced calculus; Mechanics. 
—By Dr. H. B. Owens: Advanced analytic geometry. 

All courses are three hours a week. 


Harvasp University (academic year 1919-1920).—All 
courses meet three times a week throughout the year, except 
those marked *, which meet for half a year.—By Professor 
W. F. Ossoop: Differential and integral calculus (advanced 
course); Infinite series and products;* Galois’s theory of 
equations.*—By Professor C. L. Bouton: The elementary 
theory of differential equations ;* Differential equations, with 
an introduction to Lie’s theory of continuous groups.—By 
Professor J. L. CooLipaE: Introduction to modern geometry 
and modern algebra; Projective geometry;* Non-euclidean 
geometry.*—By Professor E. V. HUNTINGTON: The funda- 
mental concepts of mathematics.*—By Professor O. D. KEL- 
LoGG (of the University of Missouri): Introduction to the 
theory of potential functions and Laplace's equation;* Vector' 
analysis.*—By Professor G. D. BIRKHOFF: Differential and 
integral calculus (advanced course);* The analytical theory 
of heat and problems in elastic vibrations;* The partial 
differential equations of mathematical physics.—By Professor 

-— __-: The theory of functions (introductory course) ; 
Developments in series;* Dynamics (second course) ;* By Pro- 
fessor W. C. Graustei: Differential geometry of curves and 
surfaces.—By Dr. H. C. M. Morse: Elliptic functions $ Auto- 
morphic Zunctions.*—By Dr. I. A. BARNETT: Integral equa- 
tions;* Functions of lines.* ` 

Professor KeLLoac will conduct a fortnightly seminar in 
analysis. Courses of research are also offered by Professor 
Oscoon in the theory of functions, by Professor Bouron in 
the theory of point transformations, by Professor COOLIDGE 
in geometry, by Professor KELLoce in analysis, by Professor 
Brrxuorr in the theory of differential equations, and by Pro- 
fessor GEAUSTEIN in geometry. 


Princeton University (academic year 1919-1920).—By 
Professor H. B. Fire: Functions of a complex variable.— 
By Professor L. P. EISENHART: Differential geometry.—By 
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Professor OswArp VEBLEN: Seminar in analysis situs.—By 
Professor Pre&RE BovrRoux: Linear differential equations.— 
. By Professor J. H. M. WzppxRBunN: Higher algebra. 

All courses are three hours a week. 


University or Curcaco. Autumn quarter:—By Professor 
E. H. Moore: Seminar in general analysis, I, two hours; 
Matrices in general analysis, four hours.—By Professor G. A. 
Briss: Theory of functions of a real variable, four hours; 
Calculus, I, five hours.—By Professor L. E. Dickson: Con- 
tinuous groups, four hours; Elementary theory of equations, 
four hours.—By Professor H. E. Suaveut: Differential equa- 
tions, four hours.—By Professor A. C. Lunn: Vector analysis, 
four hours; Applied mathematics, five hours. Winter quar- 
ter:—By Professor E. H. Moors: Seminar in general analysis, 
II, two hours; Theory of functions of infinitely many variables 
in general analysis, four hours.—By Professor G. A. Bus: 
Calculus of variations, five hours; Calculus, II, five hours.— 
By Professor L. E. Dicxson: Theory of algebraic invariants, 
. four hours; Solid analytics, four hours.—By Professor H. E. 
SLAUGHT: Theory of definite integrals, four hours.—By Pro- 
fessor E. J. WILCZYNSKI: Projective geometry, I, four hours.— 
By Professor A. C. Lunn: Applications of vector analysis in 
the theory of electromagnetism, four hours; Applied mathe- 
matics, IT, five hours.—By Professor J. W. A. Young: Calcu- 
lus, I, five hours. Spring quarter:—By Professor E. H. Moore: 
Seminar in general analysis, III, two hours; Theory of func- 
tions of infinitely many variables in general analysis, II, four 
hours.—By Professor G. A. Briss: Functions of lines, four 
hours; Calculus, III, five hours.—By Professor L. E. Dickson: 
Finite groups, four hours.—By Professor E. J. WILCZYNSKI: 
Higher geometry, four hours; Projective geometry, II, four 
hours.—By Professor A. C. Lunn: The theory of relativity, 
four hours; Applied mathematics, III, five hours.—By Pro- 
fessor J. W. A. Young; Limits and series, four hours; 
Calculus, IT, five hours. E 


UwivESsrTY op ILLINOIS (academic year 1919-1920).— By 
Professor E. J. Townsend: Differential equations and ad- 
vanced calculus; Functions of real.variables.—By Professor 
G. A. Murer: Theory of equations (first term); Theory of 
groups, II.—By Professor J. B. SHAW: Fundamental functions 
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(first term); Functional transformations (second term).—By 
Professor A. B. Coste: Automorphic functions; Solid analytic 
geometry (second term).—By Professor R. D. CARMICHAEL: 
Linear difference equations.—By Professor ARNOLD EmcH: 
Algebraic surfaces.—By Professor A. R. CRATHORNE: Actuar- 
ial theory.—By Professor A. J. Kempner: Modern algebra.— 
By Dr. E. B. Lyru: History of mathematics, two hours 
(second term).—By Dr. Henry BLUMBERG: Projective geom- 
etry. All courses are three hours a week unless otherwise 
designated. 


UNIVERSITY op PENNSYLVANIA (summer session, July 8 to 
August 16).—By Professor G. H. Hartert: Higher ca culus, 
five hours.—By Professor H. H. MrrocgmgLL: Mathematical 
theory of pzobability, five hours.—By Professor R. L. Moonz: 
Introduction to the theory of functions of a complex variable, 
five hours. - 


Yate Universtry (academic year 1919-1920).—By Pro- 
fessor JAMES Prerpont: Elliptic functions—By Professor 
P. F. Sarre: Foundations of geometry.—By Professor E. W. 
Brown: Hydrodynamics with applications to aeronautics.— 
By Professor W. R. Lonatey: Theory of differential equations. 
—By Professor J. I. Tracey: Modern geometry, including 
differential geometry (a first course).—By Mr. J. K. Warrrz- 
MORE: Diferential geometry.—By Dr. J. R. Kume: Ad- 
vanced algzbra. All courses are two hours a week. 


Tam anrouncement in the May BULLETIN of the death of 
Professor H. G. ZEUTHEN was an error which the responsible 
editor is more than glad to eorrect. Professor Zeuthen cele- 
brated on February 15 his eightieth birthday. The BULLETIN 
wishes this Nestor of Danish mathematicians many happy 
returns. ` i 


Av Harvard University, assistant professor G. D. BIEKHOFF 
has been promoted to a full professorship of mathematics. 
. Assistant professor W. C. GRAUSTEIN, of Rice Institute, has 
been appainted assistant professor, and Mr. B. H. Brown 
and Mr. C. A. Rupp, JR., have been appointed instructors. 
Professor D. D. KELLOGG, on leave of absence from the Uni- 
versity of Missouri, has been appointed lecturer for the 
academic year 1919-1920. 
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In the department of mathematics of the Naval academy at 
Annapolis, the following promotions have heen announced: to 
be professor, Mr. PAuL Capron; to be associate professors, 
Mr. W. J. Ke and Mr. J. B. Eppes; to be assistant pro- 
fessors, Mr. J. A. Dozen, Mr. Jonn Tyres, Mr. ARTHUR 
Kiernan, Mr. J. N. GALLOWAY, Mr. ALEXANDER DILLINGHAM, 
. and Dr. G. R. CLements. Dr.-G. H. CRESSE, of the Uni- 
versity of Michigan, has been appointed instructor. 


AT the University of Minnesota, Professor G. N..BAUER 
remains on leave of absence until January 1, 1920. Assistant 
professor DUNHAM Jackson, of Harvard University, has been 
appointed professor of mathematics, and Major W. L. Hart 
has been appointed assistant professor. Mr. R. W. BRINK 
has been promoted from an instructorship to an assistant 
professorship, and granted leave of absence for the academic 
year 1919-1920, during which time he will be lecturer at the 
University of Edinburgh. Miss Minna J. Schick has been 
appointed instructor in mathematics. 


‘Dr. C. E. WILDER has been appointed assistant professor of _ 
mathematics at Northwestern University. 


Mr. P. A. Franeran, of Cornell Uuniversity, has been 
appointed instructor in mathematics at Dartmouth College. 


v 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


ANDERSEN (A. F.), Bonn (H.) Morzurup (J.) Nyere Undersggelser 
over Integralregningen. Kisbainvn. 1917. 63 pp. 


Bonn (H.). See AwpmnsEN (A. F.). 


Borat (E.) Die Elemente der Mathematik. Vom Verfasser genehmigte 
deutsche Ausgabe von P. Stickel. Band I: Arithmetik und Alpe ora 
nebst den Elementen der Differential-Rechnung. 2te Auflage. i 
zig, Teubner, 1919. 8vo. 16 + 404 pp. M. 12.00 

CasrRLNUOYO (G.). Calcolo delle probabilità. Milano, Albrighi, Segati e 
compagnia, 1019. 23 + 373 pp. L. 20.00 

HALPHEN ie H.). Œuvres publiées par les soins de C. Jordan, H. Poin- 
caró, E. Picard, aveo la collaboration de E. Vessiot. Tome 2. Paris, 
Gauthier-Villars, 1918. : 7 + 560 pp. , Fr. 40.00 


: Hzmnasuzv (J.). Lærebog i Gemoetri. Til Brug ved den Polytekniske 
ipM iste Afsnit. Kjøbenhavn, Gjellerup, 1917. 8vo. 208 
pp. : 
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Jorpan (C.). See Harrmmw (G. H.). 


* 
Muss (W. P.) and Wzsrcorr (J. B). A first course in the calculus. 
Part 1: Powers of z. London, Bell, 1918. 20 + 196 pp. 3s. 6d. 


MorLERUP (J.). See ANDERSEN (A. F.). 


Pascau (E.). Lezioni di caleolo infinitesimale. 2a parte: Calcolo inte- 
grale. 4a edizione riveduta. (Manuali Hoepli) Milano, Hoepli 
1919. Z4mo. 8 + 330 pp. à L. 4.50 


Picanp (E.). Bee HALPHEN (G. Hi 
Pomcarfi (H.). See Harreren (G. Hi 


Ricct-Curpastro (G.). Lezioni di analisi algebrica ed infinitesimale. 
Padova, tip. Universitaria, 1918. 8vo. 13 + 645 pp. L 27.00 


SrAcKEL (P.). See Borst (E.). 


Srorz (A.). Wahrscheinlichkeitsrechnung. Zürich, Leemann, 1916. l 
4to. 27 pp. 


Vussior (E... See Haurren (G. H.). 


Wausrcorr (J. B.). See Minne (W. P.). 
Wrsr (O. E.. Grafisk räkning med komplexa tal. Stockholm, aon 


stedt, 1918. 8vo. 67 pp. Kr 
WrimsrErTNER CH A. Algebraische Kurven. I: Allgemeine Eigenschaften. 
(Sammlung Góschen, Nr. 436.) Berlin, Göschen, 1918. M. 1.25 


o 


Il. ELEMENTARY MATHEMATICS. 


Anrens (W.). Hebräische Amulette mit magischen Zahlenquadraten. 
Berlin, L. Lamm, 1916. 8vo. 19 pp. M. 1.00 
ALLEN (F.) See Tarror (E. H.). Mas 


Crantz (P... Arithmetik und Algebra zum Selbstunterricht, I und U. 
Aus Natur und Geisteswelt, Nr. 120 und Nr. 205.) Ste und 4te 
uflage. Leipzig, Teubner, 1918. 16mo. 114 + 110 pp. Geb. 

M. 1.50 + M 4- 1.50 


Crockerr (C. W.). Mathematical review. Arithmetic, algebra, geom- 
etry. ‘Troy, Rensselaer Polytechnic Institute, 1918. 12mo. 1 PP 


Garruca (G.). Algebra e geometria metrica il 20 corso liceale elassico 
e mode-no. Milano, brighi, Segadi e Compagnia, 1918. L. 3.00 


(J.). Elementær Geometri. 1ste Bog. Kjøbenhavn, Gjel- 
lerup, 1916. 8vo. 135 pp. . 2.00 


Japanza (N.). Tavole tacheometriche centesimali. 4a edizione stereo- 
tipa. Torino, V. Bona, 1918. 8vo. 44-64 pp. L. 3.50 


Méra (E. Pour s’amuser dans la tranchée, to pass time in the trenches 
. . . 16 démonstrations du théorème de P gore. Paris et Nanoy, 
Berger-Levrault, 1010. 8vo. 22 pp. 

Moraan (Œ. M.). Essentials of algebra and geometry. Six lessons I 

aratory to the study of trigonometry. New York, National War 
ork “ouncil of Young Men's Christian Association, 1919. 12mo. 
58 pp. 

Scuupmat (HL). Arithmetik und Algebra. ea a S oschen, Nr. 47.) 
2te du-chgesehene Auflage. 7ter Neudruck. Berlin, Göschen, 1917. 
8vo. 171 pp. 8 M. 1.00 
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Bonten (A.). Vierstellige Pop enumerate für den Schulgebrauch zu- 
sammengestellt. 10te Auflage. Leipzig, Teubner, 1917. 10 +22 


pp. M. 0.70 
Tayror (E. H.) and Autumn (F.). Junior high school mathematics. New 
York, Holt, 1919. 12mo. 9 + 208 pp. $0.80 


III. APPLIED MATHEMATICS. 


AÀBRAHAM (M.). Theorie der Elektrizität. Iter Band: Einfuhrun in die 
Maxwellsche Theone der Elektrizität. bte umgearbeitete e. 
Leipzig, 1918. M. 13.00 


ANNUAIRE ASTRONOMIQUE et météorologique pour 1919. Par C. Flam- 
marion. 55eannée. Paris, Flammarion, 1919. 364 pp. Fr. 3.50 


ANNUAIRE pour l'an 1919 publié par le Bureau des Longitudes. Avec 
des notices scientifiques de P. Appell et M. Hamy. Paris, Gauthier- 
Villars, 1919. 8 + 524 -- 60 + 27 + 69 pp. Fr. 3.35 


PELL (P.). See ANNUAIRE and Bugar-Pusor. 


Y (R.H.).. Chemical calculations. 2d edition revised. New York, 
Van Nostrand, 1018. 12mo. 9 + 276 pp. 


ALL (J.). Notes on the working of the “new navigation.” Cairo, Gov- 
ernment Press, 1918. 


LOCH (W.). Einfuhrung in die Relativitatstheorie. (Aus Natur und 
Geisteswelt, Nr. 618.) Leipzig, Teubner, 1918. 16mo. 100 IP. 3d 


Bonpraa (G.). Matematica finanziaria. Primo corso (genesi dei numeri, 
calcoli numerici, etc.). Padova, A. Milani, 1918. Svo. 231 Pho T 
Bovasse (H.). Géographie mathématique. Paris Delagrave 1919. 
8vo. 494 pp. f Fr. 25.00 


Brrr (A.). Das Relativitätsprinzip. Eine Einführung in die Theorie. 
3te Auflage. Leipzig, Teubner, 1918. 8vo. 48 pp. M. 2.00 


Busar-PusoL (—.). Statique graphique. Préface de M. Paul A pell. 
Paris, Dunod et Pinat, 1918. 4to. 12 + 237 pp. + atlas de 41 
plates. Fr. 24.00 


CommssaTri (A.). See Sevarı (F.). 

CONNAISSANCE des temps ou des mouvements célestes pour le méridien de 
Paris à l’ e des astronomes et des navigateurs pour 1920. Paris, 
Gauthier-V. ‚1918. 8vo. 30 + 756 pp. Fr. 5.00 

Eopıngron (A. S.). Report on the relativity theory of gravitation, Lon- 
don, Physical Society of London, 1918. 7 + 91 pp. 68. 

EwsLEY (H. H.). See GLEICHEN (A.). 

Fawory (R.C.). Dynamics. Part 2. (Bel's Mathematical Series.) 
London, Bell, 1919.. Pp.8 + 179-355 +7. 28. 6d. 

FLAMMARION (C.). See ANNUAIRE ABTRONOMIQUE. 


FREUNDLICH (—.). Die Grundlagen der Einsteinischen Gravitations- 
theorie. Auflage. Berlin, Springer, 1917. M. 3 60 


‚GLEICHEN (A.). The theory of modern optical instruments. A reference 
book for physicists, manufacturers of optical instruments, and for 
officers in the army and navy. Translated from the German by A. 
Gleichen, H. H. Emsley and W. Swaine. With an appendix on range 
finders. London, H. M. S. O., 1918. 12 + 376 PP. 
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Haw (M.). See ANNUAIRE. x 


Herm i Standard tables and equations in radio-telegraphy. Posani d 
B. 


ireless Press, 1019. 14 + 159 pp. 


Iswe G.). Undersökningar rörande elektrometrar. Lund, Gleerupska 
Univ.-Eokhandeln, 1917. 8vo. 173 pp. Kr. 4.00 


Kee (P). Alternating current electrical engineering. London, Mac- 
millan, 1918. 9 + 494 pp. c Tre. 


Luvi-Crvrrz (T.). Corso di mecanica razionale. Padova, tip. Universi- 
iaria, 1918. 3 volumes. 339 + 719 pp. L. 39.00 


MancoLoNco (R.). Il problema dei tre corpi da Newton (1686) ai nostri 
giorni. (Manuali Hoepli. Milano, Hoepli, 1918. 24mo. Vasen 
Ppp. . 4. 


lichen Leben: Wahrscheinlichkeitsrechnung. 2te a Teit 


Paan (V. W.). The A B C of aviation. London, Crosby Lockwoody 
1918. 274 pp. + 7 plates. 12s. 6d. 


Snverı (F.). Lezioni di geometria descrittiva, dettate nella r. università 
di Padova e nella libera università di Ferrara e raccolte dall' assistente 
prof. A. Comeesatti. Padova, tip. Universitaria, 1918. 8vo. 12 
+ 728 pp. con tavole. ` L. 29.00 


Srourz (G.. Utjämning av sjutton svenska livförsäkringsbolags See 
hetstabeller for läkareundersökta livforsäkrade. Stockholm, K. L. 
Beckman, 1917. 8vo. 5 + 210 pp. 

Swarms (W.). See GLEICHEN (A.). 

Varer (R.). Die Dampfmaschine. I: Wirkungsweise des Dampfes im 
Kessel und in der Maschine. 4te Auflage. II: Ihre Gestaltung und 
Verwendung. 2te Auflage. Leipzig, Teubner, 1918. M. 1.50 + 1.50 

. Hebezeuge. Hilfsmittel zum Heben fester, flüssiger und gas- 

förmiger Körper. 2te Auflage. Leipzig, Teubner, 1918. M. 1.50 
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THE APRIL MEETING OF THE SOCIETY. 493 : 


THE APRIL MEETING OF THE AMERICAN MATH- 
EMATICAL SOCIETY. 


Tue two hundred and third regular meeting of the Society 
was held in New York City on Saturday, April 26, 1919, ex- 
tending through the usual morning and afternoon sessions. 
This being the first eastern meeting since October, the attend- 
ance was large, indicating, as it may be hoped, a revival of the 
conditions preceding the war. The following sixty-seven 
members were present: 

Professor R. C. Archibald, Professor R. A. Arms, Dr. Char- 
lotte C. Barnum, Professor Susan R. Benedict, Professor G. 
D. Birkhoff, Professor B. H. Camp, Professor F. N. Cole, Pro- 
fessor Louise D. Cummings, Professor C. H. Currier, Dr. 
Mary F. Curtis, Dr. Tobias Dantzig, Dr. J. V. DePorte, Dr. 
C. A. Fischer, Professor T. S. Fiske, Professor W. B. Fite, 
Professor A. B. Frizell, Mr. T. C. Fry, Professor W. V. N. 
Garretson, Professor O. E. Glenn, Professor W. C. Graustein, 
Dr. T. H. Gronwall, Professor C. C. Grove, Professor C. O. 
Gunther, Captain Dunham Jackson, Mr. S. A. Joffe, Professor 
Edward Kasner, Professor O. D. Kellogg, Professor C. J. Key- 
ser, Dr. E. A. T. Kircher, Dr. J. R. Kline, Dr. K. W. Lamson, 
President E. O. Lovett, Professor James Maclay, Professor 
L. C. Mathewson, Professor R. L. Moore, Professor F. M. 
Morgan, Professor Frank Morley, Professor G. W. Mullins, 
Dr. F. D. Murnaghan, Mr. L. S. Odell, Mr. George Paas- 
well, Dr. Alexander Pell, Professor Anna J. Pell, Dr. G. A. 
Pfeiffer, Professor Susan M. Rambo, Professor H. W. Reddick, 
Professor R. G. D. Richardson, Dr. J. F. Ritt, Professor E. D. 
Roe, Jr., Dr. Caroline E. Seely, Professor L. P. Siceloff, Pro- 
. fessor Clara E. Smith, Professor D. E. Smith, Professor P. F. 
Smith, Dr. J. M. Stetson, Professor H. D. Thompson, Mr. 
H. S. Vandiver, Major Oswald Veblen, Mr. H. E. Webb, Dr. 
Mary E. Wells, Professor H. S. White, Mr. J. K. Whittemore, 
Dr. C. E. Wilder, Miss Ella C. Williams, Dr. Emily C. Williams, 
Professor Ruth G. Wood, Professor J. W. Young. 

President Morley occupied the chair, being relieved by 
Professor Kasner. The Council announced the election of the 
following pérsons to membership in the Society: Mr. N. W. 
Akimoff, Philadelphia, Pa.; Dr. Tobias Dantzig, Columbia 
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University; Mr. A.:C. Maddox, Guthrie, Okla.; Mr. Mont- 
ford Morrison, Chicago, Ill.; Professor Ganesh Prasad, Cen- 
tral Hindu College, Benares, India; Mr. F. M. Weida, State 
University of Iowa; Mr. C. L. E. Wolfe, University of Cali- 
fornia. ‘Two applications for membership in the Society were 
received. 

Tt was decided to hold the summer meeting of the Society 
at the University of Michigan, on September 2-4. Profes- 
sors Beman, Bliss, Karpinski, Osgood, and the Secretary were 
appointed a committee on arrangements for this meeting A 
committee, consisting of Professors Bliss, Birkhoff, and Veb- 
len, was appointed to prepare nominations for officers and 
other members of the Council to be elected at the annual 
meeting in December. 

Professors E. W. Brown, L. E. Dickson, and H. S. White 
were appointed as representatives of the Society in the Divi- 
sion of Physical Sciences of the National Research Council, 
and President R. S. Woodward and Professors G. D. Birkhoff 
and W. D. MacMillan as representatives of the Society in the 
American Section of the International Astronomical Union. 

Professor Archibald, chairman of the committee on the 
publication of a mathematical year book, presented a pre- 
liminary report; the committee was continued and asked to 
make a further report at a future meeting. 

Professor A. B. Coble was appointed to succeed Professor 
D. R. Curtiss as a member of the Editorial Committee 
of the T-ansactions. 

A special feature of the meeting was the reports on the work 
in ballistics at Aberdeen and Washington, which occupied the 
first part of the afternoon session. Titles and abstracts of 
these reports are included in the list below (papers 14, 15, 16). 

About fifty members and friends gathered at the midday 
luncheon. Thirty-two attended the dinner in the evening. 
Much satisfaction was expressed at the return of these pleas- 
ant occesions. 

The following papers were read at this meeting: 

(1) Professor C. J. KEYSER: “Concerning groups of dyadic 
relations in an arbitrary field.” 

(2) Mr. J. K. WHITTEMORE: “Certain functional equations 
connected with minimal surfaces.” 

(3) Frofessor W. B. Fire: "Linear functional differential 
equations." 


D 
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(4) Mr. L. B. Ropryson: “Note on a theorem due to Wilc- 
zynski.” f 

(5) Mr. L. B. Rosson: “A curious system of polyno- 
mials, continued.” 

(6) Professor O. E. GLENN: “Covariants of binary modular 
groups." 

(7) Professor O. E. Guenn: “Modular covariant theory of 
the binary quartic. Tables” (preliminary report). 

(8) Professor O. E. Grenn: “Invariants of velocity and 
of acceleration." 

(9) Professor F. H. Sarrorp: “Reduction of the elliptic 
element to the Weierstrass form." 

(10) Mr. Parne FRANKLIN: Computation of the complex 
roots of the function P(z)." 

(11) Dr. A. R. Schweitzer: “On the history of functional 
equations" (preliminary report). ` 

(12) Professor E. D. Roz, JR.: “The irreducible factors of 
1+ g+ ..- +2". Second paper.” 

(13) Professor E. D. Roz, Jr.: “The irreducible factors of 
a circulant.” : 

(14) Captain Dunnam JACKSON: “Contributions of modern 
mathematics to exterior ballistics.” 

(15) Dr. T. H. Growwarn: “Qualitative properties of the 
ballistic trajectory.” 

(16) Major OSWALD VEBLEN: “Progress in design of artil- 
lery projectiles.” 

(17) Professor G. D. Brrxuorr: “Boundary value and ex- 
pansion problem for differential systems of the first order." 

(18) Professor G. D. Braxgorr: “Note on the closed curves 
described by a particle moving on a surface in a gravitational 
field.” 

(19) Professor G. D. Brrxuorr: “Note on the problem of 
three bodies.” WS 7 3 

(20) Professor Epwarp Kasner: “A characteristic prop- 
erty of central forces.” 

(21) Dr. J. F. Rrrr: “On weighting-factor curves for low 
elevations.” E 

(22) Professor A. C. Lunn: “Some functional equations in 
the theory of relativity.” . 

(23) Dr. J. R. Kuwe: “Concerning sense on closed curves 
in non-metrical plane analysis situs." 

(24) Professor R. L. Moore: “On the most general class 


H 
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L of Fréchet in which the Heine-Borel-Lebesgue theorem 
holds true." 

(25) Mr. H. S. Vanprver: "On the class number of the 
. field Ott) and the second case of Fermat's last theorem.” 

(26) P-ofessor F. W. Bear: “On certain points of congru- 
ences of circles." 

(27) Professor L. L. SILVERMAN: “Regular transformations 
of divergent series and integrals." 

(28) Mr. T. C. Fav: “The application of the modern the- 
ories of integration to the solution of differential equations." 

(29) Dr. C. A. Fıscmer: “Completely continuous trans- 
formations and Stieltjes integral equations." 

(30) Frofessor ARNoLD Emcu: “On closed curves described 
by a spherical pendulum.” 

(31) Erofessor H. S. Warte: “An explicit formule for two 
old problems.” 

(32) Professor L. P. Eisenaart: “Triply conjugate sys- 
tems with equal point invariants.” 

Mr. Franklin was introduced by Dr. Gronwall. The papers 
of Mr. Lobinson, Professor Safford, Dr. Schweitzer, Professor 
Lunn, Professor Beal, Professor Silverman, Mr. Fry, Dr. 
Fischer, Professor Emch, Professor White, and Professor Eis- 
enhart were read by title. Abstracts of the papers follow 
below. 


1. If the domain of a relation be identical with its co- 
domain and therefore with its field, then, whatever field be 
given, any relation of the kind in question belongs to one and 
but one of the following nine types of relations: one-one, one- 
some, some-one, some-some, one-many, Many-one, some-many, 
many-some, many-many. These classes together with those 
formed from them by logical addition constitute a certain 
class C of classes of relations. Professor Keyser has deter- 
mined what members of C are groups, the rule of combination 
being relative multiplication. 


2. In Mr. Whittemore’s paper functional equations for the 
Enneper-Weierstrass function defining a real minimal surface, 
which express certain properties of the surface, are solved, 
and fram the results several theorems are obtained. 


3. Professor Fite establishes the existence of solutions of a 
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certain class’ of linear functional differential equations and 
discusses the properties of the functions defined by certain 
mixed difference equations. : 


4. At a previous meeting of the Society (April 28, 1917) Mr. 
Robinson showed that the general system of linear homoge- 
neous differential equations could be reduced to a canonical 
form whose covariants could be computed by a finite number 
of quadratures. "This result was accepted for publication by 
the editors of the Johns Hopkins Circular. Subsequently the 
author discovered that his method yields a very neat proof 
‘of the theorem enunciated by Wilczynski on page 39 of his 
Projective Differential Geometry. 


5. In this paper Mr. Robinson continues a note read at the 
summer meeting of 1918. Given a system of equations 


LS n+l n+l 
| DP tet +235 D Puits = 0 
j=l i21 kl 
(r= 1,2, +--+, n), ' (@ > E); 


polarize each ‘of the above equations with respect to the r 
following points: £i, Zar, - - tas D = 1,2, ---,n). Denote 
the resulting system by J3.° The system composed of J; and 
J can be designated by P. Solve J; with respect to zı, sub- 
stitute the ‘solutions in J, and rationalize. Write the co- 
efficients of the resulting forms thus: | 


Cy(Pu +++ Pari ati). 


The necessary and sufficient condition for the existence of 
values of the z's annulling P and not annulling all the deter- 
minants of the matrix || xy || (¢ = 1,2, ---,n4- 1)(j = 1, 2, 
‘++, n) is given by the vanishing of all the C's. 


6. Contributions relating to processes, general and enumer- 
ative, for complete systems of covariants of binary forms 
transformed modulo 2, or 3, are treated in Professor Glenn’s 
paper, which is a summary of the tabulated results, and 
methods, of a number of papers by the author on formal mod- 
ular covariant theory (mod p).* An algorism of modular 


* For a treatment of universal covariants of modular groups, see Dick- 
‘son, Transactions, vol. 12 (1911), p. 75. . 
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convolution, involving simultaneous invariants and covar- 
iants, is here given as a new conclusion, and the forms from 
the complete systems of former papers are exhibited under 
the notation of this algorism. 

The paper appeared in the April number of the Proceedings 
of the National Academy of Sciences. 


7. The doctrine of the covariant scale and of the construc- 
tion of a complete formal modular concomitant system by a 
process af passing from degree to degree, developed by Pro- 
fessor Glenn in former papers, now enables him to derive 
fundamental systems of the binary quartic form with reference 
to the linear congruence groups Ge (mod 2), and Gig (mod 3). 
He also extends the general theory of the forms of even order 
transformed modulis 2 and 3, and summarizes certain conclu- 
sions in this theory in covariant tables for the forms of orders 
4, 6, 8. The problem of the complete seminvariant system 
is, in the methods of this paper, a phase of a theorem on the 
reducibility modulo p of the general quartic of order > p? — 1. 


8. In zelativity theory the velocity (x, y, 8) of a point mov- 
ing uniformly, as observed from a system of reference S, is 
connected with the apparent velocity (2’, ai, 2) for an obser- 
ver situated upon a system S’, moving relatively to S, by a set 
of equations of substitution upon the variables 2, y, 232’, V, 
Ar. Professor Glenn constructs systems of concomitants, both 
universal and quantitative, in each of two domains, for these 


transformations. A similar invariant theory of acceleration 
is develcped. 


9. A formula for the reduction of the elliptic element to 
the Weierstrass form and quoted by Biermann as derived 
from Weierstrass’ lectures has been discussed briefly by Green- 
hill, Enneper and others. Haentzschel has referred to it as 
the most general solution of the differential equation satisfied 
by all elliptic functions, and then used it as a basis of exten- 
sion and criticism of Wangerin’s surfaces in a potential prob- 
lem. Professor Safford has published several articles con- 
cerning Wangerin’s and Haentzschel’s results, and in this 
paper g:ves new facts about the formula, showing in particular 
that it is not a more general form but arises solely from a 
change of constants. 
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10. By a method based on an existence proof recently given 
by T. H. Gronwall, the numerical values of the four complex 
roots of the P-function associated with the gamma function 

~ have been calculated by Mr. Franklin. The values found are: 
— 1.7262976 + 1.2880921i and — 3.7264730 + .54067461. 


11. Dr. Schweitzer compiles a first section of a bibliography 
(with critical notes) of functional equations, excluding ref- 
erences primarily to difference, differential and integral equa- 
tions, or mixed types of such equations. The present work, 
which the author hopes to amplify, is divided into I. Classi- 
fication; II. Range of application; III. Methods of solution. 
Subdivisions under I are I,. Simple, and Iz. Composite genesis; 
I; Analytic, and L. Non-analytie reference, and under I, the 
further divisions Lu, General theories of composition, with the 
sections Lu. Equations in partial functions, and Los, Equations 
in iterative compositions. The operations considered are 
mainly distribution, inversion, elimination, iteration, trans- 
formation as applied to variables or functions. Attention is 
called to the relations given by Hankel* and Stolz-Gmeinert 
when interpreted as functional equations (cf. Hankel: “ Cal- 
culus of Operations") and their generalization, and the inter- 
esting but apparently little known functional equations dis- 
cussed by E. Sehroeder.[ In the Mathematische Annalen, 
volume 12, page 483, Schroeder gives an attempted, but erro- 
neous, solution of a distributive equation in the domain of 
substitution groups. , 


12. In this paper, which is a continuation of a previous one, 
Professor Roe derives relations among the roots of 1 — z” 
— 0, various formulas for factorization, and the irreducible 
factors of f(z, n) =1te+---+a%1=1,n, of f(x", n) 

-= m, n and of X,(2") =. X,(x) = 0 gives the primitive nth 
roots of unity, and X,(z) = } is irreducible. The paper es- 
tablishes that an infinite number of identities each of two 
types comprises all the interfunctional expressibility relations 
among the f's and X’s, namely: 


8;= F(T, Ta, ee ZA 


* Theorie des complexen Zahlensysteme (1867), pp. 26-28, 34, 18, 63, 
106 and elsewhere. 

T Theoretische Arithmetik (1902), chapter III, especially, pp. 52, 53, 38, 
note 1. 

t For example, Archiv LO vol. 5; Crelle, vol. 90; Math. Annalen, vols. 10, 
29; and the Vorles. u. d. Algebra der Logik, vol. 1 (1890), pp. 617, 630 et seq. 
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which states that every S can be expressed as an explicit 
rational function of the 7"8, and 


Fi; Ss, y Sr) = F(T, Ts, Me) T). 


In both identities S’s and T's represent both of them &’s, or 
both f's, or either one f's and the other X’s, making eight sub- 
types in all. Their development and discussion form a 
large part of the paper, and they are used in solving the 
_ main proklem. 

The mast general solutions are: 

For irreducible factors of the X’s 


nj. See DÉI = '- D ai. Won ae 
gh. : e 1 H 


n= bit enk oj Se 0,a; 2X; 20, and the product con- 
tains D" (a; + 1) irreducible factors. ` 
For irreducible factors of the f’s 


my ++ n mp «mm «mb 
Jo Wha, Xneide) 
= Ty +++ n man +++ men, 
BA=0, Zec-Ltäe 
k25 20, c= 0 when 1> 0, a 2 NZ O, bit 2 20, 
a product that contains 


Dis n L6 e+ E 2 - e+ D} 


irreducible factors. 

Numerous applications of the theory and methods are 
given. It is pointed out that a theorem of Lombardi is con- 
tained as a very special case in the second of the preceding 
general solutions, which is the generalization of all problems ' 
of the type of Lombardi's. A theorem proved by De Virieu is 
also generalized: The necessary and sufficient conditions 
that f(x) = Dien — 1)/Uj(@** — 1) is integral are: no prime 
number enters more f's than a’s, and its distribution in the 
individual Gs is not higher than in the individual o?s. If 
r=k=p, o,—m-— i--1, ß,=t, and x is replaced by 2, 
we get th2 theorem proved by De Virieu. The paper concludes 
with lists of irreducible factors and applications of tne ee 
theory. 
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13. The observations contained in this paper will be incor- 
porated in Professor Roe’s paper preceding. 


14. Captain Jackson's paper gives a brief summary of re- 
cent progress in the treatment of the fundamental problems 
of exterior ballistics under the guidance of modern methods 
in mathematical analysis. Particular emphasis is placed-on 
Moulton's development of the method of numerical integra- 
tion for computing trajectories and differential variations, and 
on Bliss's method of computing differential variations by the 
use of an adjoint system of differential equations. It is 
pointed out further that, while the theory of the motion of 
a projectile, regarded as a material particle, has reached a 
relatively satisfactory state, present knowledge of the accom- 
panying gyroscopic and fluid motions is highly incomplete. 


15. Inthis paper Dr. Gronwall considers thedifferential equa- 
tions for the motion of a heavy particle in a resisting medium 
g= — Fa, y'— — FyC — g, where F is the resistance divided by 
the velocity. A qualitative study of the trajectories belong- 
ing to this system is made under the sole assumption that 
F = F(2', ar, x, y, t) is a positive continuous function of its five 
arguments. Various inequalities involving range, maximum 
: ordinate, time of flight, etc., are derived, all of these inequalities 
reducing to equalities in vacuum. A summary of further re- 
sults obtained under stronger assumptions on F is given; these 
results are of practical importance in the question of deducing 
simple approximate formulas for the differential corrections in 
ballistics. 


16. The paper by Major Veblen is a report on experi- 
mental work carried out at the Aberdeen Proving Ground, 
which led to improvements in artillery projectiles. Among 
the questions investigated were the effects of false ogives, 
of boat-tailed or stream-lined bases, and of devices for modi- 
fying the yaw. Considerable increases in range were obtained 
by these methods, but the most important gain was obtained 
by a modification of the rotating band by the removal of some 
excess copper. This resulted, in the case of the 6-inch gun, 
in an increase in range of about 214 miles, and in a diminution 
of dispersion by a factor of 8. Similar results were obtained 
in several other guns. It is intended to publish an account 
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of these studies on rotating bands in an article by Major 
Veblen and Lieutenant Alger in the Journal of the United 
States Artilery. 

These investigations were of an empirical nature, and were 
carried out, for the most part, without the guidance of a 
mathematical theory. The absence of a mathematical theory 
is particulerly to be underlined in the case of the rotating 
band experiments, because semi-official popular accounts of 
this work have been published in which it is stated that the 
results were obtained by pure mathematics. The work at 
the proving ground was done in close collaboration by several 
men, among whom may be mentioned Lieutenants P. L. Alger, 
F. E. Fish, and H. Galajikian, and Captain J. W. Alexander. ` 
Although the coöperation among all concerned was so close 
as to make it impossible to trace ideas to their sources, the 
largest share of the credit must be assigned to Lieutenant 
Alger, particularly in the rotating band investigations. The 
results on the 6-inch gun were obtained independently in 
France by Captain R. H. Kent, after studying the Aberdeen 
results for the 8-inch howitzer. 


17. Professor Birkhoff shows that his earlier work on boun- 
dary value and expansion problems for a single ordinary linear 
differential equation of the nth order (Transactions, volume 9 
(1908), pages 219-231, 373-395) can be extended to differential 
systems of the first order. In this manner it is possible to 
deal with these problems for ordinary differential equations 
of the nth order in which the parameter does not enter lin- 
early. 


18. In & paper by Professor Emch (Proceedings of the Na- 
tional Academy of Sciences, volume 4 (1918), pages 218-221) 
the existence of certain types of closed curves of motion for 
a particle moving on a sphere in a gravitational field is estab- 
lished. Professor Birkhoff points out in his note that if a 
point moves on any surface which has a vertical plane of 
symmetry toward which it is concave, then the existence of 
such closed curves is an immediate consequence of general 
results deduced by him earlier (Transactions, volume 18 (1917), 
pages 193-300). 


19. Using the methods of Sundman (Acta Mathematica, 
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volume 36 (1912), pages 105-195), Professor Birkhoff proves 
that if three bodies lie sufficiently near together at t = 0 with 
assigned area integral constants not all zero, then at least two 
of the mutual distances become infinite for lim t = ©. 


20. Professor Kasner shows that the differential équation 
of the third order defining all the trajectories of a plane field of 
force admits & integral of the form y" = cF(z, y, y) 
when and only when the field is central (or, as a limiting case, 
parallel. Generalizations are obtained by imposing some in- 
stead of all five of the geometric properties characterizing a 
dynamical family. (See Princeton Colloquium Lectures, page 
10.) ? e 


21. In this paper Dr. Ritt discusses the manner in which 
weighting-factor curves for differential variations behave as 
the elevation approaches zero. It is found that there exists 
a limiting weighting-factor curve for each type of atmospheric 
disturbance. In the case of a range wind the weighting-factor 
curve is a cubic which depends on the muzzle velocity, but 
not on the projectile. The weighting-factor curves for a 
variation in air density and for a variation in the velocity of 
sound have the same weighting-factor curve for zero elevation, 
a cubic which is the same for all projectiles and for all velocities. 
The weighting-factor curves for cross wind approach a parabola 
which is also independent of the projectile and of the velocity. 
These limiting curves may be used in the reduction of firings 
at low angles, when it is desired to avoid short-arc computa- 
tions. This paper will be offered for publication to the Jour- 
nal of the U. S. Artillery. 


22. In transcribing his process of light-signalling Einstein 
obtained relations connecting the space-time coordinates in 
two systems, in the form of functional equations. He solved 
. these by passing to partial differential equations and restricted 
the solutions to linearity by appeal to a homogeneity whose 
meaning is somewhat obscure. In the present paper, through 
' a somewhat more complete use of functional equations, Pro- 
fessor Lunn shows that the assumption of differentiability is 
not necessary, and that the needed features of homogeneity 
ee already implicit in the optical and kinematic postu- 
ates. 
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23. In a paper, recently published in the Annals,* Dr. 
Kline gave a non-intuitional definition Z of sense on closed 
curves in any space satisfying Professor R. L. Moore's system 
of axioms 23. It will be remembered that Za besides being 
satisfied by an ordinary euclidean plane, is also satisfied by 
certain spaces which are neither metrical, descriptive, nor sep- 
arable. In the present paper, Dr. Kline considers the follow- 
ing set of mdependent postulates for sense on closed curves 
with respect to their exterior: 

Axiom 1. If A and C separate B and D on the closed curve 
J, n the sense ABC on J is not the same as the sense ADC 
on J. 

Axiom 2. If, on the gre ABC of the closed curve J, E, H 
and F are points such that on the arc ABC the order AEHFC 
holds, while EXF is an are lying except for its endpoints 
within J, then the sense ABC on J is the same as the sense 
EHF on EdFXE. 

Axiom 3. If the sense 4,B,C; on J; is both the same as the 
sense Ae Basis on Js and as the sense Ae Bas on Js, then the 
sense A,B, on Ja is the same as the sense 43D3Cs on Je.’ 

The result obtained is that, if Z/ is any definition of sense 
on closed curves in a space satisfying Za, then a necessary and 
sufficient condition that 2’ have the properties of Axioms 1 
to 3 is that Z/ be equivalent to Z. "E 


' 24. In a class L of Fréchet, a set of points M is said to pos- 
sess the Heine-Borel-Lebesgue property if, for every infinite 
family G of subsets of L that covers M, there exists a finite 
sub-family of G that also covers M. The Heine-Borel-Le- 
besgue theorem is said to hold true in a given space L if 
every closed and compact subset of L possesses the Heine- 
Borel-Lebesgue property. In a recent paper, Fréchet has 
shown that in order that the Heine-Borel-Lebesgue theorem 
should hold true in a given class S (i.e., a class L in which the 
derived set of every set is closed) it is sufficient that that 
class S sho.ld be a class V (a class Lin which a distance func- 
tion exists;. He points out however that this sufficient con- 
dition is nct necessary and raises the question as to what prop- 
erty it is nacessary and sufficient that a class S should »ossess 
in order tkat the Heine-Borel-Lebesgue theorem should hold 


* Cf. “A definition of sense on closed curves in non-metrical plane 
analysis situs,” Annals of Mathematics, 2d series, vol. 19 (1918), pp. 185- 
200. 
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true in that class. In the present paper, Professor Moore ex- 
hibits one such property. He calls a family G of point sets 
a monotonic family if, of every two members of G, one of them 
contains the other one. A monotonic family G is said to 
be proper if there is no point common to all the members of 
G. A set of points M is said to have the property K if every 
monotonic family of closed subsets of M is improper. A nec- 
essary and sufficient condition that the Heine-Borel-Lebesgue 
theorem should hold true in a given class S is that in that 
' class every closed compact point set should have the property 
K 


If a set of points M is defined as being compact in the new 
sense in case for every proper monotonic family G of subsets 
of M there exists at least one point which is a limiting point 
of every member of G, then the following theorem holds true: 

In a class S, in order that a point set M should possess the 
Heine-Borel-Lebesgue property it is necessary and sufficient 
that M should be closed and compact in the new sense. 


25. In the Göttinger Nachrichten, 1910, pages 507-516, F. 
Bernstein proves that if the class number of the field defined 
by e”"#*, where p is prime, is divisible by p but not by p^ 
then the relation ; 


(pz)? + y? + 2? = 0 


is not satisfied in rational integers z, y, 3, none zero. In the 
present paper Mr. Vandiver investigates the divisibility of 
Q(e**5 by p, and shows that Bernstein’s assumption is 
equivalent to the statement that p is a regular prime, and 
therefore his result is included in Kummer's well known cri- 
terion. 


26. Professor Beal's paper is in abstract as follows: With 
one exception, at most, four points of a circle of a congruence 
generate surfaces normal to lines through them and in planes 
orthogonal to the circle. If the circle touches the envelope 
S of its plane, one, two, or three points may coincide at the point 
of tangency without imposing a condition on the radius R. 
If S is developable or if the circle is tangent to an asymptotic 
line, two coincide. 

When the center is at the point of tangency these cases 
arise: With radius R(u) and lines of curvature parametric, 
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two points are on the tangent to » = const. and the normals 
at them intersect the normal of S at distances + R/(u)8 1 
from the center of normal curvature of v = const.* The 
other points are symmetrical with respect to the tangent of 
» = const. and the normals pass through the center of normal 
curvature cf u = const. The last two points are real only 
when GR” is less than or equal to 8G + GE + 2DD". In 
the first case the points are distinct and in the second coin- 
cide on the tangent to » — const. The above holds true if 
Ris constant. "The four points are then on the tangents to 
the lines of curvature. If S is developable with rectilinear 
generators » = const. and orthogonal trajectories u = const. 
three cases exist: (dR/du)?< E, four distinct points; 
(@R/du)? = E, three coincident points; (0RH/0u)' > E, two 
imaginary points. 2 

27. Hurwitz and Silverman have studied transformations 


of sequences of the type tnr = 2 G5x5;, Where the numbers an» 
1 


are defined in terms of certain values of a function f(z) of the 
complex variable z. Professor Silverman defines an by means 
of a real function f(x) of the real variable x. The condition 
for regularity of the transformation Ty is obtained simply in 
terms of f(z) and its continuous derivative f'(2). The condi- 
tion for the equivalence of two transformations T, and T, is 
that there exist a solution, having certain properties, of an 
integral equation involving f(x) and g(x). As a special case, 
the equivalence of Cesäro and Holder summability of like 
order, integral or fractional, is deduced. - It is further shown 
that this method in terms of real variables is more general 
than the one in terms of complex variables. 

The results obtained for divergent series are shown to apply 
also to divergent integrals. 


28. The primary object of Mr. Fry’s paper is to establish 
the validity of certain methods of treating differential equa- 
tions by the use of Fourier’s integrals. These methods have 
been used by a number of mathematicians in the treatment of 
circuit problems, but the very considerable extent of their 
field of validity apparently has not been recognized. From 


*E, G, D, Dr, & and G are fundamental quantities for S and its 
spherical representation. 
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a standpoint of pure mathematics, the most important con- 
tribution of the paper is a definition of the integral 


j dy » dn EN Don. 
Lat 


which applies even when & does not vanish at ©. This 
definition is shown to be consistent with the ordinary Riemann 
definition, when the latter applies; and the validity of per- 
forming addition, subtraction, differentiation and integration 
under the sign of integration is established. The conception 
of Stieltjes’ integrals is used in carrying out the argument. 
A minor point of interest concerning the possibility of varying 
the path of a Fourier integral is touched upon, leading to the 
reduction of such integrals to closed paths. 


29. Riesz has recently derived a large part of the Fredholm 
theory of integral equations for the equation 


fia = e(z) + AT(g), 


where T(¢) is any completely continuous linear transformation; 
and in an earlier paper he has proved that every linear trans- 
formation, that is linear functional depending on a parameter, 
can be put in the form 


T(y) = f URL, 9). 


After deriving a sufficient condition that a set of discon- 
tinuous functions shall be compact, Dr. Fischer has proved 
that this transformation will be completely continuous if 
the variation of K in y and its two-dimensional variation 
are both finite. Another sufficient condition and a necessary 
condition are also obtained. 


30. Professor Emch presents the results of an investigation 
of the curves described by a spherical pendulum in case that 
they are closed. The discussion is based upon the parametric 
representation of the cartesian coordinates of a point of the 
curve by Weierstrassian c-functions. It is shown that the 
closed curves are algebraic, and rational in Greenhill’s case, 
in which the pendulum-bob just reaches the plane of suspen- 
sion. A classification of these curves is given as well as an 
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account of their principal geometric properties. The paper 
was published in the March number of the Téhoku Mathe- 
matical Journal. : ` 


31. In the theory of conics it is a well known theorem that 
two inscribed triangles determine a second conic, for which 
each is self-polar. On a twisted cubic curve a similar theorem 
was proved by von Staudt and Hurwitz for two tetrahedra. 
Professor White’s paper presents an explicit algebraic formula 
by which Eoth these theorems are established, and from whose 
obvious exzension others can be inferred. This formula effects 
in the one case a (2, 2) transformation, in the other a (3, 3) 
transformstion, of the parameter in terms of which points 
on the locts are rationally expressible. It permits the explicit 
determination of the infinitely many self-polar triangles of a 
second córie which are inscribed in the first, as soon as two 
are known. 


32. When the coordinates of a point in space are expressed 
in terms of three independent parameters u, v, w, the points 
for which any one of the parameters is constant, say w, lie 
on a surface. If the parameters are such that the curves 
u = const. and v = const. on the surface form a conjugate 
system, we sey that space is referred to a triply conjugate 
system of suriaces. Professor Eisenhart proposes and solves 
the problem of finding triply conjugate systems for which 
the three Laplace equations satisfied by the cartesian coordi- 
nates have equal invariants. When in particular the triple 
system of surfaces is orthogonal, the lines of curvature on 
all the surfaces are isothermic. The problem of finding these 
orthogonal systems has been solved by Darboux. This paper 
will appear in the June Annals. 

F. N. Cors, 
Secretary. 
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REPORT ON THE THEORY OF THE GEOMETRY 
OF NUMBERS.* 


BY PROFESSOR H. F. BLICHFELDT. 


(Read at the Chicago Popon n E Mathematical Society, 
1. Iniroduction.—' There arises in theory of numbers an 
important class of problems of a kind best illustrated by an 
example: Consider the quadratic form f = az? + 2bzy + cy?, 
ac — b? > 0. Let the numerical value of the determinant 
D = ac — b? be given, but not the coefficients a, b, c individ- 
ually; also let it be specified that the variables x, y must be 
integers (positive or negative or zero). Under these condi- 
tions, what can be predicted as to the least absolute value of f 
other than f = 0? Designating this value by [f], we havet 
[f] € 2/3D, the extreme limit being reached by the form 

z? + ay + y?. 

Isolated problems of like nature were studied by prominent 
mathematicians during the past century. Hermite discovered 
a superior limit to the least value [f] of a positive definite 
quadratic form in n variables in terms of n and the numerical 
value of the determinant D:[f] € ($) 7? ? D'^ (Journal für 
Mathematik, volume 40, 1850, page 263); this was the first 
important result of a general nature. 

In the matter of references we shall use the abbreviations: 
Mi, M», Ms, M, designate respectively the following books by 

Minkowski: “Diophantische Approximationen,” Leipzig, 

1907; “Geometrie der Zahlen," Leipzig, 1896-1910; 

“Gesammelte Abhandlungen," volumes 1 and 2, Leipzig, 

1911. 

Bı refers to “A new principle in the geometry of numbers” by 
the author, Transactions American Mathematical Society, 
1914, pages 227-235; Bg to a paper read before this Society, 
San Francisco Section, April 6, 1918 (see this BULLETIN, 
1918, page 418). i 
* An exposition of the theory of the geometry of numbers is to appear 

in the Annals of Mathematics during the fall and winter of the present year. 

For this reason the report here given of the lecture at the nie Sympo- 

, Bium is very brief. fs have been omitted, and only a few illustrative 
“samples are included, The fundamental theorems are, however, stated 


practically in full (§3). 
1 See Bı, p. 233, for references. 
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9. Minkowskis “nowhere concave" surfaces (Ms, pages 
1-76).—It remained for Minkowski to discover a theorem 
bearing on the least values of a very general class of functions, 
by means of an elegant geometrical interpretation of this 
, minimum. He defines a real function e of a real finite 


variables z;, -::, % having the following properties (A), 
(B), (O: . ‘ 
(A) play, tn) = & definite positive number unless 


a = 0, +++, tn = 0; 
e(0, «++, 0) = 0; - i 


e (tm, = +, tt) = telts rg Tan) for any positive number i; 
(B) e(m- yy Eat yn) S eG 3 2n) + eos ts Um); 
(C) e(— au, 29) S e(m, -- -y Ta). 


The follcwing functions (1) and (2) may serve as illustra- _ 
tions. We have taken n = 2, 2; = T, Ya = y. 


() p= vasi + Marita, ac — b* 0; 
(2) e- |z|when|z] Z ly]; e |y] when le) = 9's 


The corresponding curves p = k are respectively an ellipse 

and a square. 

It may be proved that 

(a) ¢ is continuous in the variables tı, ***, Za; 

(b) the variables satisfying the inequality e S k, for a given 
finite positive k, do not exceed in absolute value a 
certain finite number depending on k and e; 

(c) the surface o = k has the origin (0, ..., 0) as a center of 
symmetry and is nowhere convex as seen from this 
center; : 

(d) for a given positive k, the points (a1; ..., 24) are separated . 
into three distinet sets: inner points, points on the 
surface, outer points, according as the following condi- 
tions are satisfied: o < k, e = k, e > k; 

(e) the outer and inner volumes of e = k have one and the 
same value, namely the integral f dadas +++ dan ex- 
tended to all the inner points. ` 

It follows that only & finite number of lattice points, (i. e., 
points whose coordinates are integers (positive or negative 

or zero), vill be inner points or points on the surface ¢ = k, 
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and that the surface will lie in the interior of a cube (n- 
dimensional) of finite edge. If k is taken small enough, all 
lattice points other than the origin will be outer points. 

3. General theorems. For a surface as thus defined, Min- 
kowski proved the following theorems I, I’, III: 

THEOREM I (Ms, page 76). If the volume of p = k is = 2, 
then at least one lattice point other than (0, --+, 0) will be an 
inner point or a point on the surface. ` 

THEOREM I’ (M; page 76). If the volume of o — 1 is 
represented by J, then there will be at least one set of integers 
h, ++, la not all zero, such that i 


0 € e(l, ---, L) S 2AP, 


The somewhat more general geometrical theorem proved 
by the author (Bı, page 228) may be stated as follows in con- 
densed form: : 

THEOREM II. A simple closed surface of volume V can be 
placed in such a position by means of a translation x, = z’ + a, 
"+1, Tn = du! F s that the number of lattice points which will 
he inside or on the surface is > V. 

This surface need not possess a center, not does it need to 
be concave towards an inner point. 

THEOREM IIT (ws, page 270). There exists a function ei 
obtained from p by means of a linear homogeneous transformation 
of determinant unity of the variables z, - - *, Zn, such that 


. 1 1 1/n 
" J . 
' Geometrically: if the volume of ei = k is 
` Ds in 
« dE Sek 
then will every lattice point except (0, ---, 0) be an outer 
' point. The author has obtained slightly better results (Bg). 
4. Applications to homogeneous forms. 
THEOREM IV (m, pages 68-79). Let E = Az + Ny + Xz, 
grut, f= yx +++ be three linear forms in L,Y, Z 


having real coefficients X, ---, »" and a determinant 
A= Quy") +0. Then 
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(a) integers l, mı, m, not all zero, may be substituted for x, y, 3, 
—say & = M, + Mm, + Ann: -,—such that ` 


(ie NALImI« NAT, [als Wal; 
(b) integers ls, ma, na, not all zero, may be substituted for 2, y, # 
such (oof 


l&l-- Imi 1I « Tal. 


These results follow immediately from Theorem I’, the 
corresponding surface o = 1 being a parallelopiped and an 
octahedron respectively. By a special analysis of the octa- 
hedron Minkowski proved (M4, page 40) that the left-hand 
member under (b) is S VETA]. : 

From this result we derive | &mts| S Ze | A ® 

Similar results are obtained when the coefficients of £ and 7 
are conjugate imaginary (n = D and those of £ real. Thus 
we find (3, page 233, from Theorem IL) 


| bts | < Vey | Al. 


Turonem V. Let f be a positive definite quadratic form in n 
variables and of determinant D. Then integers, not all zero, 
may be substituted for the variables such that the numsrical 


‘value of f is i A 
d <4 {r(1+3)} Dim. 


The author has obtained the limit 


2jn 

2 (r(14242)}" om 

T 2 
by means of Theorem II (Bı, page 233). The exact (superior) 
limit to the lowest value [f] (i. e., the limit actually reached 
by at least one quadratic form of determinant D) has been 
determined for n = 2, 3, 4, 5 (see Bi, page 233). For any n, 
we know from Theorem III above that this exact limit, which 
we shall denote by Atoll is, cannot fall below 


i. 1,1 n\ |i 
olıritgt-)r(143)] ae 


11/2 + 1/84 --- [2 +1 
(1) Lp Ue + UR S e KN + 


Í. e., 


2 9^ 


e 


1919.] APPLICATIONS OF GEOMETRY OF NUMBERS.  - 453 


Hence, quadratic forms exist for which the corresponding 
values of p satisfy these inequalities. However, no such form 
has ever been constructed for large values of n. 

The problem of the closest regular (latticed) packing of 
spheres in A, is equivalent to the problem of finding that 
positive definite quadratic form in n variables and of given 
determinant, say D = 1, whose least value, other than zero, 
is the highest possible for the given n and D (my, page 74 ff.). 
The ratio of the space occupied by spheres packed in regular 
layers in a large cube, say, to the volume of the whole cube, 
is indeed the number p defined above. 

The author has recently proved, by an essentially different 
method, that no matter how the spheres be packed in a 
large volume V, in a “regular” fashion or not, the ratio of 
the space occupied by the spheres to the whole volume V is 


n[2 +1 


92n/2 





It may be of interest to note in passing that it follows from 
the inequalities (1) satisfied by p for certain (though unknown) 
quadratic forms, that the shot-pile packing of spheres, though 
the closest packing in space of two dimensions and presumably 
also in space of three dimensions, is very far from being the. 
closest packing in space of a large number of dimensions 
(M4, page 95). 


APPLICATIONS OF THE GEOMETRY OF NUMBERS 
TO ALGEBRAIC NUMBERS. 


BY PROFESSOR L. E. DICKSON. 


(Read at the Chicago Symposium of the American Mathematical Society, 
‘ March 28, 1919.) 


1. THE geometry of numbers not only furnishes a concrete 
geometric image of certain fundamental theorems on algebraic 
numbers, but also provides a new and attractive method of 
proving important theorems on algebraic fields. For the 
sake of concreteness we shall restrict attention to the typical 
case of the cubic field F(0), which is composed of the numbers 
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r= X+ Y0 + 26%, where X, Y, Z are rational numbers, 
and 9 is a root of a cubic equation with integral coefficients, 
that of 6° keing unity. A root of any such equation is called 
an integral algebraic number. 

2. Basis of a Field —While the above number r is an integral 
algebraic number if X, Y, Z are integers, the converse need 
not be true. However, there exist integral algebraic numbers 
c, We, ws of the field F(#) such that the linear functions of 
w1, 93, ws With integral coefficients give all the integral algebraic 
numbers af the field. The essential idea of the geometric 
proof consists in showing that the points (X, Y, Z) which 
correspond to the integral algebraic numbers r of our field 
form a lat-ice determined by the fundamental parallelopived 
whose edges 9A, OB, OC are defined as follows: Of the 
points on the positive X-axis which correspond to integral 
algebraic numbers of F(0), let A be the one nearest the origin 
O and distinct from O . Of the points in the X Y-plane having 
Y > 0 and corresponding to integral algebraic numbers of 
F(6), let B be a point lying as near the X-axis as possible. 
Finally, of the points with Z > 0 and corresponding to integral 
algebraic numbers of our field, let C be one as near as possible 
to the X Y-plane. 

3. Basis of an Ideal.—A set of integral algebraic numbers 
of a field is called an ideal if the sum and difference of any 
two equal or distinct numbers of the set are numbers of the 
set and if the product of any number of the set by any integral 
algebraic number of the field equals a number of the set. 
Consider the lattice whose points correspond to the integral 
algebraic numbers zw, + ywa + zws of our field, x, y, z being 
integers. The points of this lattice which correspond to the 
numbers >f any ideal form a new lattice with a fundamental 
parallelopiped determined by 0A, O4: OAs. D o; is the 
number corresponding to the point 4, the numbers of the 
ideal are the linear combinations, with integral coefficients, 
of on, o, oa which therefore form a basis of the ideal. 

4. Units of a Field—By a unit e is meant an integral 
algebraic number which divides unity, so that 1/e equals an 
integral algebraic number. Dirichlet* stated, but did not 
publish a detailed proof of, the following fundamental theorem: 
If among the fields conjugate to a field F of degree m, r are 
real and -he remaining m — 2r = 2c form c pairs of conjugate 


* Sitzungsber. Akad. Wiss. Berlin, 1846, pp. 103-7; Werke, I, p. 639 (cf. 
p. 622, p. 630). + 
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imaginary fields, there exist s = r + c — 1 units a, IE? 
in F such that every unit e of F can be expressed in one and but 
one way in the form 

€ — pej^ -- 
where a, ..., a, are rational integers, positive, negative or 
zero, while p is a root of unity belonging to the field F. 
Kronecker* gave a proof along the lines suggested by Dirichlet. 
Another algebraic proof had been given by Dedekind.t 

Minkowskit gave a new proof which is largely algebraic, but 
makes some use of his geometric results. Later, he gave§ a 
more purely geometric form to his proof, confining his discus- 
sion to the typical cases of cubic and quartic fields. This 
proof makes use of various ideas and results of the geometry 
of numbers and shows the power and attractiveness of the 
latter subject. 

5. Classes of Ideals.—In his proof of the finiteness of the 
number of classes of ideals in a cubic field, Minkowski|| made 
use of his results on the upper bound of a product of three 
linear forms. The process enables us actually to find repre- 
sentatives of the various existing classes of ideals. This 
problem would be simplified by the discovery of more exact 
upper bounds. 


. ee 
Km 


PRODUCTS OF SKEW-SYMMETRIC MATRICES. 


BY PROFESSOR A. A. BENNETT. 


IN the March (1919) number of the BULLETIN occurs (page 
281) the following: The philosophical faculty of the Univer- 
sity of Berlin announces the following prize problem: “To 
determine by means of the theory of elementary divisors, the 
criteria that a given matrix be capable of representation as 
the composition of two skew-symmetric matrices.” A dis- 


* Comptes Rendus, Paris, vol. 96, 1883; vol. 99, 1884; Werke, I, 

p. 1-30. 
E T Dirichlet-Dedekind, Zahlentheorie, ed. 2, 1871, $106, pp. 471-9; 
ed. 3, 1879, $177, pp. 555-567; ed. 4, 1894, $183, pp. 806.803. Cf. 
Hilbert, Jahresbericht der Deutschen Math.-Vereinwung, vol. 4, 1894-5, 
pp. 214-222. 

Geometrie der Zahlen, 1896, pp. 135-147. . 

Diophantische Approximationen, 1907, pp. 133-148. 

Diophantische Approximationen, pp. 162-187. 
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cussion of this topic appears therefore of timely interest. To 
avoid prolixity, only the case of non-singular matrices will be 
here considered. 

For the sake of brevity and clarity the order of the proof 
will not be interrupted to prove elementary lemmas which 
in themselves present no difficulty, but several of such lemmas 


will be stated without proof at the start. Some of these are . 


proved in ell discussions of elementary divisors and others 
while not sc familiar present no new difficulties. The defini- 
tions and notations employed are those of Bécher: Introduc- 
tion to Higher Algebra. 


Scme Preliminary Lemmas and Definitions. 


1. If P is any non-singular matrix, there exist uniquely de- 
fined non-singular matrices P’ and P~, known respectively as 
the conjugate or transposed, and as the inverse of the given 
matrix. Further, (P^3 = (P3) and P3P = PP'!- |I, 
where I is the identity, i. e., MI = IM = M for every square 
matrix M cf tke same order as I. 

2. Skew-symmetric matrices of odd order are necessarily 
singular, but non-cingular skew-symmetric matrices exist of 
all even orcers. 

3. If A and B be square matrices of the same order m 
and with constant elements, the matrix A + AB, where A 
is variable, is called a linear A-matrix. The greatest common 

- divisor of sll determinants of order j, formed by suppressing 
n — jrowsand n — j columns of 4 + AB, will bea polynomial 
in A. If the arbitrary numerical multiplier in the definition 
of the greates: common divisor be so taken that the non- 
vanishing term of highest degree in X has unity for coefficient, 
this polynomial is denoted by D,(X). The ratio D:N / DA), 
where D,Q.) is arbitrarily defined as unity, is called the ith 
invariant factor, and is denoted by E,(à). For t odd, E; 
is called an odd invariant factor, and for ? even, an even 
invariant factcr. 

4. Operations on matrices which merely interchange rows 
or columns, o multiply rows or columns by non-vanishing 
factors, or replace a given row by the sum of this row and 
another, ar likewise with columns, are called elementary 
transformations. - 

5. If each o? two linear A-matrices is carried into the other 
by means of elementary transformations, these have the same 


D 
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invariant factors. : Hence, in particular, PMP! — AI and 
M — XI have the same invariant factors, for any matrix P 
of the same order, since the existence of P~ implies that P 
is non-singular. 

6. There exists a standard skew-symmetric matrix T of 
order 2n, defined by the condition that if &, be a general 
element of T, t; = 0, forj + 2n — i, Lomi = — 1,0 <i <n, 
h, oni = +1,n<i<2n. This standard matrix T is called 
“standard,” for the reason that for any non-singular skew- 
symmetric matrix H of order 2n, there is a non-singular matrix, 
P, such that PSP’ = T. 

7. If a matrix K of order 2n be such as to have throughout 
among its elements a; = Gris, ny, S n, j <n, and 0,5 = 0, 
if? Sn<jorj <n <i, then the submatrix Ko consisting 
of the elements a,, where i < n, j S n, determines the in- 
variantfactorsof K. Indeed if Fy, Fs, ..., Fn, be the invariant 
factors of Ko, En = Es; =F,i=1,2, ---,n, where E; 
is the jth invariant factor of K, j = 1, 2, +++, 2n. 

8. If S; and Sy are any two non-singular skew-symmetric 
matrices of the same order, 2n, the linear A-matrix $1 + AS; 
may be reduced by elementary transformations to a form 
LAT, where T is the standard matrix defined above, 
and the elements a of L satisfy the conditions that 
Gi, inh = — Onh, i $ S m, h Sn, ans a — D iEn <h, 
or h « n «i. Further specialization of the skew-symmetric 
matrix L is also always possible. 


Discussion of the Problem. 


Let M be the given non-singular matrix for which it is de- 
sired to determine whether M is of the form S183, where Sj, 
$3 are skew-symmetric matrices. By (2), M must be of even 
order, say 2n, since otherwise both S; and S; would be singular 
and hence M also. One may select a non-singular matrix, 
P, such that PMP = (PS,P)(P^18.P3) is of the form 
M,= TS. The matrix M, — AI, or TS — AI, becomes, on 
changing the sign of the first n rows and rearranging rows, 
S +AT, the S and T having the same meaning as previously. 
Using (8), this may be put in the form L + XT. Changing the 
sign of the last n rows and again rearranging rows, this may 
be written K — AI, K being as in (7). From this one has 
the following conclusion: 
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TTHzoREM. A necessary and sufficient condition that a non- 
singular matriz, M, shall be expressible as the product of two 
skew-symmetric matrices, viz., M = S18, 48 that every even 
invariant factcr of the linear X-matriz, M — M, shall be equal 
to the preceding odd invariant Jactor * 

University oF TAXAS. 


ON THE FIRST FACTOR OF THE CLASS NUMBER 
OF A CYCLOTOMIC FIELD. 


BY MR. H. 8. VANDIVER. 
(Read before the American Mathematical Society April 27, 1918.) 


. Ler 1 be an odd prime rational integer and consider the 
cyclotomir field defined by e?'"’!. A number of questions con- 
nected with this field depend on the divisibility of its class 
number ky | and its powers. This class number can be ex- 
pressed a3 the product of two integral factors one of which 
(generally referred to as the first factor) is 


DB)... F(Z- 
à i" ORI IE, 


where 


f(z) = ro + nz + sei Le tree, 


Z = el, r is a primitive root of l, and r; is the least posi- 
tive residue of r*, modulo l. ; 

Kummert proved that the necessary and sufficient condi- : 
tion that A be divisible by 1 is that one of the numbers of Ber- 
noulli, B., [s = 1,2, +++, (4 — 3)/2] is divisible by l,a B being 
termed divisible by an integer i when its denominator is 
prime to 7 and its numerator is divisible by ©. Kronecker} 
gave another proof which was reproduced by Hilbert.§ 

* Otherwise expressed, the condition is that the number of integers 


. within parentheses in the characteristic shall always be even, and these 
alike pairs Thus [(2, 2); (3, 3, 1, 1); (1, 1)] is possible, while [(2, 1); 
2, t ; 14], 





in 
H and D, 1] are impossible. 
Journal fur die Mathematik, vol. 40 (1850.) 
Werke, vol. 1, p. 93. 
Die Theorie der algebraischen Zahlkorper, Bericht, p. 429. 
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In the present paper I give an expression for the residue of 
h modulo P. where n is arbitrary, from which it is possible to 
give necessary and sufficient conditions that h be divisible by 
a given power of J in terms of Bernoulli numbers. The argu- 
ment used is a bit different from those employed by Kummer 
and Kronecker for the special case n = 1. 

The decomposition of./ into ideal prime factors in the field 
Q(Z) shows that one of these prime factors is 


EU = (Z or, D, 
whence 
Z = r(mod ®) 
and ; ' 
(2) Zu — al (mod $372), a^ —, D 


where k is an integer. "The right-hand member of (1) is un- 
altered by the substitution (Z7 /Z); hence from (1) and (2) 


(230795 = I] fir”) (mod Per), 


where s = 1,3,-+-,1— 2. Since k and f(r) are rational in- 
tegers and / is not divisible by $2, we then obtain, if a = a’ 








— AU — 3) 
Iyer") 
(3) h = pios (mod P+). 
We also have 
n=r (mod), ri” = rà (mod +) 
-and this gives , 
` p 1—1 psi" 
(8a) , m ) =>" 7 (mod ^). 
a=1 

But since 

í ni) = 1 (mod +), 
then : 


I1—1 


1-1 qe D 


2 i == (mod bi, 
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and (3) and (8a) give 
1—1 
II L nn 
(4) k= “Spi (mod bi, 
We shall now show that, for s odd, 

i-i j 
(5) EnH = (— 1) DAB eran (mod pr). 

a=1 
By the Bernouilli summation formula we have if b, = — 1/2, 


Aan = 0, and b, = (— 1)*.B,, where B, = 1/6, B4 = 1/80, 
ete., b, = b, : 





(6) y= Wir pe ana 
F k 
E ERG t ees 


By the Staudt-Clausen theorem (e is an integer or & fraction 
whose denominator is prime to J. All the coefficients of 1b* 
in the right-hand member of (6), commencing with the third, 
are divisible by Jett. To prove this, we observe that 


01 Dt HL Pir (mod P) 
(b-L Der = be sp (mod PP), 


and 


whence 
(b + Der = peta -+ (ale + Ober) + ber]? (mod [e*5, 


and : 
(b + Hera T paita ii perg 5 

(7) SES = [peo + 2 (mod: i713). 

The left-hand member of this relation is precisely the right- 
hand member of (6) if we expand and set k = s®+ 1. Setting 
b, for fe in (7), noting that b,x = 0 for s odd, and comparing 
(6) with the new (7), the relation (5) is obtained. We then 
deduce from (3) and (4) 


Jp u~ DERB er: 
(8) h=- gia» (mod le), 
s=1,38,---,l—2. 
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Kummer* has shown that 


Ba _ (_ qua Pots 
a 1) ey (mod J), 


where k is an integer and a is not a multiple of p = (1 — 1)/2. 
This gives 
(— De Boma _ Berna 
s(-- 0/2 (et 1)/2 


and applying the latter relation to (8) for a = 1, we obtain 
Kummer’s result to the effect that the necessary and sufficient 
condition that A be divisible by l is that one of the Bernoulli 
numbers B, (s = 1, 2, -+-, $(1 — 3)) is divisible by l. 
Bara, PA., 
November, 1918. 
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CORRECTIONS AND NOTE TO THE CAMBRIDGE 
COLLOQUIUM OF SEPTEMBER, 1916. 


BY PROFESSOR G. C. EVANS. 


1. Corrections. On page 35 in equation (9^) change y to a. 
In all the formulas and equations following on page 35 change 
y to B and £ to a. 

On page 37 in equation (12) change y to 8 and £ to a. 

On page 39 in the second equation there should be ani as a 
factor of each of the last two terms of the integrand. 

2. Note to Art. 27, the Analogue of Green's Theorem. The 
approach to the analogue of Green's theorem is clearer if made 
in the-following way, and bears more relation to the develop- 
ment with which we are familiar in calculus. The meaning 
of equations (17) to (20) is perhaps not clear, as the equations 
stand. But the invariant Hesa, defined by 


(21) (Vi X Ve) Hay = Wi X Wy, 
which may be rewritten in the new forms 
Haar = (8:W)(8-W) + (œ Wi) (a Wi!) 
= — (B-W3)(a- Wr) + (a-Wi)(8-W2’), 
* L, c., vol. 41, p. 368. 
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as we see below, bears a noticeable resemblance to the scalar 
product of two gradients which is subjected to the familiar 
analysis of Green's theorem. 

The forms just written, however, do not lend themselves to 
the customary integration by parts. Let us then in these 
formulas replace the part which refers to, say, W, and Wa by 
functions pı and es which depend on, them (retaining meen- 

. while the quantities Wi! and W3’) and seek to write Haay in 
the form 
Hes = Wr -Ve Wad. Vor 


or more generally, introducing an arbitrary point GEES 
k(x, y, 2), in tae form 


(22) kee = Wi Vat Wi! -Yopa 


Green’s tkeorem is merely the result of integrating both sides 
of (22) over a three-dimensional region, and reducing the right- 
hand member by an integration by parts. 

What conditions must ve, en satisfy to make possible the 
equation (22)? A short analysis shows that a necessary and 
sufficient condition is given by equation (17), which may be 
deduced cirectly, starting from this point of view. 

The analysis follows. In the first place, by making use of 
the identities (see (8) page 34) 


Wi = Via-Wit Vs8-Wi, We! = Via- Ws! + Fab- Wy, 
we have 
W, x Wi! = (V1 X Fit, HAUS, Ws") — (6- Wa Wa}, 
whence, from the definition (21), 
Haw = — (8: Wi) la: Hai) + Le: Wi) (8: W3’). 


By the conditions of isogeneity (10’’), we get the other new 

form mentioned for Hea, as well as additional ones of the 
same cha-acter. 

The equation just written, by comparison with (22), gives 
us the equation 


kila- W)(8- Wr’) — (8-W;a- ADI = Wi Ver + Bis Vor 
In the right-hand member the following substitutions may be 
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made, to make the two members similar in DE 
Wi -Vea = Vei (ViB — Vra) Wa 

= (Vi: Ve)(8-Wy) — (i ve)(a- We"), 
Wr -Vea = Ves: (Via + ViB)-Ws' 

= (Vi: Ves) (aW) + (Vi vex) (B+ We’). 
Hence the equation becomes 
(Vei-Vi + Ves Vs — ka: HAL, Wa") : 

+ (Ves- V1 — Vør Va + k8B-W) (a We’) = 0. 


By hypothesis, pı, p2, k are independent of W,’, W3’; hence 
by putting WA = V; and V, successively the following equa- 
tions are deduced Ge 


i ka: H = Vei: Vi + Ver Va, 


kB- Wi = Vg Va — Vee Ei, 


which with the identity Wi = Via-W,+ Vs8-W, yield the 
result : 


kW = (ViVi + VaV2)- Vor + (ViVe — VIV): Ges, 


which is merely (17). Vice versa, from (17) may be deduced 
(22). Equation (18) is equivalent to (17) by the relation of 
isogeneity. 

In a similar manner equation (19) or (20) is seen to be a 
necessary and sufficient condition for the functions ei and 
ed to satisfy in order that Hay may be written in the form 
(22'), 

Equation (17) is equivalent to two independent differential 
equations on the two functions e, p2 to be determined, as is 
seen in the equivalence of that equation to the two preceding 
(i. e., the conditions in the plane V1V;). Hence the function 
k remains entirely arbitrary, and may if we choose be taken 
everywhere positive. 

Paris, FRANCE, - 

February, 1919. 
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CIRCLE AND SPHERE GEOMETRY. 


A Treatise on the Circle and the Sphere. By JULIAN LOWELL 
Coonr»aE. Oxford, the Clarendon Press, 1916. 8vo. 
603 pp. 

AN era of systematizing and indexing produces naturally a 
desire for brevity. The excess of this desire is a disease, and 
its remedy must be treatises written, without diffuseness 
indeed, but with the, generous temper which will find room 
and give proper exposition to true works.of art. The circle 
and the sphere have furnished material for‘ hundreds of 
students and writers, but their work, even the most valuable, 
has been hitherto too scattered for appraisement by the 
average student. Cyclopedias, while indispensable, are tan- 
talizing. Circles and spheres have now been rescued from a 
state of dispersion by Dr. Coolidge’s comprehensive lectures. 
Not a list of results, but a well digested account of theories 
and methods, sufficiently condensed by judicious choice of 
position and sequence, is what he has given us for leisurely 
study and enjoyment. 

The reader whom the author has in mind’ might be, well 
enough, at the outset a college sophomore, or a teacher who 
has read somewhat beyond the geometry expected for en- 
trance. Beyond the sixth chapter, however, or roughly the 
middle of the book, he must be ready for persevering study 
in specialized fields. The part most read is therefore likely 
to be the first four chapters, and a short survey of these is 
' what we shall venture here. 

After three pages of definitions and conventions the author 
calls “A truce to these preliminaries!” and plunges into 
inversion. Circles orthogonal to a fixed circle are self-inverse, 
and this property generalized defines anallagmatic curves. 
A family of such circles will have an anallagmatic envelope, 
for example. A novel term, deferrent, means the locus of 
centers of a family of orthogonal circles. In 35 closely linked 
theorems we advance to mutually tangent circles, and find 
at once a demonstration of Steiner’s favorite theorem on 
poristic systems of circles, whose concise formulation warrants 
quotation (page 34): “Given two non-intersecting circles 
which possess the property that a ring of n circles may be 
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constructed all tangent to them and successively tangent to 
one another making m complete circuits, and if two circles of 
the ring touch the original ones at points on one circle ortho- 
gonal to these two, then the original circles are members of a 
ring "of m; circles making m, complete circuits, all tangent 
to the two of the first ring, where _ 


Proving soon after this a condition given by Casey for four 
mutually external circles tangent to a fifth, the author reduces 
the four to points upon the fifth circumference and so derives 
Ptolemy’s theorem: “If a convex quadrilateral be inscribed 
in a circle, the sum of the products of the opposite sides is 
equal to the product of the diagonals,” these lengths being the 
segments on common tangents employed in Casey’s formula. 
The converses of both are established; then follows the nine- 
point circle. 

A section on circles related to a triangle brings in the names 
of Euler, Simson, Barrow, Fontené, Nagel, Fuhrmann, Greiner, 
and Kantor. We cite one theorem whose lowest case is 
commonly given in textbooks (page 48). “If a polygon be 
inscribed in a circle and tangents be drawn at all of its vertices, 
the product of the distances of any point of the circle from 
these tangents is equal to the product of its distances from the 
side-lines." l 

Brocard points of a triangle, Lemoine’s circles, Steiner’s 
point, Tarry’s point, and others, fill a twenty-page section on 
the geometry of the triangle (not so entitled, the author 
restricting his selection severely), Concurrent circles and 
coneyclic points then claim attention,—Miquel's circle, and 
others due to Grace, Pesci, and our author himself (see Annals 
of Mathematics, series 2, volume 12). Coaxal systems of 
circles (18 pages) close the first and properly the longest 
chapter, on the circle in elementary plane geometry. We 
quote two of the shortest theorems. “The three circles on 
the diagonals of a complete quadrilateral as diameters are 
coaxal." This is ascribed to Gauss and Bodenmiller, 1830. 
“If a circle so moves that it cuts two others in diametrically 
opposite points, or cuts one in diametrically opposite points 
and the other orthogonally, it will generate a coaxal system " 
(page 108). 
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"Suggestions" are appended to this and to later chapters, 
such as this: “It seems likely that there are other simple 
criteria for various systems of tangent circles like Casey’s 
condition for four circles tangent to a fifth, Vahlen's criterion 
for poristie systems, or the Euler conditions that there"may 
be a triang.e or a quadrilateral inscribed in one circle which is 
circumscriked to the other. . . . It seems likely that there 
are other chains of concurrent circles and concyclie points 
besides those noticed in theorems 162-6,” etc. Comments of 
this kind, following protracted expositions reaching often a 
high degree of intrinsic beauty, are eminently in place. 

Chapter 2 treats of the circle in cartesian plane geometry. 
A labored section on the treatment of circles by trilinear co- 
ordinates bears out the conclusion that those coordinates 
“are not adap-ed to dealing with the circle in any broad way,” 
but “only in 3tudying those properties of a circle which are 
related to a particular triangle." Tetracyclic coordinates are 
therefore introduced, so defined that if (xy) denotes the 
bilinear sum Zfz,y; points or zero circles have (zx) = 0. A 
neat form of identical relation among ten circles, ascribed 
either to Darboux or to Frobenius, is then much employed in 
specialized applications. It consists in the vanishing of a 
five-rowed determinant, obtained by separating the ten circles 
into two sats of five, denoted by z, y, 2, s, t and 2’, y, 2’, 8’, t/, 
each letter indicating of course four tetracyclic coordinates. 
The constituents of the determinant are then the 25 bilinear 
sums like 


Ges), NN. 


The examples given, 21 in number, are all decidedly interesting. 

Of greater interest is doubtless the fourth section of this 
chapter, cn analytical systems. Some of Morley’s memorable 
work figures here. A less known line of discussion is that on a 
general cubic series of circles (page 159 seq.). “ The common 
orthogonal circles to corresponding triads in three projective 
pencils of cireles whereof no two have a common member will 
generate a general cubic series, and every general cubic series 
may be so generated in © ways.” Also: “The locus of the 
centers of the circles of a general cubic series is & rational 
curve of <he third order.” Obviously the subject is the direct 
homotyp2 of the twisted cubic curve in point space of three 
dimensions; but as incidence in space is orthogonality between 
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circles, this version is a possible source of fruitful suggestions. 
Congruences, or two-parameter families, receive due attention, 
and the field partly developed is recommended for further 
exploration. ` 

Famous problems in construction, the third chapter, is 
unique in the full discussion it gives of each problem with 
respect to Lemoine's characters of simplicity and exactness. 
The chief problems are those of Apollonius (to construct a 
circle tangent to three given circles), of Steiner (to construct 
a circle meeting three given circles at given angles), Malfatti's 
(to construct three circles, each of which shall touch the 
other two, and two sides of & given triangle), and two of 
Fiedler's. The chapter closes with an account of Mascheroni’s 
geometry of the compasses. 

Of later chapters, on more special themes, we mention those 
on pentaspherical space, on circle transformations and sphere 
transformations, on the oriented circle (and Laguerre trans- 
formations); on algebraic systems of circles in Space, and on 
oriented circles in space. In particular we commend to 
readers the “suggestions” (page 473) that close the chapter 
on circle crosses; and the paragraph (page 482) on the 
pentacycle of Stephanos, and that which follows it. 

The book has excellent indices, and an added page of 
errata and addenda. As a whole, it is a welcome gift to 
American and English geometricians. It has in prospect a 
long career of usefulness as a compendium of accessible fact 
and as a source of stimulation and suggestion. Incidentally 
it affords the refreshing detached humor that marks it as 
authentic. 

H. worre, 
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Unified Mathematics. By L. C. Karpınskı, H. Y. BENEDICT 
and J. W. Canuou. New York, D. C. Heath and Com- 
pany, 1918. viii + 522 pp. 

THE increasing popularity of a unified course in mathematics 
for college freshmen is reflected in the large number of text 
books covering this field which have recently been published. 
Moreover, the movement towards the general adoption of 
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such a course will undoubtedly be much accelerated by the 
variety of books available. This movement is clearly a logical 
one and in harmony with the general tendency in educational 
practice to avoid useless repetition and to emphasize the co- 
ordination of related ideas; A properly unified course should 
make for a better understanding of the nature of mathematics 
and a more usable knowledge of the mathematical principles 
that have been studied. Sp 

The work under consideration here has many excellent 
features. One of its principal merits may be found in the 
interesting way in which the theories developed are illustrated 
by numerous applications which are of real importance in 
the world of today. This particular characteristic of the book 
is all the more commendable in view of the fact that many 
mathematical texts are rather lacking in this respect. As a 
result, it is quite possible for students who have completed 
a first course in calculus to have a very inadequate idea of the 
large number of useful applications of the theories they have 
learned. This ought not to be the case ; there is just as.good 
reason for discussing the applications in a course on mathe- 
matical theory as in a course on chemical theory. 

It is the firm conviction of the reviewer that teachers of 
mathematics can do much toward fortifying the position of 
their subject in general education by writing and using texts 
that lay stress on the modern applications of mathematical 
theory. In this way courses in mathematics will become 
richer in content and more interesting for the average student, 
and the critics of mathematics will be largely disarmed. 
“Unified Mathematics” furnishes an excellent illustration of 
what can be done in this direction by writers who are willing 
to make the effort. 

We will now consider the book somewhat more in detail. 
It may be stated in the first place that the subject matter 
includes all the more important topics of algebra, trigonometry 
and analytical geometry that are ordinarily treated in fresh- 
man courses. Moreover, excellent use has been made of the 
relationship between these three fields and a real unification 
has been achieved. The arrangement of material is good 
both from a logical and a pedagogical standpoint. Through- 
out the book a proper emphasis is laid on computation and, 
one of the earlier chapters is devoted to showing how the 
application of certain algebraic formulas to arithmetical com- 
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putations serves to diminish considerably the labor of the 
computer. The introduction of sets of “timing exercises” in 
cases where the problems to be solved are of a rather me- 
chanical nature, is a novel feature and ought to help in 
developing greater facility in mathematical technique on the 
part of the student. 

As stated above, the book is unusually rich in applications. 
A list of the more important and novel ones will readily illus- 
trate this fact. A treatment of compound interest is given in 
connection with the chapter on exponents and logarithms. A 
discussion of annuities, bonds at premium and discount, and 
sinking funds is found in the chapter on geometrical progres- 
sions. Railroad curves are treated in the chapter on right 
triangles and the laws for reflection and refraction of light 
are stated and applied in connection with the chapter on 
oblique triangles. In the chapters on the ellipse and parabola 
the uses of these curves in architecture is explained and 
problems connected with elliptical and parabolic arches are 
introduced. In a special chapter on applications of conic 
sections we find discussions of Kepler’s laws, projectiles, 
reflectors, and elliptical gears. In the chapter on wave motion 
there is a brief discussion of sound waves, light waves, and 
electrical waves; a treatment of piston rod motion is also 
included. In a chapter entitled “Laws of Growth” various 
applications of the exponential function in connection with 
physical and biological phenomena are treated. Among the 
topics discussed are the law of organic growth, Halley’s law 
for the decrease in air pressure, damped vibrations, and the 
curve of healing of a wound. 

A student that has been made acquainted with such a wide 
range of applications for the theories he has learned will 
certainly have a great deal more respect for the usefulness of 
mathematical knowledge. Moreover, his interest in the sub- 
ject will undoubtedly be stimulated and he will be more apt 
to continue his work in mathematics after the freshman year. 
As such results are undoubtedly desired by all serious minded 
teachers of mathematics, “Unified Mathematics” ought to 
be widely used. 

CHARLES N. Moore. 
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Vorlesungen über Zahlen- und Funktionenlehre. Erster Band, 
erste Abteilung. By ALFRED Princsarm. Leipzig, B. G. 
Teubner, 1916. 


Tms is the first part of the first volume of an introductory 
treatise on the theory of functions of real and complex vari- 
ables. The author proposes to include in the first volume, in 
addition to a detailed logical treatment of the rational num- 
bers, a complete exposition of the material treated by him in 
his two articles in the Encyklopädie: "Irrationalzahlen und 
Konvergenz unendlicher Prozesse" and “ Unendliche Prozesse 
mit komplexen Termen,” the only part omitted being the 
theory of infinite determinants. The part of the first volume 
under review concerns itself with the following principal topics: 
the system of real numbers, convergent sequences of such 
numbers, limits, orders of infinity and of infinitesimals, and 
double sequences of real numbers. 

The book is intended primarily for students who are be- 
ginning the study of higher mathematics, and the theory is 
built up throughout from first principles. In fact the author 
declares in his preface that no previous mathematical knowl- 
edge is in general necessary for the comprehension of the first 
volume. In spite of the elementary character of the exposi- 
tion, rigor of proof is nowhere sacrificed and the reader is 
made acquainted with the modern viewpoints in the domain 
of analysis that is treated. 
CHARLES N. Moore. 


I Numer reali e l Equazione esponenziale a = b per le Scuole 
Medie Superiori. By Dr. Garrano Fazzarı. Palermo, 
Libreria Scientifica D. Capozzi, 1918. 75 pp. Lire 1.80. 
Taıs little book, as its title indicates, is devoted mainly to 

the theory of real numbers. It has no scientific pretense, as 

the author states in the short preface, but contains an exposé 
of the theory as Dr. Fazzari has presented it for several years 
to his students at the R. Liceo Umberto I in Palermo. 

The book is divided into two parts. In part I is found the 
theory of real numbers, the development being essentially 
that of Dedekind. It commences with the definition of a 
class of rational numbers; i. e., a series of rational numbers 
satisfying a given condition. Of two classes 4 and 4’, 4 is 
said to be inferior to A’, and A’ superior to 4, if each element 
of A is less than every element of A". 
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There follows the notion of contiguity. Two classes are 
contiguous if one is inferior to the other and if it is possible 
to find an element of one and an element of the other such 
that their difference is less than any given rational number, 
not zero, arbitrarily small. This definition is indicated sym- 
bolically by writing (4, A’) with the conditions a’ > a and 
Gn’ — Om < €. 

A number o is the limit of two contiguous classes (A, A’) if 
a S a <a’, and this is denoted by writing a = (4, A’). 

There follows the existence theorem: There exist contiguous 
classes of rational numbers which do not have a rational 
limit. The proof is essentially that of Dedekind. The con- 
verse is a very simple statement of the Dedekind postulate: 
If two contiguous classes do not have a rational limit, we 
shall say that there is one number, and but one, called an ir- 
rational number, which is their limit. 

The class of all rational numbers and all irrational numbers 
constitute the class of real numbers. 

Sections 2 to 9 inclusive of part I deal with the conditions 
for the equivalence of two real numbers a = (A, A’) and B 
= (B, B^, and with the arithmetic operations of addition, 
subtraction, multiplication, division, involution, and evolu- 
tion as applied to real numbers defined by contiguous classes. 

The first two sections of part II deal with the theory of 
indices, the exponent being any real number. The last sec- 
tion is devoted to the solution of the exponential equation 
or = b. 

A series of exercises is inserted after each section, dealing 
with the subject matter of that section, and there are numerous 
examples throughout the book to illustrate definitions and 
theorems. 

The treatment is remarkably clear, but one would expect, 
even in an elementary treatise, some reference to the sources 
from which the material is drawn. No mention is made, 
however, of Dedekind or of others who have worked in this 
field. 

Students of mathematics in this country would find no 
especial difficulty in mastering the contents of Dr. Fazzari’s 
book, but would be unappreciative of the necessity or the 
beauty of the theory, at least until they were quite beyond 
the elementary mathematics of our secondary schools. 

L. WAYLAND DOWLING. 
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Infinitesimcl Calculus. By F. S. Carey. Longmans, Green 
and Company, 1917. Section 1, 144 pp.; Section 2, 207 pp. 
Tris text is bound in two separate sections, the first contain- 

ing sufficient material for a good elementary course, while 

the two seetions together cover the topic3 usually presented 
in & longer elementary course. Chapter one reminds one of 
function theory, for the author treats of such topics as sequence 
of numbers, the arithmetical continuum, closed and open 
ranges, etc. The reviewer doubts if a beginner can grasp such 
concepts. Chapter two, on “Limits,” contains many interest- 
ing examples to illustrate what a limit is, but nowhere is there 
to be found a concise definition of the word. The question 
of left hand and right hand limit, the question of the limit of 

a sum, product and quotient of two functions, is very thor- 

oughly discussed. In the third chapter the rules for the 

derivative of a sum, a product and quotient of two functions 
are derived, but the last two derivations are very blind. 

The next chapter “The sign of the differential coefficient" 

treats of maxima and minima, and many fine examples are 

to be found among the exercises. This is followed by a chapter 
on algebraic functions. The remaining topics treated in the 
short elementary course are: “The inverse of a function,” 

“Function of a function," “Tangent and normal," “ Para- 

metric equations,” “ Point of inflexion,” * Circle of curvature,” 

“Order of magnitude,” “Inverse differentiation,” “Logarith- 

mic functions,” “Areas,” “Volume,” “Parabolic approxima- 

tion," “Simpson’s rule," “Moments” and" Center of gravity.” 

No definite integrals are used, in fact the symbol f is not 

introduced. 

Section zwo starts with an excellent chapter on exponential 
and hyperbolic functions. The results of several integration 
formulas sre expressed in terms of these functions. This is 
followed by a discussion of the motion of a particle along an 
axis. The definite integral is now introduced and many of 
the elementary properties which we usually assume in an 
elementary course are proved in full detail. This is followed 
by a chapter on polar coordinates in which pedal curves and 
intrinsic equations are discussed together with the usual 
material to be found in such a chapter. Work on partial 
differentiation, double integration, triple integration, expan- 
sion in power series, curve tracing, singular points, Newton’s 
method of ascertaining the form of a curve at the origin and 
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at infinity, envelopes, involutes, roulettes and planimeters, 
finish the work in the calculus. This is followed by a short 
course in differential equations and a short but very interest- 
ing chapter on nomography. 

The book is well written and the typographical errors are 
few, there being more, however, in the second section than in 


the first. 
F. M. Moraan. 


Annuaire du Bureau des Longitudes pour l'An 1919. Paris, 

Gauthier-Villars. 

THERE are few changes in the Annuaire for 1919 which 
call for special notice. Every year the editors have evidently 
to consider the pressure of matter for which there is a demand 
and the chief problem appears to be in finding out what can 
be omitted in order to make room for new data. The tendency 
seems to be in the direction of making the volume more useful 
to the person with scientific interests, rather than to the general 
reader, for we notice that articles on such subjects as coinage, 
legal measures, and -geography are either suppressed or cut 
down. 

An interesting summary of our present knowledge of the 
figures of the equilibrium of a liquid is furnished by M. Appell. 
The account is free from mathematical developments and it 
is written in a style which gives the main facts; there is an 
excellent list of the chief memoirs on the subject attached to 
the end of the article. This subject has been lately revived 
on account of the papers continuing Darwin’s work in the 
Transactions of the Royal Soctety by Jeans. M. Hamy, in a 
second appendix, discusses the possibilities of the determina- 
tion of the actual dimensions of stars by interference methods. 
He believes that some indications of value can be obtained in 
this way in spite of the extremely minute angles that the 
diameters of even the nearest stars subtend at the earth. 

E. W. Brown. 
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NOTES. 


Tue twenty-sixth summer meeting of the American Mathe- 
matical Society will be held at the University of Michigan, 
Ann Arbor, Mich., on Tuesday, Wednesday, and Thursday, 
September 24, 1919, beginning on Tuesday afternoon at 
two o’clock. The meeting will be followed by that of the 
Mathematical Association of America on September 4-5. A 
joint session of the two organizations is planned for Thursday 
afternoon, and a joint dinner for Thursday evening. Ab- 
stracts cf papers intended for presentation at this meeting 
should be in the hands of the Secretary by August 12 if it is 
desired that they should be printed in advance of the meeting; 
otherwise they may be sent in by August 18. 


Tar committee on arrangements for the summer meeting 
and colloquium of the Society to be held at the University of 
Chicago in 1920 announce the following lecturers and provi- 
sional subjects: Professor G. D. BIRKHOFF: “Dynamical 
systems;" Professor F. R. Moos: “Certain topics in 
functions of infinitely many variables." 


Amona the subjects to be considered at the series of scien- 
tific con?erences to be held at Brussels, beginning July 18, is 
the formation of an international mathematical union. Such 
unions Fave already been organized in astronomy, chemistry, 
and geophysics. Whatever tentative plans may evolve for a 
mathematical union will be submitted to the various mathe- 
matical organizations of the world for discussion. 


Tre General education board has appropriated $16,000 for 
salaries and other expenses of the National committee on 
mathematical requirements. Chairman J. W. Young, as 
represertative of the colleges, and vice-chairman J. A. 
FOBERG, as representative of the secondary schools, will de- 
vote their whole time during the coming year to the work of 
the committee, which will cover-the revision of secondary 
school and college courses and of college entrance require- 
ments in mathematics. i 
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THe technical staff of the U. S. ordnance department has 
been authorized to secure the services of five experts in 
mathematics and dynamics, at salaries ranging from $2,500 
to $5,000, to conduct scientific research on ordnance problems, 
act as advisers on all mathematical and scientific problems 
for the ordnance deparment, and keep up connections between 
the department and the scientific world. 


At the meeting of the London mathematical society held 
April 24, the following papers were read: By K. A. Rav, 
“Lambert’s series” and “The relations between the con- 
vergence of a series and its summability by Cesäro means” B 
by G. H. Harpy and J. E. Lrrrugwoop, “Tauberian theorem 
for Lambert's series"; by W. H. Youna, “A formula for an 
area.” 

At the meeting of May 15 the following papers were read: 
By G. N. Watson, “Zeros of Lommel's polynomials”; by 
W. H. Youna, “The triangulation method of defining the 
area of a surface.” 


At the meeting of the Edinburgh mathematical society on 
June 13 the following papers were read: By W. L. Marr, 
“Systems of apolar triads in the twisted cubic” and “The 
co-symmedian system of tetrahedra in a sphere”; by D. M. Y. 
SOMMERVILLE, “Approximations to the length of an arc”; 
by D. G. TAYLOR, “A new approximate formula for the 
complete elliptic integrals K(k), E(k).” 


Tue Association of teachers of mathematics in the middle 
states and Maryland held a joint meeting with the Association 
of mathematics teachers of New Jersey at the Central high 
school, Newark, on May 3. Papers were read by Professor 
A. L. Jones, Mr. H. E. WEBB, Professor H. B. FINE, and Mr. 
P. C. H. Pappe. 


Tux following university courses in mathematics are an- 
nounced: ' 

Joans Hopxins UNIVERSITY (academic year 1919-1920) .— 
By Professor Frank Morey: Higher geometry, three hours 
(first term); Theory of functions, three hours (second term); 
Seminar, two hours.—By Professor L. S. Hunsurt: Projec- 
tive geometry and higher plane curves, three hours.—By 
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Professor A. CoHEN: Elementary theory of functions, two 
hours; Differential equations and mechanics, three hours.— 
By Dr. F. D. Murnacuan: Electricity and magnetism, three 
hours (first term); Dynamics of a rigid body, three hours 
(second term). 


UNIVERSITY OF CALIFORNIA (academic year 1919-1920).— 
By Professor M. W. HaskELL: Higher plane curves, three 
hours (first term); Advanced analytic geometry, three hours 
(second term).—Professor C. A. NoBLE: Functions of a com- 
plex variable, three hours; Elementary mathematies for ad- 
vanced students, three hours (first term).—By Professor D. N. 
LrmHwER: Theory of numbers, three hours (first term); Alge- 
braie suríaces, three hours (second term).—By Professor 
FrogrAN Caromr: History of mathematics, two hours; History 
of physics, two hours (second term); Seminar, two hours; 
Teaching of mathematics, three hours (frst term).—By Pro- 
fessor 'T. M. PurNAM: Solid analytic geometry, three hours 
(first term); Theory of algebraic equations, three hours 
(second term).—By Professor FRANK Irwin: Advanced cal- 
culus, three hours.—By Professor B. A. BERNSTEIN: Algebra 
of logic, three hours (first term); Theory of probability, three 
hours (second term); Logic of mathematics, two hours.—By 
Professor THomas Bucx: Advanced calculus, two hours.—By 
Professor J. H. McDonaup: Analytic mechanics, three hours; 
Partial diferential equations, three hours (first term). 


UNIVERSITY op STRASBOURG (second semester, 1919).— 
By Professor EscLangon: Astroriomy—By Professor M. 
FR£CHET: General analysis; Advanced calculus.—By Pro- 
fessor E. Gav: Partial differential equations of the second 
order; Elementary calculus.—By Professor VERONNET: As- 
tronomy.—By Professor VrthLAT: Aerodynamics; Mechanics. 


Ar the celebration, on September 21, 1918, of the 250th 
anniversary of the founding of the University of Lund, 
honorary doctorates were conferred on GUSTAF ENESTRÖM, 
editor of Bibliotheca Mathematica, and on J. L. W. V. JENSEN, 
engineer and member of the editorial board of Acta Mathe- 
matica. 

Tse Royal academy of sciences of Denmark offers its gold 
medal for a memoir on the following subject: “To lay the 


1919. | NOTES. | ATT 


foundations of a general theory of surfaces not everywhere 
convex, projectively closed, and without double lines. It is 
desirable to reduce as much as possible the hypotheses relative 
to the infinitesimal properties of the surfaces.” Competing 
memoirs may be written in Danish, Norwegian, Swedish, 
English, German, French or Latin, and should be sent to 
Professor KNUDsEn, of the Polytechnic school of Copenhagen, 
before October 31, 1919. 


Tee Ackermann-Teubner prize for 1918 was awarded to 
Professor L. PRANDTL, of Göttingen, for his memoir “Ueber 
den Luftwiderstand von Kugeln” in the Göttinger Nachrichten 
for 1914. 


Dr. W. Gross, of the University of Vienna, has been pro- 
moted to a professorship of mathematics. 


Proressor E. COSSERAT, of the University of Toulouse, 
has been elected non-resident member of the Paris Academy 
of sciences. 


Prorrssor E. Goursat, of the University of Paris, has 
been elected member of the Paris academy of sciences, to 
succeed Professor E. Prcanp who has been chosen perpetual 
secretary of the academy. 


Pnorzsson E. Pascan, of the University of Naples, and 
Professor E. Atmanst, of the University of Rome, have been 
elected national members of the Reale Accademia dei Lincei, 
of Rome. Professor G. Fano, of the University of Turin, 
has been elected & corresponding member. 


Proressor G. N. Watson, of the University of Birming- 
ham, has been elected fellow of the Royal society of London. 


PROFESSOR WILLIAM BURNSIDE, of the Royal naval college, 
Greenwich, has retired from teaching. 


PROFESSOR Jacques HADAMARD, of the Collège de France, 
has accepted an invitation from Yale University to be a 
Silliman lecturer in the spring of 1920. 


Mayor J. L. CooLipez, of Harvard University, gave a 
course of two lectures a week at the University of Paris on 
* (Geometry in the complex domain" during the spring term. 
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At the University of California, Professor Vrro VoLTERRA, 
of the University of Rome, will deliver a series of six lectures in 
August or September. Professor Frank Morey, of Johns 
Hopkins University, will be head of the department of mathe- 
matics for the summer session, and will conduct the mathe- 
matical seminar. 


Proressor O. D. KELLOGG, of the University of Missouri, 
has been made a fellow of the American Association for the 
Advancement of Science, and elected vice-president and chair- 
man of section A. 


Proressor E. B. Van VLEcK, of the University of Wis- 
consin, has accepted an invitation as lecturer on mathematics 
at Harvard University for the second half of the ensuing 
academic year. Professor .Van Vleck will give, besides a 
course in the calculus, one on the theory of functions of a 
complex variable and one on the partial differential equations 
of mathematical physics. 


Prores3or M. I. Purr, of Columbia University, until 
recently consul general for Serbia to the United States, has 
, been attending the peace conference at Paris. 


- Prorgs3or G. C. Evans, who has been in service as scien- 
tific attaché to the American Ee at Rome, has returned 
to Rice Institute. 


ProrEssor F. R. SmanPz, of Cornell University, has been 
promoted to a full professorship of mathematics. Mr. V. C. 
Grove has been appointed instructor in mathematics. 


At the Sheffield scientific school, Yale University, the follow- 
ing instructors in mathematics have been appointed: Mr. 
Herman Betz, Dr. E. A. T. Krgouzm, Dr. J. M. STETSON, 
and Mr. +uGENE TAYLOR. 


In the mathematics department of the University of 
Illinois, Dr. J. R. Kurxz, of the Sheffield scientific school, has 
been appointed associate and Dr. C. C. Camp has been 
appointed instructor. 


1919. ] NOTES. 479 


Dr. C. A. Fischer, of Columbia University, has been 
appointed Seabury professor of mathematics and astronomy 
at Trinity College, Hartford. 


At the University of Colorado assistant professor G. H. 
Lieut has been promoted to an associate professorship of 
mathematics. 


Mr. C. A. NzrsoN has been appointed instructor in mathe- 
matics at the University of Kansas. 


Mr. A. D. CAMPBELL, of Cornell University, has been ap- 
pointed instructor in mathematics in Yale University. 


At Brown University, Captain R. E. Gruman, of Cornell 
University, and Captain R. W. Bunazss have been appointed 
assistant professors of mathematics, and Mr. C. R. Apams 
instructor in mathematics. 


Proressor E. G. Bru, who has been serving as director of 
the military service branch at Ottawa, Canada, will return 
to Dartmouth College in the fall. 


Proressor P. P. Bor», of the University of Kentucky, has 
been elected president of the Kentucky academy of science. 


Proressor E. D. Rog, Jr., of Syracuse University, has been 
elected director of the observatory. His position in the 
department of mathematics remains unchanged. 


Captain A. L. UNDERHILL, of the University of Minnesota, 
has been appointed commandant at the University of Gren- 
oble, where several hundred American soldiers are studying. 


Dr. H. C. M. Morse and Dr. I. A. Barnett have been 
&ppointed Benjamin Peirce instructors in Harvard University. 


Mr. Raymond Doveras of the University of Maine, Dr. 
J. S. TAYLOR, of the University of California, and Dr. Nor- 
BERT WIENER have been appointed instructors in mathematics 
in the Massachussetts Institute of Technology. 


Dr. H. L. Gong, of the University of Minnesota, has 
been appointed head of the department of mathematics in 
New Hampshire College. 
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Mr. H M. Saowman, of the Colorado School of Mines, has 
been appointed assistant professor of mathematics at the 
Case school of applied science. 


Proressor E. E. Moots, of Cornell College, Iowa, has been 
elected head of the department of mathematics and engineer- 
ing. 


Mr. P. W. Hinn who has been in service over seas, will 
resume his instructorship in mathematics at Wabash College. 


Mr. H. L. Garg and Mr. WARREN WEAVER have been 
appointed irstructors in mathematics at the University of 
Wisconsin. 


Miss Heren Barton, of Salem College, and Miss Marion 
E. Stare, of Meredith College, have been appointed instruc- 
tors in mathematics at Wellesley College. 


Dr. Marron B. Waits, of the Michigan State normal 
college, Ypsilanti, has been appointed professor of mathe- 
matics at Carleton College. 


The death is announced, on February 27, 1919, of Professor 
A. M. Lravounorr, of the University of Petrograd. 


Prorzssor M. B. WEINSTEm died recently at Berlin in his 
sixty-fifth year. 


Mr. Eosrrt Bowzs, of the firm of Bowes and Bowes, 
Cambridze, publishers of the Messenger of Mathematics, died 
February 9, 1919, in his eighty-fourth year. 


Prorsssor A. B. NELSON, of Central University, Danville, 
Ky., diec in November, 1918. 


Boox CarALoGUES: Cambridge University Press, list of 
publications, including over 200 titles in mathematics, physics 
and chemistry; Librairie Paul Ritti, Paris, list of 45 titles in 
mathematics. 
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NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Biaourpan (G.). Les premières sociétés savantes de Paris au XVIIe 
siècle et les origines de l'Académie des Sciences. Paris, Gauthier- 
Villars, 1918. 4to. 24 pp. : Fr. 1.50 

CasmuonzE (M.). Fermat's last theorem: three roots by elementary al- 
gebra. Revised edition. London, Bell, 1919. 55 pp. 28. 6d. 

Dickson (L. E.). History of the theory of numbers. Volume 1: Divisi- 
bility and primality. Washington, Carnegie Institution, 1919. Sm. 
4to. 12 + 486 pp. Paper $7.50; cloth, $8.00 

Mxzmncoauuwo (D.). See Young (J. W.). 

Monívrex (G.) Allgemeine Beweise der Gültigkeit des letzten Fer- 
matschen Satzes über die unbestimmte Gleich: z =r +y. 
Mit Ergänzungen. Prag, G. Morávek, 1917. 8vo. 2 pp. 

—— Allgemeine Beweise der Gültigkeit des letzten Fermatschen Satzes. 
Prag, G. Morávek, 1918. 1p. 

Russet (B.). Introduction to mathematical philosophy. London, 
Allen and Unwin, and New York, Macmillan, 1919. 8vo. $3.0 

Scartrrer (H.). Die höhere Mathematik als allgemeinverständliches 
Rechnungamittel. Berlin, Meusser, 1017. 8vo. 50 pp. 

Vuani (N.). L’equasione di Fermat z* + y” = z", con dimostrazione 
generale. Lanciano, G. Carabba, 1918. 8vo. 17 pp. L. 2.00 

Young (J. W.). I concetti fondamentali dell'algebra e della geometria. 


Versione e note di Domenioo Mercogliano. (Manuali Pierro.) 
Napoli, 1919. , L. 8.00 


IL. ELEMENTARY MATHEMATICS. 


BounpoN (P. L. M.). Trigonométrie rectiligne et sphérique. Edition 
revue et annotée par C. Brisse. Nouveau tirage. Paris, Gauthier- 
Villars, 1918. 8vo. Fr. 5.00 

Beress (C.): See Bourpon (P. L. M.). 


Camat (C. e Cammarı (P.). Nuovo manuale italiano | itmico- 
trigonometrico con sette o con dieci decimali. Piacenza, V. Porta 
1918. 8vo. 63 pp. * L. 3.50 

Cauma (P.). See Cammarı (C.). 

G£rarn (L.. See NigwmNaLowsxi (B.) 

Goyen (P.). Elementary mensuration. Constructive plane geometry 
and numerical trigonometry. London, Macmillan, 1919. 8 x 1 

- pP. . Od. 

Harana (F.). Eléments de trigonométrie suivis d'une instruction sur la 

règle à calcul, Paris, Dunod et Pinat, 1919. 8vo. 6 i utn 
, 4.8 
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COAFERRI (E.). Calcolo numerico spprossimato. Milano, eh 
1919. 18mo. 16 + 200 pp. di L. 5.50 
Minne (R. MI Mathematical papers for admission into the Royal 
military college, and papers in elementary engineering for naval 
cadetships, July and November, 1918. Edited by R. M. Milne. 
London, M , 1919. 36 pp. ls. 3d. 


NrigswENGLOWBKI (B.) et GÉnAmD (L.). Devons de géométrie élémentaire 
à l'usage des classes de première C et D et «e mathématiques A et B 
(Programmes de 1905). I: Géométrie plane. 2e édition. Paris 

uthier-Villars, 1918. Sen, 4 + 354 pp. Fr. 7.00 


PrixGHERLE (S.). Geometria metrica e trigonometria. 8a edizione. 
Milanc, Hoepli, 1918. 24mo. 8 + 160 pp. L. 3.00 


e 


Sure (D. E.. Number stories of long ago. Boston, Ginn, 1919. 8 + 
136 pp. : $0.48 
Stone (J. C.). Junior high school mathematics. Chicago, Sanborn, 
1919. 12mo. 214 pp. $0.72 


III. APPLIED MATHEMATICS. 


ArPUNTI di statica grafica. (R. Scuola di Applicazione per gli Ingegneri, 
Padove.) Padova, la Litotipo, 1018. Bei 252 pp. + nere 


Artès (E.). Sur les tensions de vaporisation des liquides purs. (Thermo- 
dynamique.) Paris, Gauthier-Villars, 1918. 4to. 44 pp. Fr. 3.00 


BARCELLONI (F.). Bee Lont (F.). 

Bazarp (A.). Cours de mécanique. Tome 3: Hydraulique. Nouvelle 
édition revue, corrigée et augmentée. Paris, A. Michel, 1918. Royal 
8vo. 600 pp. Fr. 18.00 

Bravris (H.) See Harane (F.). 

BínÉ£HARE (E.) See Mancorrn (E.). 


Biaourpan (G.). Histoire de l'astronomie d'observation et des obser- 
vatoires en France. Ire partie: De l’origin2 à la fondation de lob- 
gervatcire de Paris. Paris, Gauthier-V' , 1918. 4to. 184 pp. 

j Fr. 12.00 

BoussmwESQ (J.). Complément à un récent mémoire des Annales scienti- , 
ios de l'Ecole Normale Supérieure, Sur la poussée des terres et 
"état ¢bouleux, avec quelques idées générales sur la mécanique des 
semi-fluides et application de ces idéeg aux corps plastiques. Paris 


. Gauthier-Villars, 1918. 4to. 120 pp. Fr. 7.00 
Bnurzham (C.). Néo-mécanique, ou une révolution des bases de la 
mécanique. Torino, G. Fedetto, 1918. Sei 21 pp. L. 5.00 


Cammrano (G.). Manuale e prontuario del fresatore meccanico: raccolta 
di formule facili e relative tabelle indispensabili per la costruzione di 
viti e ruote dentate sulle fresatrici semplici e universali. Rocca 8 


‚ Casciano, L. Cappelli, 1918. 8vo. 88 pp. L. 3.00 
Dzscanpzs (E.). Calcul des ressorts. Formules pratiques ot barämes. 
Paris, Dunod et Pinat, 1919. 8vo. 75 pp. Fr. 6.00 


Evcumis opera omnia. Edit. J. L. Heiberg et H. Menge. Volume 8: 
Euclidis phaenomena et scripta musica, edit. H. Menge. Fragmenta, 
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collegit et disposuit J. L. He - (Bibliotheca scriptorum rum 
et romanorum Teubneriana. Leipzig, Teubner, 1916. 12mo. 
54 +292 pp. Geb. M. 6.60 


Forp (L. R.). Elementary mathematics for field artillery. Louisville, 
Ky., 1919. 8vo. 72 PP. 


Francesca (A. DELLA). See Lorı (F.). 


Giorur (E.). Il meccanico, per uso dei capitecnici, ca; imeccanici, diseg- 
naton, chauffeurs, aviator, elettricisti, conduttori di caldaie a vapore, 
delle scuole per macchinisti ferrovie, scuole rofessionali, industriali e 
d’arti e mestieri. 8a edizione amplıata. (Manualı Hoepli) Milano, 
Hoepli, 1919. 24mo. 15 + 555 pp. L. 9.50 


Goopznoves (G. A.). See WarznBUnr (L. A.). 


Hanawa (F.) et Braurus (H.). Notions élémentaires de géométrie des- 
eriptive appliquée au dessu. Paris, Dunod et Pinat, 1919. 12mo. 
188 pp. Fr. 5.40 


Demno (J. L.). See Evcrurmrs. 
Hiesrm (H. H.). See WATERBURY (L. A.). 


Hreıastev (J). Laerebog i Geometri til Brug ved den polytekniske 
Laereanstalt. Kgbenhavn, Gjellerup, 1918. 303 pp. 


Lewis (W. C. Moi A m of physical chemistry. Volume 3: 
Quantum theory. New ork, Longmans, 1919. 8vo. 8 + ee pp. 
50 


Lori (F.). Elettrologia ed elettrotecnica: lezioni raccolte e redatte per 
cura degli studenti F. Barcelloni e A. Della Francesca. (R Scuola di 
Applicazione per gli Ingegneri, Padova.) Padova, litotip. Uni- 
versitaria, 1918. 8vo. 599 pp. ' L. 23.00 


MancoLoNao (R.). Meccanica razionale. Volume 2: Dinamica-mec- 
canica dei sistemi deformabıli. 2a edizione riveduta ed ampliata. 
(Manuali Hoepli.) Milano, Hoepli; 1918. 24mo. 13 TUM ee 

. 6.00 


Marcora (E.) et BÉnÉuARE (E.) Résumé des connaissances scienti- 
fiques utiles aux aviateurs et mécaniciens de l'aéronautique. Paris, 
Dunod et Pinat, 1918. 8vo. 588 pp. Fr. 21.60 


Menen (H.) See Evoumis. 


Mors (E.). Costruzioni elettromeccaniche: calcolo, disegno e fab- 
bricazione delle macchine elettriche, accessori ed applicazioni. Volume 

1: Generatricı e corrente continue. 2a edizione, interamente riveduta. 
Torino, Unione tipografico-editrice, 1919. 8vo. 831 pp. + en 

. 40.00 

PonsrMANN (W.). Normenlehre, Grundlagen, Reform und O anisation 
der Mass- und Normensysteme. Leipzig, Schulwisse tlıcher 
Verlag, 1917. 256 pp. M. 6.00 
WATERBURY (L. A.), GOODENOUGH (G. A.) and Dron (H. H.). A vest- 
pocket handbook for engineers. 3d edition. New York, Wiley, 
1918. 16mo.13 + 278 pp. $1.50 
Warri (G. C.) Vital statistics. New York, Wiley, 1919. 16mo. 
12 4- 517 pp. $4.00 
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TWENTY-EIGHTH ANNUAL LIST OF PAPERS. 


READ BEFORE THE AMERICAN MATHEMATICAL SOCIETY AND 
SUBSEQUENTLY PUBLISHED, INCLUDING REFERENCES ‚TO 
THE PLACES OF THEIR PUBLICATION. 


P.L. Practical exterior ballistics. Read Dec. 27, 1018. American 
ihematical Monthly, vol. 26, No. 3, pp. 101-102; March, 1919. 


ArmreHILLER N. On the I-centers of a triangle. Read (Southwestern 
Section Dec. 1, 1917. American Mathematical Monthly, vol. 25, 
No. 6, pp. 241-246; June, 1918. i 

—— On the Teixeira construction of the unicursel cubic. Read (South- 
western Section) Dec. 1, 1917. Annals of Mathematics, ser. 2, 
vol. 20, No. 1, pp. 9-12; Sept., 1918. 

Baume, G. N., and Srosm, H. L. A system of algebraic and transcen- 
dental equations. Read Dec. 22, 1916. American Mathematical 
Monthly, vol. 25, No. 10, pp. 435—440; Dec., 1918. 

Bru, E. T. A partial isomorph of trigonometry. Read (San Francisco) 
Dec. -14, 1918, Bulletin of the American Mathematical Society, vol. 
25, No. 7, pp. 311-321; April, 1919. ` 

BanneTT, A. A. Some mathematical features of ballistics. Read Dec. 
27, 1918. American Mathematical Monthly, vol. 28, No. 3, p. 98; 
March, 1919. 

BurcnrELDT, H.F. On low velocity high angle fire. Read Dec. 27, 1918. 

2 American Mathematical Monthly, vol. 26, No. 3, p. 103; March, 1919. 

—— Repor: on the theory of the geometry of numbers. Read March 28, 
1919. Bulletin of the American Mathematical Society, vol. 25, No. 10, 
pp. 449-453; July, 1919. : 

Buss, G. A. The problem of Mayer with variable end points. Read 
Des. 22, 1916. Transactions of the Americzn Mathematical Society, 
vol. 19. No. 3, pp. 305-814; July, 1918. 

— — Solutions of differential equations as functions of the constants of in- 
tegration. Read Dec. 29, 1917. Bulletin of the American Mathe- 
matical Society, vol. 25, No. 1, pp. 15-28; Ort., 1018. 

—— A method of computing differential corrections for a trajectory. 
Read March 29, 1919. Journal of the United States Artillery, vol. 50, 
No. 4, pp. 456-460; June, 1919. 2 

Bruxszmg, H. A theorem on exhaustible sets connected with develop- 
ments of positive real numbers. Read Dec. 27, 1913. Annals of 
Mathematics, ser. 2, vol. 20, No. 2, pp. 186-141; Dec., 1918. 

— — On eanvex functions. Read (Southwestern Section) Dec. 2, 1916. 

.  TransccHons of the American Mathematical. Society, vol. 20, No. 1, 
pp. 40-44; Jan., 1919. 

— — A theorem on linear point sets. Read Dec. 28, 1018. Bulletin of the 
arian Mathematical Society, vol. 25, No. 8, pp. 350-353; -May, 
1919. 
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BucHaNAN, D. Orbits Fi hes totic to an isosceles-triangle solution of the 
roblem of three ies. Read Dec. 27, 1916. Proceedings of the 
Mathematical Society, ser. 2, vol. ix. No. 1, pp. 54-74; June, 

1918. 


— Asymptotic satellites near the straight-line equilibrium points in the 
pro lem of three bodies. Read Dec. 27,1916. American Journal of 
athematics, vol. 41, No. 2, pp. 79-110; April, 1919. 


Cason, F. On the history of “Playfair’s parallel-postulate." Read 
(San Francisco) Dec. 14, 1918. School Science and Mathematics, vol. 
18, No. 9, pp. 778-779; Dec., 1918. 


—— A Greek tract on indivisible lines. Read (San Francisco) Dec. 14, 1918. 
Science, new ser., vol. 48, No. 1249, pp. 577-578; Dec. 6, 1918. 


CARMICHAEL, R. D. Repeated solutions of a certain class of linear func- 
tional equations. Dec. 29, 1917. Téhoku Mathematical 
Journal, vol. 13, No. 4, pp. 304-813; June, 1918. 


—— General aspects of the theory of summableseries. Read April 12, 1918. 
un of the American Mathematical Society, vol. 25, No. 3, pp. 97- 
31; Dec., 1918. 


— Fermat numbers P, = 2% + 1. Read (Southwestern Section) Dec. 1, 
pir. American Mathematical Monthly, vol. 26, No. 4, pp. 137-146; 
pril, 1919. 


CurrrENDEN, E. W. On the Heine-Borel property in the theory of ab- 
stract sets. Read Oct. 20, 1918. B n of the American Mathe- 
matical Society, vol. 25, No. 2, pp. 60-65; Nov., 1918. 


—— On the limit functions of ee of continuous functions converging 
relativel Seh Read .28, 1917. Transactions of the Ameri- 
can Mathematical ociety, vol. 20, No. 2, pp. 179-184; April, 1919. 


Cosim, A. B. Theta modular groups determined by point sets. Read 
Sept. 4 1917. American Journal of Mathematics, vol. 40, No. 4, pp. 
317-340; Oct., 1918. 


Coin, F. N. See Wurm, H. S. 


Coonmaz, J. L. The characteristic numbers of a real algebraic plane 
curve. Read Sept. 4, 1916. Rendiconti del Circolo Matematico di 
Palermo, vol. 42, Nos. 2-3, pp. 260-266; May-Dec., 1917. 


Cummungs, L. D. The trains for the 36 groupless triad systems on 15 
elements. Read Sept. 5, 1918. Bulletin of the American Mathematical 
Socely, vol. 25, No. 7, pp. 321-324; April, 1919. 


— See Wmm, H. 8. 


Curtis, M. F. The existence of the functions of the elliptic cylinder. 
Read Sept. 5, 1917. Annals of Mathematics, ser. 2, vol. 20, No. 1, 
pp. 23-34; Sept., 1918. 


—— On the rectifiability of a twisted cubic. Read April 27, 1918. Bulletin of 
the American Mathematical Society, vol. 25, No. 2, pp. 87-88; Noy., 1918. 


Danar, P. J. A general form of integral. Read (Southwestern Section) 
Dec. 2, 1916. Annals of Mathematics, ser. 2, vol. 19, No. 4, pp. 279— 
294; June, 1918. 


—— Differentiation with to a function of limited variation. Read 
(Southwestern Section) Dec. 2, 1916 and Sept. 4, 1918. Transactions 
y the American Mathematical Society, vol. 19, No. 4, pp. 353-362; 

ct., 1918. 
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—— A general form of Green’s theorem. Read (Southwestern Section) 
Dec. 2, 1916. Bulletin of the American Mathematical Society, vol. 25, 
No. 8, pp. 353-357; May, 1919. 


Dickson, L. E. Mathematics in war ective. Read Dec. 27, 1918. 
Bulletin of the American Mi ical Sonety, vol. 25, No. 7, pp. 
289-31:; April, 1919. 


— History of the theory of numbers. Volume 1: Divisibility and primality. 
Read April 3, 1915, Dec. 22, 1916 and (San Francisco) Oct. 27, 1917. 
Washington, Carnegie Institution, 1919. 12 + 486 pp. 


— Applications of the geometry of numbers to algebraic numbers. 
Read March 28,1919. Bulletin of the American Mathematical Society, 
vol. 25, No. 10, pp. 453-455; July, 1919. 


Dinas, L. L. Projective transformations in function space. Read Dec. 
27, 1913 and Sept. 4, 1017. Transactions of the American Mathemati- 
‚Society, vol. 20, No. 1, pp. 45-65; Jan., 1919. i 


—— Systems of linear inequalities. Read March 29, 1919. Annals of 
Mathematics, ser. 2, vol. 20, No. 3, pp. 191-199; March, 1919. 


Emcu, A. Proof of Pohlke's theorem and its generalizations by affinity. 
Read April 13, 1918. American Journal of Mathematics, voi, 40, No. 
4, pp. 386-874; Oct., 1918. 


——— On plene algebraic curves with a piven system of foci. Read April 27, 
1918. Bulletin of the American Mathematical Society, vol. 25, No. 4, 
pp. 157-161; Jan., 1919. 


—— On clcsed curves described by a spherical pendulum. Read April 26, - 
1919. Proceedings of the Nasonal Academy of Sciences, vol. 4, No. 8, : 
. 218-221; Aug., 1918. Tohoku Mathematical Journal, vol. 16, 
os. 1-2, pp. 146-165; March, 1919. : 


—— On & certain generation of rational circular and isotropic curves. Read 
Dec. 29, 1917. Bulletin of the American Mathematical Socwty, vol. 
25, No. 9, pp. 397-404; June, 1919. 


Evans, G. C. Functionals and their Kee Selected topics, in- 
cluding integral equations. Read Dec. 28, 1915, Apml 29, 1916, 
Sept. 6-8, 1916 and (Southwestern Section) Dec. 2, 1916. The Cam- 
bridge Colloquium, 1916, Part I, 12 + 138 pp.; New York, 1918. 


Frre, W. B. Concerning the zeros of the solutions of certain differential 
equations. Read April 28, 1917, Oct. 27, 1917 and Dec. 27, 1917. 
Transcctions of the American Mathematical Society, vol. 19, No. 4, 
pp. 341-352; Öct., 1918. 


Foro, W. B. A conspectus of the modern theory of divergent series. 
Read Dec. 28, 1917. Bulletin of the American Mathematical Society, 
vol. 25, No. 1, pp. 1-15; Oct., 1918. 


Garnerson, W. V.N. On the asymptotic solution of the non-homogeneous 
linear differential equation of the nth order. A particular solution. 
Read Sept. 5, 1916. American Journal of Mathematics, vol. 40, No. 
4, pp. 841-350; Oct., 1918. 


Gnamarm, D. C. Repeated integrals. Read Sept. 5, 1917. Annals of ` 
Mathematics, ser. 2, vol. 20, No. 3, pp. 224-228; March, 1919. 


GLENN, O. E. Invariants which are functions of parameters of the trans- 
formation. Read Oct. 27, 1917. Annals of Mathematics, ser. 2, 
vol. 20, No. 2, pp. 125-135; Dec., 1918. 
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—— Modular concomitant scales, with a fundamental m of formal 
covariants, modulo 3, of the binary quadratic. April 27, 1918. 
Transactions of the American Mathematical Sonety, vol. 20, No. 2 
pp. 154-168; April, 1919. 


— — Covariants of binary modular groups. Read April 26, 1019. Pro- 
rd ihe National Academy of Scwnces, vol. 5, No. 4, pp. 107- 
110; April, 1919. 


Goutp, A.B. Notes concerning recent books on navigation. Read Dec. 
27, 1918. American Mathematical Monthly, vol. 26, No. 3, p. 99; 
March, 1919. 


GREEN, G. M. Memoir on the general theory of surfaces and rectilinear 
congruences. Read Sept. 5, 1816 and Dec. 27, 1917. Transactions of 
NER Mathematical Society, vol. 20, No. 2, pp. 79-153; April, 


Groat, B. F. Ice diversion, hydraulic models, and hydraulic similarity. 
Read Sept. 4, 1918. Transactions of the Amencan Society of Civil 
Engineers, vol. 82, pp. 1138-1190; Dec., 1918. 


GRONWALL, T.H. A theorem on power series, with an application to con- 
formal mapping. Read Dec. 28, 1918. Proceedings of the National 
Academy OE BERE. vol. 5, No. 1, pp. 22-24; Jan., 1919. 


Haute, G. H., Jm. Concerning the definition of a simple continuous 
arc. Read Oct. 26, 1018. Bulletin of the American Maihemahcal 
Society, vol. 25, No. 7, pp. 325-326; April, 1919. 


Hancock, H. Problèmes de géométrie arithmétique. Read Jan. 2, 
1913 and Feb. 22, 1913. Journal de Mathématiques pures et appliquées, 
ser. 7, vol. 3, No. 3, pp. 217—245; 1917. 


Hanpine, A.M. Rational plane anharmonic eubies. Read (Southwestern 
Section) Dee. 1, 1917. Transactions of the Royal Society of Canada, 
re II, ser. 3, vol. 12, No. 2, pp. 185-195; Dec., 1918-March, 


Hastert, O. C. On scalar and vector covariants of linear algebras. Read 
Dec. 27, 1917 and Feb. 23,1918. Transactions of the American Mathe- 
matical Society, vol. 19, No. 4, pp. 408-420; Oct., 1918. 


Henro, E. R. In memoriam: Ellery William Davis. Read April 12, 
1918. Bulletin of the American Mathematical Society, vol. 25, No. 1, 
pp. 36-38; Oct., 1918. a 


Hornncnorr, T. R. A classification of general (2, 3) point correspondences 
between two planes. Read Dec. 28, 1917. American Journal of 
Mathematics, vol. 41, No. 1, pp. 5-24; Jan., 1919. 


Hv, M. T. Linear integro-differential equations with a boundary con- 
dition. Read Dec. 28, 1917. Transactions of the Amerwan Mathema- 
tical Socvety, vol. 19, No. 4, pp. 363-407; Oct., 1918. 


Janes, G. Some theorems on the summation of divergent series. Read 
April 29, 1916. Author's dissertation. New York, 1917. 28 pp. 


Exmrroseg, O. D. Interpolation properties of orthogonal sets of solutions 
of differential equations. Read (Southwestern Section) Dec. 1, 1917. 
American Journal of Mathematics, vol. 40, No. 3, pp. 225-234; July, 
1918. 


Kempner, A. J. On irreducible equations admitting roots of the form 
a+ p'e, æ and p both rational. Read A 7, 1917. Téhoku 
Mathematical Journal, vol. 13, No. 4, pp. 253-265; June, 1918. 
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Kurz, J. KR. See Moors, R. L. 


Lange, G. A. Necessary conditions in the problems of Mayer i in the cal- 
culus o? variations. Read Oct. 26,1918. Transactions of the American 
Mathematical Society, vol. 20, No. 1, pp. 1-22; Jan., 1919. 


Lavss, K. How the map problem was met in the war. Read Dec. 27, 
1918. American Mathematical M. , vol. 26, No. 3, pp. 98-89, 
and No 5, pp. 181-187; March, and May, 1919. 


iss B. On the real folds of abelian varieties. Read Dec. 28, 1918. 
See of the National Academy of Sciences, vol. 5, No. 4, pp. 103- 
ioe, April, 1918. 


D. N. Arithmetical theory of, certain Hurwitzian continued - 
fractions. Read (San un) ) Apri 7, 1917 and (San Francisco) 
up X Ce 214-218; uL a n A = Tour Maike: 
vol. 4, No. 8, p ug., 19 merican E 
matics, vol. 40, Nice pp. 376-390; Oct., 1918. 


—— On Jacobi’s extension of the continued fraction algorithm. Read 
(San Francisco) A Dr 1918. Proceedings of the National Academy 
of Sciences, vol. 4, No. 12, pp. 360-364; Dec., 1918. 


Y general marion of the indeterminate equation Ar + By + 
Cr+... Read (Ban Francisco) Dec. eeh 1918. ee df 
2 National Aadam of Sciences, vol. 5, No. 4, pp. 111-114; Ap 
191 


MoAtsn, J. E. The transformation of a regular group into its le 
Read Oot. 26, 1918. Bullehn of the Amerisan Mathematical Society, 
vol: 26, No. 7, pp. 326-329; April, 1919. 


Maat, W.D. Ordnanceproblems. Read Dec.27,1918. American 
Matheznatical Monthly, vol. 26, No. 3, p. 101; March, 1919. 


Mannina, W. A. On the order of primitive groups (IV). Read (San 
Francisco) Oct. 27 me Transactions of the American Mathematical 
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MarumwsoN, L. C. On the group of isomorphisms of a certain extension 
of an abelian group. Read Sept. 5,1917. Transactions of tha Ameri- 
can Mathematical Society, vol. 19, No. 4, pp. 331-840; Oct., 1918. 


Mum, G. A. nes d proof of two elementary theorems in num- 
ber. Vo 2 13, 1918. Tôhoru Mathematical Journal, 
vol. 13, No. 4, pp. 814-316; June, 1918. 
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29, 1817. actions gf the American Mathematical Society, vol. 
19, No. 3, pp. 299-804; July, 1918. 


GES Determinant ups. Read April13,1918. Bulletin of the American 
y aihemalical Society, vol. 25, No. 2, pp. 69-75; Nov., 1918. 
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el to each other. ak ae 1918. American Journal of 
athematics, vol. 41, No. 1, pp. 1-4; Jan., 1919. 


—— te containing a relatively large number of o erators of order 
euren; 29,1919. Bulletin af i ho American Mathematical 
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ceedings of the American Academy of Aris and Sciences, vol. 53, No.8, 
pp. 629-894; July, 1918. 
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—— Translation surfaces in hyperspace. Read April 27,1918. Bulletin 
of a American Mathematical Society, vol. 25, No. 2, pp. 75-85; Nov., 
1918. 


Moors, C. N. Applications of the theory of summability to develop- 
ments in orthogonal functions. Read CR 12, 1918. Bulletin of 
Ge am Mathematical Society, vol. 25, No. 6, pp. 258-276; March, 
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Oct. 27, 1017. Bulletin cf the American Mathematical Society, vol. 
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27, 1917. Transactions of the American Mathematical Society, vol. 
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NzrsoN, A. L. Note on seminvariants of systems of partial differential 
equations. Read Dec. 29, 1917. American Journal of M. 1c8, 
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Osaoop, W. F. Singular points of analytic transformations. Read Dec. 
28, 1917. Transactions of the American Mathematwal Society, vol. 
19, No. 3, pp. 251-274; July, 1918. 


Puri, A. Solution of the differential equation da! + dy? + dz? = dst 
and its application to some geometrical problems. Read April 28, 
ioe Annals of Mathemaitcs, ser. 2, vol. 20, No. 2, pp. 142-148; Dec., 


Puiu, A. J. Linear equations with unsymmetric systems of coefficients. 
Read Sept. 7, 1910. Transactions of the American Mathematical 
Society, vol. 20, No. 1, pp. 23-39; Jan., 1919. 


PFEIFER, G. A. The functional equation f [f(z)] = g(x). Read April 29, 
1916. Annals of Mathematics, vol. 20, No. 1, pp. 18-22; Sept., 1918. 


Pms, H. B. Directed integration. Read Jan. 1, 1913. American 
Journal of Mathematics, vol. 40, No. 3, pp. 235-241; July, 1918. 


Porrer, M. B. Derivativeless continuous functions. Read Oct. 20, 
1018. Bulletin of the American Mathematical Society, vol. 25, No. 4, 
pp. 176-180; Jan., 1919. 


Rion, L. H. P-way determinents, with an application to transvectants. 
Read Sept. 4, 1916. American Journal of Mathematics, vol. 40, No. 3, 
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Ricuarpson, R. G. D. Contributions to the study of oscillation proper- 
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order. Read Sept. 4, 1917. Amerscan Journal of Mathematics, vol. 
40, No. 3, pp. 283-316; July, 1918. 

Rover, P. R. On the PF;-function of the calculus of variations. Read 
April 13, 1918. Washington University Studies, vol. 5, (scientifio 
series) No. 2, pp. 97-100; Jan., 1918. 
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On the problem of the calculus of variations in n dimensions. Read 
Feb. 23, 1918. Téhoku Mathematical Journal, vol. 18, No. 8, pp. 
165-171; April, 1918. 


Bars, H. L. Statistical methods in preparation for service in statistical 
sections of the war department Dec. 27, 1918. American 
Mathema-ical Monthly, vol. 26, No. 3, pp. 99-100; March, 1919. 
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Sept. 8, 1917. Mathematics Teacher, vol. 10, No. 4, pp. 205-210 
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Rosver, R. H. The effect of the earth’s rotation and curvature on the 
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' —— Geometrie explanation of & certain optical phenomenon. Read 
Southwestern Section) Dec. 1, 1917. American Mathematical 
onthly, vol. 26, No. 3, pp. 111-112; March, 1919. 
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Tinear integral equations. Read April 13, 1018. Töhoku Mathe- 
matical Journal, vol. 15, Nos. 1-2, pp. 184-216; March, 1919. 


Rown, J. E. Related invariants of two rational sextics. Read Sept. 
4,1918. Bulletin of the American Mathematical Society, vol. 25, No. 1, 
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Suny, C. E. On non-symmetrio kernels of positive type. Read April 
27,1918. Annals of Mathematics, ser. 2, vol. 20, No. 3, pp. 172-1 6; 
March, 1919. 


BENBENIG, W. Concerning the invariant theory o? involutions of conics. 
Read December 28, 1918. American Journal of Mathematics, vol. 
41, No. 2, pp. 111-122; April, 1919. i 


SHARpE, F. R. See SNYDER, V. - 


Sisam, C. H. On surfaces containing a system f cubics that do not 
constitute a pencil. Read April 12, 1018. American Journal of 
Mathemastcs, vol. 41, No. 1, pp. 49-59; Jan., 1919. 
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, S. E. The romantié aspect of numbers. Read Feb. 23, 1918. 
Scientific Monthly, vol. 7, No. 1, pp. 68-79; July, 1918. - 


Smar, L. L. A general method for the summation of divergent series. 
Read (San Francisco) May 22, 1914. Annals of Mathematics, ser. 2, 
vol. 20, No. 2, pp. 149-154; Dec., 1918. 


Shore, G. W Nilpotent algebras generated by two units, $ and j, such 
that # is not an independent unit. Read April 7, 1917. American 
Journal of Mathematics, vol. 41, No. 2, pp. 143—104; April, 1919. 


SNYDER, V. and Smarre, F. R. Space involutions defined by a web of 
quadrics. Read Sept. 4, 1017. Transactions of the American Mathe- 
matical Society, vol. 19, No. 8, pp. 275-290; July, 1918. 


SowwznviLLE, D. M. Y. Quadratic systems of circles in non-euclidean 
geometry. Read Oct. 26, 1918. Bulletin of the American Mathe- 
matical Soctety, vol. 25, No. 4, pp. 161-173; Jan., 1919. 


Srourrme, E. B. On invariants and covariants of linear homogeneous 
differential tions. Read (Southwestern Section) Dec. 2, 1916, 
and April 7, 1017. Proceedings of the Londor, Mathematical Society, 
ger. 2, vol. 17, No. 5, pp. 337-352; March, 1019. 
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Vanviver, H. S. Proof of a property of the norm of a cyclotomic integer. 
Read April 27, 1918: Bulletin of the American Mathematical Society, 
vol. 25, No. 5, pp. 221-223; Feb., 1919. 


—— On the first factor of the class number of a cyclotomic field. Read 
April 27, 1918. Bulletin of the American Mathematical Society, 
vol. 25, No. 10, pp. 458-461; July, 1919. 


VEBLEN, O. Doubly oriented lines. Veblen, O. and Young, J. W., Pro- 
jective geometry, vol. 2, pp. 447-451; Boston, 1918. 


Warsu, J. L. On the location of the roots of the jacobian of two binary 
forms, and of the derivative of a rational function. Read Feb. 23, 
1918. Transactions of the American Mathematical Society, vol. 19, 
No. 3, pp. 291-298; ‘July’ 1918. 


Weaver, J. H. Some algebraic curves. Read April 28, 1017. Bulletin 
of the American Mathematical Society, vol. 25, No. 2, pp. 85-87, and 
No. 7, p. 329; Nov., 1918 and April, 1919. 


Warm, H. 8., Coun, F. N. and Cummanas, L. D. Complete classification 
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1914, Aug. 4, 1915 and Oct. 28, 1916. Memoirs of the National Acad- 
emy of Sciences, vol. 14, No. 2, 88 pp.; 1919. 


Wurrremors, J. K. Spiral minimal surfaces. Read Dec. 27, 1916. 
Transactions of the American Mathematical Society, vol. 19, No. 4, 
pp. 315-330; Oct., 1918. 


—— Trajectories and flat points on ruled surfaces. Read April 28, 1917 
and Oct. 27, 1917. Bulletin Y the American Mathematical Socrety,’ 
vol. 25, No. 5, pp. 223-229; Feb., 1919. 


—— A kinematical property of ruled surfaces. Read April 28, 1917. 
Annals of Mathematics, ser. 2, vol. 20, No. 3, pp. 187-190; March, 


WinozyNsKt, E. J. Integral invariants in projective geometry. Read 
Jan. 1, 1916. Rendiconti del Circolo Matematico di Palermo, vol. 42, 
Nos. 2-3, pp. 128-137; May-Dec., 1917. 


Wızson, E. B. Note on multiple algebra: The reduction of real dyadics 
and the classification of real homogeneous strains. Read Dec. 28, 
1906 and April 28, 1917. J of the Washwglon Academy of 
Sciences, vol. 7, No. 7, pp. 173-177; April 4, 1917. 


—— Note on rotations in hyperspace. Read Dec. 29, 1906. Journal 
of the Washington Academy of Sciences, vol. 9, No. 2, pp. 25-28; Jan. 
19, 1919. 


WirsoN, W. H. Ona certain general class of functional equations. Read 
April 6, 1917. American Journal of Mathematics, vol. 40, No. 3, 
pp. 263-282; July, 1918. 


Warr, R. M. In'volutions on the rational plane cubic. Read (San 
Francisco) Oct. 27, 1917. Bulletin of the American Mathematical 
Society, vol. 25, No. 1, pp. 27-34; Oct., 1918. 


Wriaeut, H. N. The nine-point circle obtained by methods of projective 
geometry. Read (San Francisco) Apr 7, 1917. American Mathe- 
matical Monthly, vol. 25, No. 6, pp. 0-252; June, 1918. S 
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September, 1916, 461. 
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Havasur T. On the Problem of the Resistance Integral, 131. 

—— A Theorem on Areas, 324. 

Heprick, E. R. In Memoriam: Ellery William Davis, 36. 
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—— See Revmws, under Karpinski, Pringsheim. 

Moors, R. L. Continuous Sets that have no Continuous Sets of Con- 
densation, 174. 

Moraan, F. M. Sen Ruvrews, under Carey, Long, Williams. 
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Loria, G. See Boritti matematici. 

Macaulay, F. S. The Algebraic Theory of Modular Systems, R. D. 
` CARMICHAEL, 276. : 

Macrobert, T. M. Functions of a Complex Variable; R. D. CanwicHAEr, 377. 
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